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CHARLES Sturm was born in 1303 at Geneva, then a part of 
France, and went to Paris at about the age of twenty-one. 
There he spent the rest of his life and died in 1855, having be- 
come 2 member of the French Academy of Sciences in 1836. 

It is not necessary for us to go beyond this bare outline of 
Sturm s life, since it is not with his worldly fortunes that we 
shall ke concerned. Neither do I propose to give an account 
of his life-work as a whole.* The brief biography and bibliog- 
raphy prefixed to his posthumous Cours d'Analyse fulfills to 
e extent both of these purposes. We shall confine ourselves 
e branch of investigation pursued by Sturm: the study of 
_ solutions of algebraic equations and of linear differential 
ficns, both ordinary and partial. It was here that Sturm’s 
important and suggestive work was done, and it is of 
i to try to gain some insight into the relations between 
ious parts of the subject as they appeared to him. 

e papers with which we are concerned may be exhibited 
lie following table: 

In brief we may say that, besides the investigations with which we 
D be concerned, Sturm publish . : 

(a) ‘An experimental memoir in collaboration with Colladon on the 
compress bility of liquids. ; : 

(b) A large number of minor papers, mostly geometrical. . 

(c) Sezeral papers on ur optics including a long memoir. ` 
(d) Some papers, partly in collaboration with Liouville, on the im- 
aginary reots of equations, which are not without connection with Sturm’s 
work on the real roots of algebraic equations. 
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THE PAPERS OF 1829, presented to the Academy on the date, 
given and summarised, as indicated, in the Bulletin de Férussac 


May 23. ''Sur la résolution des équations numériques.’ 

Volume 11, pages 419—422, and volume 12, page 316, 

.  footnote.. . 

June 1. No title given. Volume 11, pages 422-424, and 

volume 12, page 318, footnote. The subject of this 
memoir isethe equation Je + Ba? + --- + Ma^ = 

. where a, ß,..., „ are real but not necessarily rational. 

June 8. Note.’ Volume 11, page 425. It is merely stated 

that this note contains (1) two new proofs of tke reality 

' of the roots of the tra .scendental equations zo which 

the solution of various problems in mathematical physics 

leads; (2) the general determination of the constant’ 

coefficients in the. series for representing an arbitrary 

i ‘function between given limits. 

July 27. ‘Sur l'intégration d'un système d’ Ge dif- - 

- férentielles linéaires." Volume 12; pages 314-222. f 

August 3. ‘‘Sur la distribution de la chaleur dans un 
assemblage de vases." Volume 12, page 322. Nothing 
but the title of this paper is preserved. 

October 19. ‘‘Nouvelle théorie relative à une classe de 
fonctions transcendantes que l'on rencontre dans la 
résolution des problémes de la physique mathématique." 
Volume 12, page 322. Nothing but the title of 
paper is preserved unless, as is possible, a brief stet i 
in volume 11, pages 424—425, refers to it. 


, THE THREE GREAT MEMOIRS. 

1835. ‘‘Mémoire sur la résolution des équations : 

iques.” Mémoires des savants étrangers, volume 5 - 
271-318. 

1836. ‘‘Mémoire sur les équations différentielles lind 
du second ordre.”  Liowville's Journal, volume 1, 17 
106-186. This memoir had been presented to 
Academy September 30, 1833, and an abstract o 
published in l’Institut for November 9, 1333, pages 21 ™ 
223. | T 

1836. “Mémoire sur une classe d'équations à différences 
partielles."  Liouvilles Journal, volume 1, pages 373- 
444. Cf. l'Institut for November 30, 1333, pages 247- 
248. s 


H 
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For the sake of completeness we note that there are also three 
inor papers of later date.* r 


! It is in the three great memoirs of 1835-36 that Sturm gave 
ts £nal form to so much of his work as he completed; but the 
boe list strcngly suggests, what a closer study amply confirms, 
that it was in the year 1829 that the great creative period of 
Sturm’s life fell, and that the papers presented to the Academy 
in that year, so far as they are still accessible, must be examined 
if we would gein an insight into the lines of thought followed by 
-him in makirg his great discoveries. In doing this we shall 
find that certain not uninteresting aspects of his early work 
find little or 20 mention in thégreat memoirs. Most of this 
early work'is preserved to us only in the form of brief abstracts, 
sometimes even only by ts title, so that some reconstruction 
becomes necessary. This makes it impossible for us to attain 
certeinty at all points, but perhaps the discussion is not less 
interesting for this reason. 

Starm’s personal and scientific relations to Fourier form an 
indispensable sackground to a consideration of the papers pre- 
sented to the Academy in such rapid succession during the 
summer of that fruitful year. The two main subjects of 
Four.er’s life work had been the theory of heat and the theory 
of the solutions of numerical equations. Both of these subjects 
^ were carried fcrward by Sturm, the first in the two memoirs of 

“4. the second in that of 1835. But if in the memoirs these 
SOIL ncies appear quite distinct, we find them, when we turn to 
to op pers of 1829, blended in a most curious and interesting 
there , 
equa: ‘ier’s treatise on the solution of numerical equations was 
most iblished until 1831, after the author's death; but the 
interc cript of this work had already in 1829 been communicated 
*he v eral persons among whom was Sturm, who tells us ex- 
> Thy in the paper of May 23 what a strong influence it had on 
in H rn work. 
^ aer had established the theorem that a real algebraic 
she aton of the kth degree; f(x) = 0, cannot have'more roots 

interval ab, neither of whose extremities is a root, than 
difference ketween the number of variations of sign in the 





, " Nemely: a brief extract of a memoir written by Sturm and Liouville 
together: “Sur le développement des fonctions en séries ... ," published 
in Liownlle's Journal, vol. 2 (1837), pp. 220-223, and also in the C. R., 
vol. 4, p 675; and two papers concerning the real roots of algebraic equa- 
tions im Liowville's Jota, vol. 7 (1842), pp. 132-133, 356-368. 
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set of functions 
(1) Io), f'G, fit, FR), 


(accents denoting differentiation) at the points a and b. Sturm’: 
theorem, as it is-still called, replaces the sequence (1) by 


(2) foz), filz), fale), SES ug 


which coincides With (1) in the first two places, whie each 
subsequent f, is the nega-ive of the remainder obtained by 
dividing fn-a by fa, ` 


(3) o Tal) = afa) — fale) (n = 2, 3, ...). 


The advantage of this set over the set (1) is that tae difference 
. in the number of variations in (2) at a and b is precisely equal 
to the number of roots between a and b. Since this theorem is 
given in the first of the notes of 1829 and is elaborated at length 
in the first of the great memoirs, one might be tempted to 
` suppose that this formed the starting point in Sturm’s res2arches. 
Fortunately Sturm himself has preserved us from this mistake, 
for on the closing page of the first memoir of 1836 he tells us 
that the above theorem was merely a by-product of his extensive 
investigations on the subject of linear difference equations of 
the second order. Curiously enough, however, this subject of 
difference equations is nowhere else alluded to in Sturm’s pub- 
lished writings. 

The key to this difficulty lies, I feel sure, in the paper of 
August 3, 1829, of which as has been said only the title is pre- 
served. This memoir is described as more extensive zhan the 
one of July 27, which, as one 8éés from the summary, was not 
brief. At Sturm's death there was found among his papers a 
‘very extensive” memoir with almost precisely tke same title,* 
which has also never been published. I shall try to show you ' 
how this lost paper forms the starting point in Sturm's investiga- 
tions, and how all his other work which concerns u$ here grew 
directly out of it. For tnis purpose we must first reconstruct 
at least the general framework of this paper. ` 

















* Sur la communication de la chaleur dans une suite de veses.” 
Cours d' Analyse, vol. 1, p. xxvii. It is there said: “Ces deux mémoires" 
(i. e., this one and one on curves of the second order) “sont en étet d'étre 
imprimés, et M. Liouville a bien voulu se charger de leur publisation.” 
It is to be regretted that this intention was neter carried out. Even at 
this late date the publication would be decidedly interesting if by chance 


the manuscript could still be found. ‘ 
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Suppose we have a number.of vases Po, P:,..., Pn placed in 
any position with reference to one another and filled with 
various liquids at diverse temperatures. These vases we sup- 
pose to be immersed in an atmosphere which circulates freely 
and thus maintains a constant temperature which we take as 
' the zero of our scale. Each of these vases radiates heat into 
this atmosphere, and the vases also interchange heat among 
themselves by radiation. Let us denote the temperature of 
the vase P; at the time t by u (i, t). The differential equation 
for the flow of heat is then, if we assume the Newtonian law of 
radiation, 


= EG, OUO, D + + HG, mun 8 


(2 20,1, ..., n). 


Here oi is a positive constant depending on the specific heat 
of the vase P,; when? + j, k(t, j) = k(j, 4) is a positive constant 
of proportionality which measures the amount of radiation 
between P; and P,; and finally k(, 4) is written merely as an 
abbreviation for 


DSA: Shas EE 
— k( 2-1) — --- — kli, n), 


where AO is a positive constant of proportionality for measuring 
the radiation of P, into the atmosphere. It is important for 
us to understand that the constant (1, J), when i + j, depends 
for its value not merely on the relative positions and the sizes 
and shapes of the vases P, and P,, but that its value is also 
decreased if one or more of the other vases is so placed as to 
cut off part of the radiation from P; to P,. If these vases are 
completely cut off from each other by intervening vases, the 
constant k (i, 7) has the value zero. 

I suspect that it was precisely to the problem just indicated 
and in particular to the system of equations (4) that Sturm 
first turned his attention. "There is, however, evidence (cf. the 
paper of July 27) that he had also under consideration problems 
in small vibrations and in celestial mechanics leading to systems 
of differential equations analogous to (4) but which may be 
somewhat more general in form. The paper last cited was 
devoted to the analytical treatment of such systems of linear 


M 
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homogeneous differential equations with constant coefficients. 3 
As the chief result is a method of treating the algebraic char- 
acteristic equation of the system, we postpone any discussion of 
this paper until later. 

It is not, however, in more general, but rather in more special 
problems that Sturm found his real inspiration. Consider the 
case in which the vases Po, . . . , Pa are arranged in linear se- 
quence* and in such a way that the radiation between two non- 
consecutive vases is completely cut off by the intervening ones. 
This case is characterised analytically by all the constants (1, 5) 
vanishing except those for which the integers 1, j are either equal 
or differ from one another by unity. We may then write equa- 
tions (4) as follows: 





am MOP = — to) + Am, Dhu, 9 + RO, Du, 9. 
e(i) u LAG cw Sta Oates 


(5) + ki à + Du, D + ki, à + Duli +t 1,3) 
Glan — 1) 
c(n) md = k(n,n — l)u(n — 1,0 
— [h(nit+ k(n, n — 1)]u(n, à. 


By the side of the problem in the theory of heat which we 
have just formulated we may advantageously consider the 
problem of the small transverse vibrations of a stretched elastic 
string whose mass is negligible but which is weighted at a 
number of points by heavy particles. This problem had first 
been considered one hundred years earlier by John Bernoulli, 
and for half a century this and equivalent. problems had been, 
in more or less general forms, subjects of investigation by 
Daniel Bernoulli, Euler, and Lagrange:f but none of these 
mathematicians had gone beyond the case where the particles 

* Tt is interesting to note that in the title of the manuscript found at the 
time of Sturm’s death, and which may be supposed to be the form waich 
his memoir took, the phrase “une suite de vases” is used in place of the 
earlier “un assemblage de vases.” This change suggests that as his work 
developed Sturm desired to give more prominence to this special case; or, 
indeed, he may have eliminated all consideration of the more general case. 


+ Cf. Burkhardt’s Report in the Jahresbericht d. deutschen Mathe- 
mattker-V ereinigung, vol. 10 (1901-1808). 
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Nye of equal mass and are equally spaced,* and for fifty years 
the problem had practically remained untouched. 

' Suppose that the string in its position of equilibrium lies 
along the axis of z and that particles Po, . . Pa with masses 
c(0),..., e(n) lie respectively at the points whose abscissas are 
Lo <<. < Ta and let Py and P, be at the ends of the 
string. In order to secure the same degree of generality as in 
the heat problem above mentioned, we assume that during 
the transverse vibration each particle is drawn back towards its 
position of equilibrium not merely by the tension of the string 
but also by an additional force acting towards its position of 
equilibrium and proportional to the distance from this point. 
The constant of proportionality here we denote by ko) in the 
case of the ith particle, and, calling the tension of the string T, 
we let 

ege T 
kli, i — 1) = EEE 
The distance of P, from its position of equilibrium at the time t 
we denote by u(i, f), and we assume that each particle is free 
to move only in a direction at right angles to the axis of c, 
and that the whole motion takes place in one plane. Finally 
we assume that the string always remains so nearly straight 
that the squares of the sines or tangents of the angles which its 
pieces make with the axis of x may be neglected. | Then it is 
readily seen that the equations of motion of the particles be- 
come identical with equations (5) provided we replace the first 
derivatives in these equations by second derivatives. It follows 
that the mechanical problem last mentioned is mathematically 
almost equivalent to the problem in the theory of heat considered 
above. That Sturm chose the latter rather than the former, 
with which he was surely familiar, is, so far as the greater part 
of his work goes,{ a matter of slight importance and is prob- 








* In all the cases treated during the eighteenth century the particles 
are either supposed to be acted upon by no external forces, or to be under 
the influence of gravity acting in the direction of the string. The presence 
of such an external constant force as this is mathematically equivalent to 
an unequal spacing of the particles, and will therefore not be explicitly 
considered by us. 

+ It should be noticed that we do not assume the ends of the string to 
be fixed. If we did this, we should have a case strictly analogous to that 
in which the two extreme vases, P, and P,, in the heat problem are main- 
tained at the temperature zero. 

+ An essential difference occurs only in the work which leads up to the 
latter part of the second memoir of 1836. x 
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ably to be explained by the fact that the theory of heat wi? 
at that moment a more ‘‘up to date” subject. The relation, 
between the two 5roblems is however so close that we may be 
‚ permitted to depert so far from strict historical accuracy as to 
substitute the vibration problem for the heat problem in our: 
further explanations, since in this way greater concreteness 
of expression may be gained. ; 

We consider first the simple harmonic vibrations of the string, 
that is we assume that u has the form 


(6) uli t) = y() [A sin ut + B cos gt]. 


By substituting this expression in the equations of motion , 
we find for y(i) the difference equation of thé second order : 


RG, i — Dyli — 1) — AO + KG, — 1) + kG, 2+ 1) 


We — wey) + EG à + DyG +) =0 


or 
O)  A(k i — DAyG — 1)} + Lee) — ADO =.0 
together with the terminal conditions 

(8) ` EQ, fait: + beet — Am — kl, 0190) = 0, 

(9) oln) — Mais, rt — Dly() + (n, — Dy(n -1) = 0. 


s 


The equation (7) has in general no solution other than zero 
which satisfies bota conditions (8) and (9), —t is only for special 
values of u that these conditions can both be fulfilled. Conse- 
quently we shall disregard at first condition (9), and consider 
merely the solutien of (7) which satisfies (8). This solution 
obviously contains an arbitrary constant factor, since (7) and 
(8) are homogeneous. We therefore replace the condition (8) 
by the two non-hcmogeneous conditions 


am = k(0,1), d 

y(D) = h(0) + k(0,1) — Age, 

which are precisely equivalent to (8) except that (8^) also deter- 
mines the otherwise arbitrary constant factor, and determines 


it in such a way that y(i) does not vanish identically. 
The solution y(i. determined by (8) does not in general satisfy 


(8) 


" 


L 


a 1911.] STURM'S WORK ON EQUATIONS. 9 


No). It does, however, for a specified value of u either satisfy 
the condition y(n) = 0, or a condition of precisely the form (9) 
where either’ c(n) or A(n) have in general been replaced by 
another value.* We may therefore say that for every value of 
u the function u(i, t) defined by (6) gives a simple harmonic 
vibration corresponding either to the mechanical problem we 
wish to consider or to & modification of this problem which con- 
sists either in having the particle P, held fast, or,in a change in 
the mass of-this particle, or in a change in the strength of the 
force which pulls this particle back to its position of equilibrium. 
This we shall speak of as the modified problem corresponding to 
a given value of y, using this term so that, for the special values 
of u above referred to, the original problem itself is the modified 
problem. 

In the plane in which the vibration takes place let us now 
construct an ordinate of length y(t) at each of the points x, and 
connect the extremities of each two successive ordinates by a 
straight line. The broken line thus formed, which we shall call 
the line y(2), gives essentially the shape of the string in the 
simple harmonic vibration we are considering; for, if we multiply 
by À sin ut + B cos ut all the ordinates of this broken line, and 
this will evidently not essentially affect its shape, we get a 
broken line which has precisely.the shape of the string at the 
time f. The points where the line mt) meets the axis of a thus 
give the nodes of the simple harmonic vibration in question. 
Either from simple mechanical considerations or from the 
equation (7) we see that at each node the line y(?) crosses the 
axis. Consequently, since each of the quantities y(0), y(1), 
«5, y(n) is obviously a continuous function of u (in fact a 
polynomial in wë), the nodes also vary continuously with vu 
never suddenly appearing or disappearing except at the ex- 
tremity +, of the string. 

There can be very little doubt that at this point Sturm, by a 
simple manipulation of equation (7^) which we will not stop to 
give here], established: the important fact, which may easily 

* This is true even in the case u=0 provided we replace A(n) bye 
negative quantity. In all other cnses positive quantities may be used in 
place of an) and h(n). 

+ Cf. Porter, Annals of Mathematics, second series, vol. 3 (1902), p. 55. 
In the article here cited Professor Porter, at my suggestion, reconstructed 
a part of Sturm’s researches on difference equations without, however, 
considering either the vibration problem or the heat problem. Cf. also 


the article by Professor Porter’s pupil, Miss Merrill, Trans. Amer. Math. 
Soc., vol. 4 (1903), p. 423. 
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have been suggested to him by the mechanical problem itself 
that as, u? increases the abscissa of each node decreases, new, - 
nodes appearing one by one at the point z,. 

It is here that Sturm must have noticed the cónnection with 
Fourier's thegrem concerning the roots of algebraic equations. - 
To establish this connection we need merely to observe that the 
number of nodes for a given value of „2 (we shall write for con- 


venience À = — p?) is simply the number of variations of sign 
in the set of polynomials in‘ 
_ Q0) y(n), y(n — 1), +-+ (0). 


. Consequently what we have said above is' equivalent to Saying 

-_ that the number of roots of the polynomial y(n) between two 

- negative values of A is precisely equal to the difference between 
the number of variations in the systern (10) for these two values A 
of À.. Sturm found, therefore, that for the particular polyno- 
mial y(n) he was in possession of & sequence of polynomials of 

“descending degrees (since y(t) is a polynomial of the ith degree 
in X), which served perfectly the purpose which the sequence of . 
derivatives serves imperfectly in Fourier's theorem. He must 
then have asked himself to what properties of the polynomials - 
(10) this fact is due, and have seen that just three properties 
were used: : 

(a) The last polynomial, y(0), is a constant not zero. 

(b) When,one polynomial vanishes the two adjacent ones 
have opposite signs. This was an immediate consequence of 
(7), but would follow in the same way if instead of (7) the ys 
satisfied any difference equation : 5 


QD LOG + D + M@y@ +NOyG- D = 0, 


where L and N always have the same sign: m . 

(c) The.nodes increase with À. Far less than this, however, 
would be sufficient for our present purpose, namely that when 
a node lies at z, it decrease as X decreases. "This would in 
particular be the case if y(n) had no multiple root and y(n — 1) 
were simply the derivative of y(n), for this is precisely the 
property of the derivative on which. Fourier's work is based. 

We may then suppose that Sturm said to himself: Starting. 
with any polynomial without multip:e roots, f(A), in place of 
y(n), and taking in place of y(n — 1) the derivative f'(X), 
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Now can I form a sequence of polynomials RA), FA), . . . to 
take the place of y(n — 2), y(n — 3), .. . , which satisfy a rela- 
tion of the form (11) and of which the last is a constant not zero? 
This question once formulated, the method of successive divi- 
sions and reversal of sign of the remainder, leading to equation | 
(3) which is merely a special case of (11), would readily suggest 
itself, and Sturm's theorem in its most familiar form was found. 

If our surmises so far are correct, it follows that, even at this 
early date Sturm must have been well aware that any sequence 
of functions having a small number of easily specified properties 
would serve the purpose of his theorem just as well as the 
sequence (2); so that to call such more general sequences Sturm- 
ian sequences, as is now done,* is even from a strictly historical 
point of view entirely suitable. Our belief that Sturm was 
familiar with this more gerieral point of view need not, however, 
rest entirely on the line of reasoning so far explained. Not 
only does he show in his memoir of 1835 how other Sturmian 
sequences besides (2) may be formed;t but more particularly 
his paper of July 27, 1829, to which reference has already been 
made, is mainly devoted to the formation for & special algebraic 
equation of a Sturmian sequence which is very different from 
the sequence (2). If we use the notation of determinants, 
which Sturm does not use, the equation in question is 


gud + ku guar + k erae Jind + kn 


gud + kn, gad + ba +++ Gah + han 
(12) =0 


gx + ba Grad F ba —— Sech + Kan 


where gu = 931) ku = kj, and where the g’s and k’s are real and 
the former are the coefficients of a non-singular definite quadratic 
form. Sturm falls here into the error into which Laplace and 
Lagrange had fallen before him, and which was first corrected by 
Weierstrass in 1858, of thinking that this equation can have no 
multiple roots. He gives, however, the correct theorem that the 
roots are all real; and, what is important for us here, he states 
that the determinant in (12) and the polynomials obtained by 
striking off from it the last 1, 2, 8, --- rows and columns form 

* Cf. Weber's Algebra, 2 ed., vol. 1, p. 303. 

1 Ct. also the closing lines of his abstract of May 23, 1829. 


H 
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a Sturmian sequence,* provided each of these polynomials i 
multiplied by such a power of — 1 as to make the coefficien 
of its leading term positive.t ` 

The paper of May 23, 1829, subsequently published as the 
memoir of 1835, did more than all cf his other papers together 
to win for its author recognition both in France and throughout 
Europe. It appears to us here in its true light, as a digression 
from his investigations in the domain of mechanics and mathe- 
matical physits. This digression was indeed carried a little 
farther, as the paper of, June 1 testifies. Here it is shown how 
Fouriers methods can be applied with very slight change to 
obtain an upper limit for the number of real roots in a given 
interval for the type of transcendental equation there considered. 
Itis clear, moreover, from a brief remark near the middle .of 
page 424 that Sturm was here also in possession of a method 
of forming & Sturmian sequence. 


Let us now return to the problem of the vibrating string 
which we were considering above. We saw that as ui increases 
the abscissa of each node decreases. Now from (8^ and (7’) 
it may readily be inferred that when u = 0, 


0 <y) < y2) <- <y(n), 


so that here there is no node. On the other hand from (8°) 
and (7) we see that y(?) is a polynomial of the ith degree in x? 
whose leading coefficient has the sign of (— 1)’. Consequently, 
for very large values of u? we have a node in each of the intervals 


Ti LE OM, d @=0,1,---,”), 
that is, we have the maximum possible number of nodes, 


namely n. Accordingly as u, starting with the value zero, ' 
increases, we have at first no node, then for a while one node, 





* This is true only with the qualification that no two of these poly- 
nomials have & common root; cf. Weber's A’gebra, 2 ed., vol. 1, p. 308. 
This necessary qualification is not mentioned in Sturm’s abstract, though 
it ıs by no means impossible that it may have been given in the extended 
memoir. 

f In other words, these factors are all +1 or alternately +1 and —1 
according as the quadratic form of which the g’s are the coefficients is 
positive or negative. ` = 

1 There are further details elaborated in this memoir to which it is not 
necessary for us to refer. 
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“then for a certain interval two nodes, etc., until finally the nth 
node appears at z, and from that point on we constantly have n 
‘nodes. We thus see that there are just n positive values of u, 
for which a node lies at z,, that is, that the equation in jj, 
y(n) = 0, has n distinet positive roots, and consequently, since 
it is of the nth degree, that it has no imaginary òr negative or 
multiple roots. If we denote the roots arranged in order of 
increasing magnitude by u”, Af, «++, uP it is clear from what 
has been said that for positive values of u? Y(t) has just k 
nodes (k = n) in the interval zo < x < +, when and only when 
pt? < u? QUY, where, for convenience, we let u = 0, 
ul = + 00. 

The next step is to show that in this interval there exists 
one and only one value of x? for which y(t) satisfies the condition 
(9), and this follows readily from the fact* that, when y(n) + 0, 
y(n — 1)/y(n) increases as x? increases, and hence increases from 
— © to + oo as y? increases through the interval we are now 
considering. This establishes the following: 


THEOREM oF OsciLLATION.f There exist just n + 1 values 
of u*, all real and positive, for which the difference equation 
(7) has a solution, not identically. zero, which satisfies the 
terminal conditions (8), (9). Denoting these values, arranged 
in order of increasing magnitude, by uo, mê, ---, #n%, the solution 
yx(t) of (7) corresponding to m and satisfying (8), (9) has 
exactly % nodes. ` 

We obtain in this way n + 1 simple harmonic vibrations of 
the weighted string, which differ from one another in the number 
of their nodes. The most general motion of the string will be 
obtained by compounding these simple harmonic vibrations. 
Here the formule, which are readily obtained, for making the 
vibration correspond to arbitrarily given initial conditions are 
closely analogous to the well known ones for the representation 
of periodic functions at n equally spaced points by a finite 
trigonometric series. These latter formulæ had been obtained 
by Lagrange in considering a special case of the vibration 
problem with which we have been concerned. 

In precisely the same way, the problem of the distribution of 


* Cf. Porter, loc. cit. This fact is.also necessary in the proof, referred 
to above, that the nodes decrease as u? increases. 

T See the articles ei Porter and Miss Merrill above cited. This theorem 
never published by Sturm, is the Pope of the important and still 
increasing class of theorems to which Klem attached this name more than 
fifty years later. 
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heat ii a row of vases is solved by the formula Ld 
(13) — Aue y) + A6 ys) + +++ + Aue ys), 


where M = — us. Here also the coefficients A, can be deter- 
mined so as io correspond with given initial conditions. It 
was, however, not merely the analytic solution of this problem 
which interested Sturm, but even more, perhaps, a discussion 
of the properties of the solution. 
If we mark the vases at any moment + or — according as their 
temperatures are above or below the temperature of the sur- 
rounding atmosphere, it is obvious from physical considerations 
that as time passes the number of variations of sign in the 
sequence cannot increase. This fact may be established ana- 
lytically by means of the equationg (5) of which the function 
(13) is a solution, and at the same time we can see precisely 
how the number of variations decreases. For a fixed value of 
t we plot the function (13) as a broken line, precisely as above 
we plotted the line y(z). This line, however, unlike the line 
y(t), does not necessarily cross the axis of x at every point 
where it meets it; indeed it may meet the axis of + not merely 
at isolated points but it may also coincide with it throughout a 
whole segment extending between two points z,. Let us call 
each of the isolated points and segments where the broken line 
representing (13) meets the axis of x a node of (13). To each 
node we attribute a multiplicity as follows: If the node lies at, 
or reaches up to, one of the end-points zo or £a, we take as its | 

multiplicity the number of points z; contained in it. Otherwise 
we take either this number or a number one greater, in such a 
way that the multiplicity shall be odd or even according as in 
passing through the node the function (13) does or does not 
change sign. This convention is justified by the fact, readily 
established by means of equations (5), that such multiple nodes 
can occur only for isolated values of t; and that for values of t a 
little smaller than such & value, the function (13) has exactly 
. k simple nodes in the neighborhood of the point or segment 
where a k-fold node is to appear.* Now the fundamental fact 
here, which also follows from (5), is that as ¢ increases through 
a value for which there is a node of multiplicity k, the simple 
nodes, after coalescing to form the multiple node, all disappear, 
* We exclude here and in what follows the possibility that the funetion 


(13) vanish identically; or, what is the same thing, we assume that not all 
the A's are zero. 
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leaving no node at all in the neighborhood of the point or seg- 
‚ment in question, except in the one case of a node of odd 
multiplicity which does not lie at or reach up to one of the end- 
points zo or Va; in which case just one simple node remains in 
the neighborhood in question. ; 
From these considerations it may readily be inferred that the 
number of nodes of the expression ` 


(14) Aryl) + Apron) + + Agni), 


where Ap + 0, 4, + 0, 0 p <q=n, cannot be less than p 
or greater than g, a multiple node being counted at pleasure 
either once or as often as its multiplicity indicates. For if, 
by introducing exponentials, we modify (14) into an expression 
of the form (13), the nodes of (14) appear merely as the nodes of 
(13) when ¢ = 0, and the number of such nodes lies, by what 
was said above, between the number of nodes of the expression 
(13) in question for a very large negative, and the number for 
a very large positive value oft. Jor such extreme values, (13) 
coincides very nearly with constant multiples of y,(z) and y,(i) 
respectively. AM 

While it does not seem likely from the seanty evidence which 
Sturm has left us that these latter considerations were all 
familiar to him in 1829, they can hardly fail to have been in his 
possession four years later, and it is not unlikely that if the 
manuscript which was among his papers at the time of his 
death could be recovered, it would be found to contain a 
systematic exposition of them along with the other matters 
we have touched upon.* 

Two lines for further investigation now naturally presented 
themselves. One of these consisted in replacing the difference 
equation (7) and the boundary conditions (8), (9) by the more 
‘general relations of the same form 


AKONO) — GGyG + D =0 (KO > 0), 
(15) K(0)Ay(0) — Jam = 0 (org(0) = 0), 
K(n — 1)Ay(n — 1) + Hy(n — 1) = 0 (or y(n) = 0). 








* We note in passing that if we equate the expression (18) to zero 
and assign to + a particular value, the equation thus obtained is precisely 
of the form considered in the paper of June 1, 1829 concerning which we 
have already spoken. Cf. the introductory remarks in the summary of 
that paper. . 
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If here we assume that the quantities K(t), G(2), kh, H are con- 
tinuous increasing functions of ^, the results relating to equation 
(7) and also their proofs admit of ready extension to the.sys-' 
tem (15). 

|. On the other hand we may pass over from difference to dif- 
ferential equations by allowing the integer n to become infinite, 
the points zo and à, however remaining fixed. In this way the 
various functions of the integral argument ¿i become functions 
of a continuous argument z. “We thus pass from the massless 
string weighted by n distinct particles to the string whose mass 
is continuously but unequally distributed throughout its ex- 
tent, and from the radiation of heat in & row of vases to the 
conduction of heat in & heterogeneous bar. It is this latter 
problem which forms the subject of Sturm's second great memoir 
of 1836, while the extension of the results concerning the dif- 
ference equation (15) to the differential equation 


a (Ke) 2 — G(z)y = 0 


is the subject of the first memoir of that year. It is worthy of 
notice that in both cases Sturm used the method of passing 
by a limiting process from a difference to a differential equation 
merely as a heuristic one, making indeed hardly a mention’of 
it in the' final memoirs, and treating the differential equations 
directly by methods which are the immediate generalizations 
of those he had used for the difference equations in his un- 
published work.* A careful examination of the abstracts pub- 
lished in 1829 in the Journal de Férussac will show that all this, 
at least so far as it relates to the heat problem, was in his mind 
even at that early date.t It was probably developed to some 
extent in the unpublished paper of October 19. | 

It is not my purpose to discuss here the two great memoirs 
of 1836, although the richness of their detail tempts one to 
linger over many points which have, it is to be feared, rather 
escaped the notice of mathematicians. This richness of detail 
probably reflects a similar quality in the earlier unpublished 

t Of. ne derivation of the theory of integral equations as a 
limiting case from the theory o! a system of linear algebraic equations. 
Like Sturm, Fredholm used limiting prccess merely as a heuristic one 
for deriving both the results and the methods for their proofs.: 


t There is no evidence to show whether the more general difference equa- 
tión (15) was considered at this time or only at a slightly later date. 
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researches, and much of the detail there could be readily repro- 
„duced. In these days, when new methods are being suggested 
for obtaining a few of the fundamental results of Sturm in their 
simplest forms, it is not out of place to remark that if one were 
to cut away from Sturm’s memoirs everything except what is 
necessary to obtain these results, the few pages that would be 
left would in brevity, rigor, and directness easily stand com- 
parison with anything which has so far been suggested to replace 
them. 

Coupled with Sturm's name in all of this work on differential 
equations one often finds the name of his young friend Liouville. 
It is true that Liouville’s work on these matters was hardly 
inferior in originality and power to that of Sturm himself; but 
it must be remembered that Sturm's work was practically com- 
plete, even to the writing of the two great memoirs, before Liou- 
ville's began, and that, except for alternative proofs which the 
latter gave for some of Sturm's results, and for a genial extension 
to certain differential equations of higher order, his work dealt: 
with a single problem, of fundamental importance it is true, 
which had not been treated by Sturm,* namely the proof that the 
development of an arbitrary function which occurs in Sturm’s 
papers is valid. We may therefore fairly speak of the Sturm- 
Liouville development according to normal functions, but these 
normal functions themselves, and almost everything relating 
to their theory,t are due to Sturm alone. 

I have tried to show you how. all of Sturm's most important 
work flowed naturally from his treatment of a single physical 
problem, not very important in itself perhaps, certainly of no 
great generality or largeness of scope. Sturm’s genius showed 
itself first in his method of handling the problem where such 
purely formal skill as one associates with the names of Lagrange 
or Poisson is less in evidence than a constant intuitional visuali- 
zation of the problem combined with a sense of accuracy un- 
common in his day; secondly in his perception of the relation 
of this problem to other questions, and to the way in which he 
followed up his work into adjacent fields. The power of gen- 
eralizing is not rare, as the huge bulk of our current mathe- 








"One paper on this subject written in conjunction with Liouville is 
preserved to us in abstract (Lteuwle's Journal, vol. 2, p. 220) but was written 
after Liouville’s first work on this subject. 

T An exception should be made here of the asymptotio expressions for 
these functions for large values of the index. These important expressiong 
are due to Liouville. 
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matical literature sadly reminds us; but one who like Sturm 

can seize on the important and simple modifications of a given, 
` problem has certainly one of the most essential elements of 

mathematical greatness. : 


HARVARD UNIVERSITY, 
CAMBRIDGR, Mass. 
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A SENSUOUS REPRESENTATION OF PATHS THAT 
LEAD FROM THE INSIDE TO THE OUTSIDE OF 
AN ORDINARY SPHERE IN POINT SPACE OF ` 
FOUR, DIMENSIONS WITHOUT PENE- 
TRATING THE SURFACE OF 
i THE SPHERE. 


BY PROFESSOR C. J. KEYSER. 
(Read before the American Mathematical Society, April 28, 1911.) 


Tue logical or analytic existence of such paths—their existence 
in and for thought as distinguished from intuition or imagina- 
tion-—has been long familiar to every one, and may be made 
eviderit even to & freshman, so simple is the sufficient algebraic 
argument. But all efforts to envisage the paths are defeated 
completely. 

It is the purpose of this note to show how the existence of 
the paths may be made evident to the intuition and even to 
the senses of sight and touch. ‚The purpose is achieved by a 
simple transformation correlating "the points of 4-space S, 
with the spheres of ordinary space Ss, including all spheres of 
real center and pure imaginary radius. In this way unintuitable 
situations in S, like that presented by the paths in question, are 
represented by intuitable analytic equivalents in Ss, and these 
equivalents may be rendered sensible by easily constructible 
physieal models. : 

. The simplest possible correlation of the kind in question is 
that in which the point (x, y, z, w) of S, and the sphere (of Ss) 
having (x, y; 2) for center and ./w for radius shall be a pair of 
corréspondents. 

The representative in S; of a lineoid (an ordinary 3-space) 

. Ax + By + Cx + Dw + E = 0 of & is a linear complex of 
spheres such that, if (a1, yi, &, #1) be a point of the lineoid, the 
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corresponding sphere of the complex is the sphere that has its 
center at (ai, Yı, 21) and its radius equal to Ywı. Those spheres 
' of the complex that have a same radius, r = s/w, have for locus 
of their centers the plane At + By + Cs -- Dr? + E = 0; and 
the planes that thus correspond to different values of r are 
parallel. 

In particular, the lineoid w = k >0 which is parallel to 
the zyz-lineoid of reference, and on the positiye side of it, is 
represented in Ss by the sphere complex consisting of the real 
spheres whose center-locus is the totality of points of S; and 
all of which have the same radius r = vk: a complex naturally 
to be regarded as parallel to the sphere complex composed of 
the points of $5 conceived as spheres of zero radius. 

The line of S, determined by the points (a, yi Z, wi), 
(25, Ys, 2», Wa) is represented in Ss by a range of spheres deter- 
mined by the two spheres that correspond respectively to the - 
given points. The locus of the centers of these spheres is the 
line determined by the points (a1, yi 21), (s, ya, zl. A sphere 
of the range whose center is (x, y, z), where 


a= (a + N/ü TN, y = Gt N)K +), 
z = Lëck Nu +), 


has for radius r = vw, where w = (wi + All) + 3); so that 
in general the size of a sphere of a range varies as its center 
moves along the locus of centers of the range, i. e., as the sphere 
moves along the range, generating the range as the path of a 
moving sphere just as in S, the line corresponding to the range 
in S5 is the path of a moving point. 

The 4-dimensional sphere 2 + Y+2+wW-R=0 of 
S, is represented in $3 by a certain quadratic complex of spheres, 
namely, that whose spheres have for locus of centers the en- 
semble of points within or on the sphere 2? +? + 2 — Æ = 0 
and whose radii as the distance of the center from the origin 
increases vary for w positive from v R to zero and for w negative 
from iV R to zero. The spheres of the complex fall into two 
equal classes according as the radii are zeal or pure imaginary. 

The pair of equations 


a+ yt at+ ut — R= 0, 


H w=k O<k<R), 
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determine am ordinary sphere (of S4) that is immersed in the 
lineoid w = k. This sphere is represented in S; by a quadratic | 
congruence of spheres, which may be called a sphered sphere. 
It is composed of real (visualizable) spheres whose centers have 
for their locus the sphere.a? + y! + 22 = R — k and whose 
radii are k. This sphered sphere is immersed in the sphere 


` complex corresponding, as above seen, to the lineoid w = k. 


A point (zi ys, 21, 1) of S, is inside, on, or outside of the 
sphere (1) according as gê + y+ a? <, =, or > RP — wy, 
provided wi,— k. A point whose w + k is properly neither in- 
side, nor on nor outside the sphere (just as in ordinary space a 
point external to & given plane is properly neither inside, nor 
on, nor outside of a given circle of the plane). According as & 
point of 5, is inside, on, or outside of the sphere (1), or has none 
of the three relations to it, so in S; the sphere that represents the 
given point is respectively inside, on, or outside the sphered 
sphere representing the sphere (1), or has none of the three rela- 
üons to the sphered sphere. | ‘ 

Let (21, yi, 21, k) and (2s, ys, 22, k) be two points respectively in- 
side and outside of the sphere (1). The condition that a point 


w= (m+ duit), y= Gi d NAI +d), 
a= (zı + Na) (1 + A), w= k, 


of the line determined by the given points shall be on the 
sphere (1) has a positive discriminant, showing that the line 
pierces the sphere in two real points. This case is the 
familiar one that occurs in the point geometry of S, and thus 
lies in the field of geometric intuition. In the sphere geometry 
of Ss the case is represented by a sphere range determined by 
two spheres having vk for radii and situated respectively in- 

side and outside of the sphered sphere corresponding to sphere 
' (D. It is essential to note that all the spheres of the range are 
of the same size and that the size is that of the spheres composing 
the sphered sphere, so that, as a sphere traverses the range, it 
twice coincides with a sphere of the sphered sphere; that is, 
the range as a path of a moving sphere twice penetrates the 
(surface of the) sphered sphere. 

Now -consider the lines of S, determined respectively by the 
point pairs (a, y» 9 k), (ts, Va, Sa ws), and (xs, Vs, Sa w3), 
(a2, Ya, 2, k), where ws > or < k, say ws > k. No point of the 
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former line is on sphere (1), for such & coincidence of points 
requires that (k + Xw3)/(1 + À) = k, a condition that is satisfied 

“only when A = 0, which yields the point (a1, yi, 21, Kl, but this 
point is by hypothesis not on but inside sphere (1). For a like 
reason no point of the latter line is on sphere (1). Hence the 
broken line running from the first to the second' and from this 
to the third of the given points is a path (for points) leading 
from the inside to the outside of spheré (1) without penetrating 
the surface. It is such analytically evident But unintuitable 
paths whose existence is to be made evident to spatial intuition 
and to sight and touch. The means thereto is now obvious. 
In S; the two spheres representing the first and last of the given 
points are respectively inside and outside of the sphered sphere 
representing sphere (1). The sphere representing the point 
(x, Ys, 2s, t0) is neither inside nor on nor outside of the sphered 
sphere, a fact intuitively manifest because the sphere in question 
is larger than the spheres (r = vk) composing the sphere com- 
plex in which the spheted sphere is immersed. As to the broken 
sphere range representing the broken line, it is intuitively 
evident that it does not penetrate the sphered sphere (whose 
spheres are all of radius vk) for the spheres composing the 
first part of the broken range increase in size from that of the 
initial sphere (of radius vk and lying inside of the sphered 
sphere) up to the final sphere (radius up) of that part, whilst 
the spheres of the second part decrease in size from that of the 
sphere just mentioned down to the final sphere of the range, 
this sphere being outside of the sphered sphere and having vk 
for radius. 

To construct a model rendering the matter sensibly evident 
it is plainly sufficient (1) to distribute throughout a small region 
of space a small number of small spheres, fixing them in position 
as by slender vertical steel rods, some of the spheres being of 
equal radius r, one or more of greater radius and one or more of 
less, some of the spheres intersecting (though this is not in- 
dispensable) and two or more of them, if transparent, being 
concentric (though this feature may be omitted); (2) to con- 
struct a spherical frame (say of wire) that shall include one 
or more of the spheres of radius r and exclude some of them, 
and to locate & number of spheres of radius r so that their 
centers shall be points of the frame and be suitably distributed 
upon it; (3) to join by a rod the centers of two spheres of radius 
r, one of them inside the frame, the other outside, and to place 
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Let the elements of the determinant be ordered &ccording 
to the sum of their subscripts. In case this sum is the same 
for two elements these are ordered according to the value of i. 
Then we get an infinite sequence of elements ay, ais, an, Ou, Asa, 
.... In each infinite product of the expanded determinant order 
the elements which form its factors according’ to the same 
principle. | 

Divide a segment AB into two equal segments AC and CB, 
CB in two equal segments CD and DB, and so on by sequential 
halving of the last segment obtaining an infinite sequence of 
segments whose end points approach B as a limit. Repeat this 
construction on each of the segments AC, CD,..., also on 
each of the segments thus obtained and so on indefinitely. Con- 
sider now a term dt luet - . . of the expanded determinant. 
Let a,,, be the k,th element of the determinant when these are 
ordered as above. Now there is a perfectly definite number of 
elements of the determinant between o, and anp which may 
occur with a,,,, as factors in a term of the expanded determinant, 
that is, which are not in the same row or column- with a,j. 
Let this number be ks — 1. There is further a definite num- 
ber of elements between a4; and ga, which may occur in a 
product with aits a. Let this number be k, — 1 and so on. 

We now assign the term 2,505,054, . . . to a sequence of 
segments on AB in the following manner: The first segment of 


. the sequence is the kıth segment of the sequence AC, CD,.... 


The second segment is the Ath segment of the division of the 
segment just selected, the third is the sth segment of the 
division of the segment last selected, and so on indefinitely. 
We thus obtain a sequence of segments corresponding to the 
term 0,505,045, + + + , Such that every segment of the se- 
quence lies on all that precede it and also such that the lengths 
of the segments become indefinitely small as we proceed. Hence 
this sequence determines a definite point which is a common end 
point of all the segments of the sequence beyond a certain one or 
else lies within every segment of the sequence. Note that if it is 
a common end point of such segments then it is a left end point. 
In this manner we obtain on AB a point corresponding to 
every term of the expanded determinant. It remains to show: 
(1) that we thus obtain a term corresponding to every point on 
AB, (2) that two points thus set in correspondence to different 
terms of the expanded determinant are not identical. 

(1) Let Q be any point on AB. In the sequence of segments 
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AC, CD, ..., there is one segment within which Q lies or of ` 
which it is the left end point. (W e conceive of the segment 4B 
as extending from left to right.) Further let Q be the left end 
point of or lie within the k,'th segment of the division of the 
kı'th segment, of AB, and so on. Thus we obtain a sequence 
of numbers fy’, ka’, ks’, . . « , corresponding to a definite sequence 
of segments which détermine the point Q. The term ar 
Oui, + + is set in correspondence with the point Q by 
the process described above, provided aw, is the Eh element 
of the determinant, ge the KO element after awy of those 
which can occur with it in a term of the expanded determinant, 
and so on. 

(2) Two different terms Gite . . . and Aura 
diy «+ . . Of the expanded determinant cannot be set in | 
correspondence to the same point by this process. Suppose 
their kth factors are different. For the sake of simplicity of 
statement ‚we suppose the first factors ‚din and aw are dif- 
ferent. Then the corresponding points D and P’ are end points 
of or lie within different segments of the sequence AC, CD, 

., obtained by the division of AB. Hence these points 
ean be identical only in case one, as P, is a right end point of 
one of these segments and P’ the left end point.of the next . 
“segment. But we noted above that in case a point determined 
by one of these sequences is a common end point of the seg- 
ments of the sequence determining it, then it must be a left 
end point of such segments. Hence P and P' cannot be 
identical. 


COLUMBIA UNIVERSITY, 
January 3, 1911. 
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The Theory of Sets of Points. By W. H. Young and GRACE 
CHisHoLM Yovwa, Cambridge, NEUE Press, 1906. xii 
+ 316 pp. 

Tms volume consists of a systematic — of the 
theory of sets of points. The titles of the chapters are: Rational 
and irrational numbers, Representation of numbers on the 
straight line, The descriptive theory of linear sets of points, 
Potency and the general idea of a cardinal number, Content, 
Order, Cantor's numbers, Preliminary notions of plane sets, 
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Regions and sets of regions, Curves, Potency of plane sets, 
Plane content and area, Length and linear content. 

While the main body of the subject matter is thus seen to 
consist of those well-known elements of point set theory 
developed by Cantor and others, there is nevertheless consider- 
able material which i is original with the authors. As stated in 
the preface: ‘‘The writing of the book has necessarily in- 
volved attempts to extend the boundaries of existing knowledge 
and to fill in gaps which broke the connection between :solated 
parts of the subject. "' 

Chapter I on rational and irrational numbers contains only 
eight pages and consequently a good deal is here necessarily left 
tothereader. The chapter ends with the theorem of Liouville. 

In Chapter II a correspondence preserving order is set up 
by means of projection between the numbers of the real number 
system and the points of a line. This enables the author, 
without employing the notion of measurement, to use inter- 
changeably the points on the line and the real numbers in dis- 
cussions involving order and the number of points (potency) of 
a set. This correspondence cannot however furnish a basis for 
the treatment of content of sets of points since the relative 
lengths of segments on a line would depend upon the choice of 
the points 0,1,and ©. That is, it would depend upon the point 
at which one starts measuring and also upon the unit of measure. 
Clearly the property of relative lengths of segments on a line 
must be & property of those segments themselves and cannot 
depend on any arbitrary choice. In Chapter V, where content 
is considered, no mention is made of this fact and the unwary 
reader might be led to believe that this projective correspondence 
is all that is needed. Theorems relating to order, limiting 
points, character of sets as to density and potency are all valid 
without a basis in stronger congruence assumptions but, in 
general, theorems comparing the lengths of segments are not. 

Chapter III deals mainly with what are called derived and 
deduced sets. A derived set is the set consisting of all the limit 
points of a set. If A, is a derived set of A and A, a derived set 
of A, and so on indefinitely then the set common to all the sets 
A1, As, +--+ is the deduced set of this set of sets of points. In 
general the process of taking all points common to an infinite 
series of' sets of points is called deduction. An example is 
given of sets which have an infinite series of derived sets, all 
different, a first deduced set which in turn has an infinite series 
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of derived sets all different, this series a deduced set and so on 


indefinitely. This serves as a concrete example in which the 


transfinite numbers of Cantor appear naturally and is later 
(Chapter VIII) referred to in connection with the formal treat- 
ment of these numbers. This is one instance of what seems ‘one 
of the notewortky features of this book, viz., the large num- 
ber of simple and highly instructive examples. 

Chapter IV, treats of potency and the generalized idea of 
cardinal numbers. Several theorems due to Mr. W. H. Young 
are here given. Among these are the theorems on overlapping 
intervals covering any set and the generalized Heine-Borel 

: theorem.* 

We note the following definitions: “If Gi, Ga, --- be a series 
of sets of points such that, for all values of n, Ga contains Gass 
and if G be the set of all the points common to the sets G4, G is 
called the inner Limiting set of the series.---" ‘‘If in the pre- 
ceding OG, is contained in Gay and G be the set such that every 


set G, is contained in G, while every point af G belongs to some 


definite G,, G is said to be the outer limiting set of the series.” 
Surely this terminology is much to be preferred to the less natu- 
ral expressions greatest common divisor and lowest common 
multiple used by Cantor and his continertal followers. The 
` most important innovation in this chapter is the treatment of 
derived and deduced sets (adherences and coherences) without 
the use of Cantor’s numbers. The doubt expressed in the 
Fortschritte der Mathematik, page 530, volume 34, as to the 
possibility of treating this subject without the use of Cantor's 
numbers cannot possibly have any foundation. Explicitly the 
question is as to whether a theory which is a special case of’a 
more general theory may not be discussed on its own merits 
without reference to that more general theory. Stated in this 
form the question is trivial. In the case of a difficult subject 
like the transfinite numbers in their full generality it would 
appear good procedure to study a less genersl case of the subject 
first. In so far as this more special case involves properties 
that are taken account of in the case of the more general treat- 
ment of transfinite numbers, i in so far the discussion must in- 
volve notions contained in the more general treatment. The 
remark by Schoenflies ‘‘H. W. Young benützt bei seinen Bewei- 
sen, die sachlich darauf hinauslaufen, eine wirkliche sukzessive 


* The latter was also givan by H. Lebesgue in his thesis, Paris, 190a, 
the same year that Young published the theorem in the Proc. L. M. S 
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Analyse der Punktmengen vorzunehmen, nicht ausdrücklich 
aber doch stillschweigend die Cantorschen Zahlen der zweiten 
asse + - -"* is therefore also trivial. 

The definitions of content, Chapter V, are novel. ‘The 
content I, of a closed set of points is the difference between the 
content of the fundamental segment and that of those intervals 
of the fundamental segment which contain no points of the 
set." (It is proved earlier that every closed sgt may be ob- 
tained as the remainder of a segment when a certain set of 
open segments, possibly an infinite set, has been removed.) 
The inner content of any set is defined as the upper limit of 
the contents of its closed components. The outer content is the 
lower limit of the content of all sets of intervals covering the 
set. The outer content or measure of Young is identical with 
that of Lebesgue, while the inner measure of Lebesgue is ob- 
tained by subtracting the exterior measure of the complementary 
set from the whole segment. It is rather diffieult to decide 
which of these two definitions serves the purpose in hand more 
directly. Schoenflies with his usual air of finality remarks: 
“‘Statt Lebesgues natürlicher Definitionen stellt H. W. Young 
die folgenden künstlichen an die Spitze."f Itis then shown that 
the question as to whether or not all sets are measurable (have 
identical inner and outer content) depends upon whether or not 
there exist two open sets with no point in common, each of 
inner content zero, whose sum is a closed set of content not zero. 

The following theorem due to W. H. Young is worthy of note: 
IE Gh, Gs, «++, Gm +++ is a sequence of sets of points, each of 
which sets is a component of a closed set of finite content J, 
and if the interior measure of each of the sets Gi, Gz, - --, Gn, - 
is greater than a fixed number e, then there exists a set of points 
of interior measure = e, and of the power of the continuum, 
such that each point of the set belongs to an infinite number of 
the given sets." This is regarded by the authors as one of the 
most important in the whole theory of linear content. 

The subject of content is completed in Chapter XII, where 
the content and area of plane regions are discussed in full detail 
and the way is pointed to & similar discussion for the n-dimen- 
sional region. 

Chapters VI and VII are devoted to order and the Cantor 
numbers respectively. Particular care is taken to define order 





* Bericht über Punktmannigfaltigkeiten, zweiter Teil, page 76. 
T Loc. cit., p. 88. 
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with respect to tae set of points whose order is being defined 
and not with a to the fundamental set, e. g., the con- 
tinuum. 

In Chapter VIII & brief resumé is given of the kirids of 
(1, 1)-correspondence possible between the points of a planar 
and a linear cont.nuum, “space filling" curves, etc. The fol- 
lowing statement is evidently meant to indicate the authors’ . 
point of yiew in regard to the '' crinkly " curves but does not seem 
‚very definite: ''- -- the concept of a curve, as such, regarded as 
& set of points, must surely be recognized as a conglomeration 
of ideas of which that of, order is only one, and is from many 
points of view a smbservient one. A curve like ‚any other plane 
set of points, has & form, (the italics are the reviewer's) and it is 
in many respects this form which is its most interesting char- 
acteristic’ (page 168). This might ccnceivably:be a very inter- 
_esting statement E we knew what deünite concept to attach 1 to 
the word ''form."- 

- The notion of region is developed from the simplest region, 
viz., the triangular region. A region is namely a part of a plane 
which may be tiled over by a set of triangles (finite or infinite). 
A region may or Day not contain rim points (points which are 
limit points of peints not in the region) while a domain is 
definitely defined to be a region which does not contain a single 
rim point. This cefinitjon of domain is the basis for one of the 
several inaccurate statements which to a certain extent mar. 
this chapter. 

The statement “The part of a domain left over after re- 
moving a domain contained in the first (difference of two do- 
mains) is a domain or domains" (page 196) is obviously not true. 
Again Theorem 10 page 193, should read: ‘‘If the regions have 
at least two comraon points, and also any further common 
points lie on the same straight line a3 those two, then (1) the 
span in one direction (viz., that perpendicular to the line of 
common points) decreases without limit; (2) the spans in any 

. other direction have a positive lower bound." 

The corollary urder Theorem 5, page 187, is not true. Be- 
sides the set speciied in the corollary there may be a set of 
isolated points or & discrete set with limit points. Page 187, 

' Jine 26, read "spans" for “span” and “limit” for “limits.” In 
the definition of disc, page 188, insert after "meets it" the 
words ‘‘in an internal point." The definition of connected 

ı set leads to curious results: ‘A set of points such that, describ- 
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ing a region in any manner round each point and each limiting 
point (the italics are the reviewer’s) of the set as internal point, 
these regions always generate a single region, is said to be a 
connected set, provided it contains more than one point. Hence 
if a set is connected, the set got by closing it is connected and 
vice versa” (page 204). This definition, which is shown to be 
equivalent to that given by Cantor in purely metric terms, 
makes the inside of triangle connected with its oytside, and in 
general two sets neither of which contains a limit point of the 
other may form one connected set. 

The following statement requires lenient construction to make 
it true: '' Given any set of regions, a (countable) set of non- 
overlapping regions is uniquely determined, having the same 
internal points as the given set" (page 199). What meaning 
can be given to the words ''uniquely determined” to make 
this hold? 

These various errors are apparently due to temporary in- 
Attention rather than to lack of insight. In no case do they 
lead to grave results. d 

A curve is defined as follows: "7 A plane set of points, dense 
nowherein the plane, such that, given any norm e, and describing 
around each point of the set a region of span less than e, these 
regions generate a single region R,, whose span does not decrease 
indefinitely with e, is called a curved arc, or shortly a curve" 
(page 219). This definition is essentially new, differing radically 
from that of Schoenflies who regards a curve as the frontier of 
a region, or from that of Veblen which is given in terms of order 
and linear continuity.* As will readily be noticed, this curve 
is very different from an arc of & Jordan curve in that it may 
consist of a network of such curves as complicated as we please, 
—indeed of infinite number of ‘‘branches” of such curves. In 
dealing with the separation of the plane by polygons and curves 
a great deal is left to the reader. The general outline of a 
fuller treatment may be said to be given but it would be no 
mean task to fill it out in detail. f 

Chapters XII and XIII, dealing with plane content and area, 
and length and linear content, make such. use of the chapters 
that precede as is logically necessary, and hence the character 
of these last chapters of the book is practically determined by 
the earlier parts. Chapters IX, X, and XI are not required for 
the reading of these last chapters and that on plane content. 


* Transactions Amer. Math. Society, vol. 6 (1905), pp. 83-98. 
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The figures employed are all of an elementary nature, circles, 
rectangles, triangles, and squares. On the other hand some of 
the results of these chapters are stated-in the book for the first 
time. Schoenflies (Bericht, II, page. 93) has incorrectly re- 
ported the decisive examples on pages 275-283. The surprising 
result that & countable closed set of points in the plane may have 
. positive linear content, which may even be infinite, has entirely 

escaped comment in the ‘‘ Bericht.” An appendix deals with 
various questions that arose during the printing of the book 
but too late for insertion in the main body of it. At the end 
& very full bibliography is given,—so full as to be rather dis- 
couraging. It would be of real service if the book contained 
in a short compass a statement of the contributions to point 
set theory by the different investigators. 

Throughout there are many well constructed figures which 
assist the reader very'materially. The largé number of prob- 
lems exhibiting a multitude of phases of the subject bear elo- | 
quent witness to the care with which the authors ‚themselves 
have mastered the subject and the great amount of energy 
expended in writing the book. 

Inasmuch as this is practically the only treatise of its kind 
(Schoenflies’s Bericht apparently having a quite different pur- ' 
pose), it is difficult to judge how greatly it differs from the riper 
treatises which are bound to come in the future. But we are 
surely justified in saying that the authors have done the cause 
of mathematics a real service by placing at the disposal of the 
student a treatment of point sets exceptionally readable and 
with unimportant exceptions entirely trustworthy. 

À very considerable number of misprints have been detected. 

N. J. LENNES. 


élémentaires sur la Théorie des Fonctions analytiques. 2nd 
edition. By ÉpouAR» A. Fouër. Vol. I: Les Fonctions 
en général. 1907. xiii-- 112 pp. Vol. II : Les Fonctions 
algébriques. Les Séries simples et multiples. — Les Intégrales. 

Paris, Gauthier-Villars, 1910. x + 263 pp. 

A COMPARISON .of the first and second editions shows that 
the author has completely revised his work, adding new material 
to include some of the latest developments, enlarging some of 
the subjects already treated and rewriting other portions. The 
oné volume of the first edition has been expanded into two. 

In the first volume the author seeks to give a general intro-, 
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duetion to analytic functions, laying special emphasis upon 
the fundamental ideas, and indicating the growth of these ideas 
from the simplest naive notions to the present extended con- 
ceptions. Thus, the growth of the idea of function is traced 
from the earliest analysts, who restricted the use of the word 
to the powers of a quantity, through the various stages repre- 
sented by Euler, Cauchy, Riemann, Fourier, and Dirichlet, to 
the present general conception which is broad enough to include 
a correspondence which represents a space-filling curve. 

After treating the subjects of number and function, the 
author takes up at some length the principles of assemblages. 
He then considers the principal types of functions and their 
classification. He introduces the subject of the general ana- 
lytic function, gives the Cauchy-Riemann partial differential 
equations, studies conformal representation, considers various 
singularities, introduces groups and applies them to periodic 
and automorphic functions. s 

The second volume is a study of functions from the three 
points of view suggested'by the names of Riemann, Weier- 
strass, and Cauchy. The first chapter, on algebraic functions, 
is dominated by the geometric point of view. It studies vari- 
ous transformations, the fundamental properties of algebraie 
functions, and contains an exposition of the Riemann surface. 

The subject of series is treated very fully. A general dis- 
cussion of convergence is followed by a treatment of the power 
series, infinite products, trigonometric series, and divergent 
series (presenting largely the points of view of Poincaré and 
Borel). The theory is followed by applications to e", sin z, 
&(z) of Riemann, ete., and by a consideration of the hypergeo- 
metric series. 

Series in two or more variables are also studied, and applied 
to various transcendental functions, e. g., the £, y, y’ functions 
of Weierstrass, the 0 functions of Jacobi, etc. 

The last chapter deals with functions as defined by the defi- 
nite integral, the epoch-making conception of Cauchy, which, 
according to Hermite, is the most fruitful conception in mathe- 
matics. The objective of this chapter is the-integrals of Cauchy 
and Taylor's series. 

Throughout the two volumes we'find a double purpose : the 
author seeks to give an elementary account of the subjeot from 
the most modern standpoint ; and aims, at the same time, at com- 
pleteness. He accomplishes his purpose very well by the 
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introduction of copious footnotes which deal with sources, 
historical information, difficult demonstrations, interesting gen- 
eralizations, and conceptions too advanced for the text proper. 
Thus, the discussion of the theory of assemblages is supple- 
mented in the footnotes by reference to transfinité assemblages ; 
and the ordinery presentation of the integral is supplemented 
by the introduction of upper and lower integrals. 

The comprehensive, suggestive, critical footnotes greatly 
enhance the value of ithe work. 

The volumes under review are especially valuable for those 
who wish a thcrough treatment of the fundamental conceptions, 
and an introduction to the latest ideas, for.the author has not 
only given a sketch of these phases of the subject, bui has also 
indicated many sources. 

s ‘Gro. N. BAUER. 


Lectures de Mécanique: La mécanique enseignée par les Auteurs 
originaux. Par E. JouGuET. Deuxième partie: L'Orga- 
misation de la Mécanique. Paris, RUN Villars, 1909. 
284 pp. 

Many of tke mathematicians who teach the elements of 
mechanics may have more or less serious arriéres pensées 
relative to the way in which they have presented the funda- 
mental concepts to their students, and they may form many 
a good resolution as to the severe logical thinking they will 
expend upon the subject to the end that the next time they 
teach it the presentation may gain much in completeness and ' 
. consistency. To all such Jouguet’s Lectures are a godsend,— 
not that all the difficulties of the doubting ones will be relieved 
by the perusal of the work, but that the doubts and perplexities 
of the great creators of mechanics, and the way they settled 
them or at least thrust them aside, are here detailed. For the 
plan of the work, as the subtitle indicates, is to teach (the foun- 
dations of) mechanics by (large extracts from) the original 
authors. We may say that Jouguet selects his quotations well 
and makes each one sufficiently long to be intelligible of itself; 
‘but one must add that his own careful critical comments are 
very helpful toward the fullest interpretation both of the 
material cited and of the subject itself. . 

The work consists of three parts: the first, which is not at 
hand, called Le naissance de la mécanique; the second, which is 
under review, entitled L'organisation de la mécanique; the 
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third, which as yet is only projected, to be designated Les 
bornes de la mécanique. Although the first and last parts 
must of necessity throw much light upon the second, it should 
be observed that this second, which has chiefly to do with the 
dynamics of a particle and rigid body and which às such bears 
most closely on the problems of interest to the teacher, may 
without difficulty be read alone. And the reading is highly 
to be recommended. The extremely logical nfay long for a 
specific set of postulates by virtue of which the subject matter 
and terms of elementary mechanics shall be defined; but though 
the actual establishment of such a set be a worthy scientific 
objective point, one should recognize that it may have much 
- of the sterility of any puristic accomplishment,—the instructive 
thing is to contemplate the foundations of a subject from 
various angles, and this is precisely what Jouguet makes easy 
for us in reference to mechanics. 

We have written from the point of view of the teacher, but 
the student, the physicist, the philosopher will find much of 
interest to them in these pages, and the logician who would. 
construct a set of postulates for mechanics which should be of 
real value to teacher and pupil as well as of scientific exactness 
cannot safely neglect the points of approach which the race, 
through its geniuses, has shown to be the genius of the race. 

E. B. Wrsow. 


CORRECTION. 


Proressor D. R. Curtiss calls our attention to the following 
erratum in his paper published in the BULLETIN in June last: 

Page 466. In the formula for the determinant A,(a, £), the 
index n — 2 should, throughout the last row, be replaced by 
'n—3. 
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NOTES. 


Tux concluding (July) number of volume 12 of the Annals 
of Mathematics contains the following papers: ‘‘The harmonics 
of a stretched string vibrating in a resisting medium," by C. R. 
Dies; “The mixing effect of surface waves," by C. S. SLICH- 
TER; "Charagteristics of two partial differential equations of 
order one," by C. A. Noste; “The differential equation of the 
third order with a quadratie equation between the integrals," 
by S. ErsrgEN; “Relations among some cyclotomic numbers,” 
by T. Havasnr. 


Tur eighty-first annual meeting of the British association for 
the advancement of science was held at Portsmouth, England, . 
' August 30 to September 6, under the presidency of Sir William 
Ramsey. Professor H. H. Turner was chairman of section A, 
mathematics and physics. 


Tue fortieth annual meeting of the French association was 
held at Dijon, July 31 to August 5, with Inspector Ch. Lalle- 
mand as president. E. BELOT was chairman of the mathe- 

matical section. 


Tue fifth annual meeting of the Italian association will be 
held at Rome, October 12 to 18; Professor G. Ciamician is 
president, and Professor G. CasTELNUOVo chairman of section A. 


Ta second congress of Scandinavian mathematicians was 
held at Copenhagen, August 28-31. 


THE organizing committee of the Fifth international congress 
of mathematicians, to be held at Cambridge, England, August 
22—28, 1912, has issued a circular containing the names of the 46 
members of the international committee and giving the following 
items of information: 

‘Special arrangements will be made for the consideration of 
the reports of the international committee appointed at the con- 
gress in Rome to enquire into the teaching of mathematics. 

'The committee has commenced to organize a series of lectures 
which shall give some idea of the present state and progress of 
the principal branches of mathematics, including its applications. 
The speakers already chosen are E. Borer, E. W. Brown, A. 
Kieser, E. G. H. LANDAU, Sir J. Larmor, and Sir W. Warte. 
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Their subjects will be announced later. The congress will be 
divided into four sections: I, arithmetic, algebra, analysis; 
II, geometry; III, applications; IV, philosophical questions.” 


Among the prizes awarded by the Paris academy of sciences 
at the close of the second semester, the following were for achieve- 
ments in pure and applied mathematics: The Lalande prize 
(fr. 540) to Dr. Lewis Boss, of the Albany Ohservatory; the 
Pontécoulant prize (fr. 700) to Dr. L. ScHuLor, for his theory 
of comets and the completion of the lunar tables; the Francoeur 
prize (fr. 1000) to E. Lemoine for his work in geometry; the 
'Poncelet prize (fr. 2000) to M. RATEAU for progress in mechan- 
ics; the Montyon prize (fr. 700) to M. Jovauzr, for his work 
in thermodynamies. A general prize of fr. 10,000 was awarded 
to the estate of the late Professor J. TANNERY for his work on 
the theory of functions and particularly for his services as sec- 
retary to the Ecole Normale. | 


THE section of physics and mathematics of the royal society 
of Naples announces the following prize problem: 

‘A new contribution to the theory of differential forms of 
general order and degree. "7 
~ Competing memoirs should be written in Italian, French or 
Latin, and sent to the secretary of the academy before June 30, 
1912. The prize is 500 lire. 


From the Dr. Elsa Neumann foundation the University of 
Berlin will award a prize of 1000 marks to the author of the most 
meritorious contribution in mathematics or physics submitted to 
the philosophical faculty of the university during the year 1911. 
The award will be made February 18, 1912. 


Tue Provisional Report of the national committee of fifteen 
on & geometry syllabus, has now been issued in pamphlet form. 
It is a reprint of the partial réports published in School Science 
and Mathematics, during April, May, and June, 1911, and was 
submitted in its present form to the National educational as- 
sociation at its San Francisco meeting, July 8-14, 1911. -The 
report contains a historical introduction of 25 pages prepared 
by Professor F. Cajori; a section on logical considerations in- 
cluding axioms, definitions, treatment of limits, time and place 
in the curriculum, purpose of the study of geometry; a section 
on the grading and distribution of exercises; a section on, types 
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of courses for special classes of students and on preliminary 
inductive courses in the grades} and finally the syllabus itself,. 
exhibiting by means of different forms of type the varying 
degrees of emphasis which may properly be attached to the 
various theorems. 


At the meeting of the International commission on the teach- 
ing of mathematics held at Milan, Italy, September 18-21, 
1911, the central committee received reports of the various 
national sub-committees and formulated plans regarding the 
submission of the final report to the Fifth international congress 
of mathematicians to be held at Cambridge, England, next 
August. From the reports of the various sub-committees the 
following questions were discussed at length: ' 

A. To what extent can the systematic presentation of mathe- 
matics in the advanced schools (colleges, lycées, Gymnasien, 
Realschulen, - - -) be taken account of? Is it wise to emphasize 
the fusion of different branches in such instruction? 

B. What is the proper instruction m mathematics both pure 
and practical, for students of physics and the natural sciences? 


= 2 

THe annual list of American doctorates published in Science 
presents for the academic year 1910-1911, 437 names, of which 
239 are credited to the sciences. The following 26 successful 
candidates offered mathematics as major subject (the titles of 
the theses are appended): H. L. Acarn, Yale, “The extension 
of some theorems in the theory of sets of points in n-dimen- 
‘sional space"; T. B. Askcrart, Johns Hopkins, “Quadratic 
involutions on the plane rational quartic"; Miss C. L. Bacon, 
Johns Hopkins, “ The Cartesian oval and the elliptic functions”; 
R. P. Baker, Chicago, “The problem of the angle bisectors”; 
Miss I. Barney, Yale, “Line and surface integrals"; W. H. 
Bates, Chicago, “An application of symbolic methods to the 
treatment of mean curvature in hyperspace”; F. W. Brat, 
Princeton, “Associated normal congruences”; Miss A. D. 
Bme, California, “Constructive theory of the unicursal plane 
quartic by synthetic methods"; P. P. Born, Cornell, “On the 
perspective Jonquiéres involutions associated with the (2, 1) 
ternary correspondence"; D. BucHanan, Chicago, “A class of 
periodic solutions of the problem of three bodies, two of equal 
mass, the third moving on a straight line"; B. H. Camp, Yale, 
“ The convergence of singular integrals"; R. D. CARMICHAEL, 
Princeton, “Linear difference equations and their analytic solu- 
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tions”; J. L. Jones, Yale, “Number concept”; S. LEFSCHETZ, 
Clark, “On the existence of loci with given singularities”; L. 
Linpsay, Syracuse, “The minors of a compound determinant"; 
W. R. Marriott, Pennsylvania, “The determination of the 
order of the groups of isomorphisms of the groups of order p$, 
where p is a prime”; W: O. MENDENBALL, Michigan, “On the 
characteristic properties of sum formulas in the theory of di- 
vergent series"; W. J. Montaomery, Clark, “Singularities of 
twisted quintic curves"; L. O’SHAUGHNEssY, Pennsylvania, 
“ The integrability of the differential equation representing the 
sum of a family of series"; A. D. PITCHER, Chicago, “The inter- 
relations of eight fundamental properties of classes of functions" ; 
H. W. Reppicx, Columbia, “Systems of tautochrones in a 
general field of force”; E. B. Stourrer, Illinois, “Invariants of 
linear ‘differential equations with applications to projective 
differential geometry”; S. E. Urner, Harvard, “Certain singu- 
larities of point transformations in space of three dimensions”; 
Miss W. P. WEBBER, Cincinnati, “On the construction of doubly 
periodic functions which have singular points (polar and essen- 
tial) in the period parallelogram”; Miss M. B. Warte, Chicago, 
“ The dependence of the focal point on curvature in space prob- 
lems of the calculus of variations"; W. A. WirsoN, Yale, 
“Theory of point aggregates applied to Lebesgue integrals." 


Harvard Universrry.—During the academic year 1911-12 
Professor G. A. Bliss of the University of Chicago will spend 
the months October to December, and Professor Max Mason of 
the University of Wisconsin the months February to June as 
Lecturers in Mathematics at Harvard. Besides taking part in 
more elementary instruction, they will give the following ad- 
vanced courses: Professor BLiss: Differential geometry of curves 
and surfaces, three hours; Partial differential equations, three 
hours. Professor Mason: Dynamics of rigid and elastic bodies, 
three hours; The electron and the electro-magnetic field, three 
hours. ) 

The following advanced courses are also announced: 

By Professor W. E. Byertr: Introduction to modern geom- 
etry and modern algebra, three hours; Trigonometric series, 
introduction to spherical harmonics, the potential function, 
three hours with Professor B. O. PErgcE.—By Professor B. O. 
PerRce: Hydromechanics, two hours, first half-year.—By Pro- 
fessor W. F. Osaoop: Advanced calculus, three hours; Theory 
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of functions, three hours.—By Professor M. Böcter: Vector 
analysis, three hours, first half-year; Finite differences and dif- 
ference equations, three hours, second half-year.—By Professor 
C. L. Bouron: The elementary theory of differential equations, 
three hours, first half-year; Differential equations and Lie’s 
theory, three hours.—By Professor J. L. Cooma: Probability, 
three hours} Line geometry, three hours.—By Dr. D. Jackson: 
Infinite series and products, three hours, first half-year; Ad- 
vanced algebra, three hours, second half-year; The theory of 
aumbers including the theory of ideals, three hours. 


Tas following advanced courses in mathematics are offered 
at the Italian universities during the academic year 1911-1912. 
‘Courses in algebra, analytic geometry, projective and descrip- 
tive geometry, and elementary courses in the calculus, me- 
chanics, astronomy, and geodesy are not included: ~ 


“Universrry OF Botoana: By Professor C. AnzeLA: Higher 
mathematics, three hours.—By Professor P. Bureatri: Dy- 
namics of rigid bodies with application to planetary motion; 
equilibrium of a rotating fluid mass, three hours. —By Professor 
^ L. Donati: Account of the different electromagnetic theories 
and of the principle of relativity, three hours.—By Professor 
S. PrNcHERLE: Theory of analytic functions, linear differential 
equations, three hours.—By Professor U. SCARPIS: Operation 
groups and their application to the theory of numbers, three 
hours. 


UNIVERSITY or CATANIA.—By Professor M. De Francis: ` 
Geometry on algebraic curves and surfaces, hyperelliptic sur- 
faces, four hours.—By Professor G. PENNACCHIETTI: Dynamics 
of rigid bodies, mechanics of deformeble media, four hours.— 
By Professor C. SevERINr: Integral equations and their appli- 
cations to analysis, four bours. —By : Mathematical 
‚physics, four hours. : 





University op Genoa.—By Professor E. E. Levi: Elemen- 
tary theory of functions of one and more complex variables, 
problem of uniformization of polydromic functions, four hours. 
—By Professor G. Lorra: Algebraic and transcendental curves 
and surfaces, three hours.—By Professor O. TEDONE: Integra- 
tion methods of Riemann-Volterra, application to boundary 
problems, three hours. : 
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University or NaPLES.—By Professor F. ÀÁMopxo: History 
of mathematics during the middle ages (XIII to XVI century), 
three hours.—By Professor A. DeL Rx: Grassmann’s analysis 
in n-dimensions with application to geometry and mechanics 
in spaces of constant curvature, four and one-half hours. —By 
Professor R. MancoLonao: Application of vector-homographics 
to hydrodynamics, three hours. —By Professor D. MONTESANO: 
General theory of algebraic surfaces, surfaces of the third and 
fourth order, four and one-half hours. —By Professor E. PASCAL: 
Selected chapters of advanced analysis, three hours.—By Pro- 
fessor E. Pento: Electrostatics, four and one-half hours.—By 
Professor G. Torzııı: Analytic theory of numbers (advanced 
part), three hours. 


Universrry OF PADUA.— By Professor F. D’Arcaıs: General 
theory of functions, elliptic functions, four hours.—By Professor 
U. Cisorr1: Mathematical theory of elasticity with technical 
applications, three hours.—By Professor P..GAzzANIGA: Theory 
of numbers, three hours.—By Professor T. Lzvi-CrvrrA: Waves 
in their different meanings, four and one-half hours.—By Pro- 
fessor G. Rıccı: Absolute differential caleulus with applica- 
tions, four hours.—By Professor F. Severr: Theory of algebraic 
functions of two variables and of their integrals (advanced part), 
four hours.—By Professor G. VERONESE: Foundations of geom- 
etry (advanced part), four hours. | 


UNIVERSITY op PALERMO.—By Professor G. BAGNERA: Gen- 
eral theory of analytic functions, algebraic functions of one 
variable, three hours.—By Professor M. GesBla: Elasticity, 
wave theory of light, four and one-half hours.—By Professor 
G. B. Guccta: General theory of algebraic curves and surfaces, 
four and one-half hours.—By Professor A. VENTURI: Figure of 
planets and especially of the Earth, Pratt's, Stoke's, Helmert's 
theories, shell-tides, gravity, three hours. 


University or Pavıa.—By Prófessor L. BeRzoranr:,Bira- 
tional transformations in the plane and in space, three hours. 
—By Professor F. GeRgBALDI: Functions of a complex variable, 
elliptic functions, three hours —By Professor G. VIVANTI: 
Calculus of variations, integral equations, three hours. —By 
: Mathematical physies, three hours. 





UnrvensrTY OF Pısa.—By Professor E. BERTINI: Geometry 


H 
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on an algebraic surface (advanced part), three hours.—By Pro- 
fessor L. Branca: ‘Arithmetic theory of quadratic (binary and 
' ternary) forms, principles of analytic arithmetic, arithmetic 
of algebraic fields, four and one-half hours.—By Professor U. 
Dim: Spherical and Bessel's functions, four and one-half hours.— 
By Professor. G. A. Macar: Equilibrium and motion of elastic 
bodies, application to opties, four and one-half hours.—By 
Professor P. PrzzeTTI: Spherical astronomy, determination of 
planetary orbits, precession, nutation, theory of the tides, four 
&nd one-half hours. 

University or Rome.—By Professor G. Bısconcmt: Ele- 
mentary differential properties of curves and surfaces, three 
hours. —By Professor G. CAstEınuo7o: Differential geometry, 
three hours.—By Professor G. LAumicELLA: Boundary prob- 
lems, three hours.—By Professor L. ORLANDO: Mathematical 
and physical grounds of aerial navigation, three hours.—By 
` Professor L. SILBERSTEIN: Principles of thermodynamics, elec- 
tromagnetics and optics, mechanics according to the principle 
of relativity, three hours.—By Professor V. VOLTERRA: Optics, 


three hours; application of mechanics to geophysical questions, . 


three hours. 


Universiry or Turm.—By Professor T. Bocaro: Equi- 


librium of a rotating fluid mass, three hours. —By Professor G. 
Fusmt: Theory of partial differential equations in both the real 
and the complex field, Cauchy's and boundary problems, three 
hours.—By Professor G. Sannta: Geometrical applications of 
the theory of algebraic forms, one hour.—By Professor C. 
SEGRE: Continuous groups of transformations, three hours.— 
By Professor C. SoM1GLIANA: Propagation of heat, thermo- 
dynamics, three hours. 


 Pnorzsson L. Fxjfn, of the University of Klausenburg, has 
accepted a'professorship of mathematics at the University of 
Budapest. d | 


Dr. M. HENNEQUIN has been appointed director of mathe- 
matical conferences of the University of Caen. 


fo 
` Dr. M. PLANCHEREL, of the University of Geneva, has been 
` appointed associate professor of mathematics at the University 
of Freiburg, Switzerland. 


Jj 
! 
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Dr. W. Lisxa, of the technical school at Lemberg, has been 
appointed professor of mathematics at the Bohemian University 
of Prague. 


Proressor E. Sctampt, of the University of Erlangen, has 
accepted a professorship of mathematics at the University of 
Breslau. 


PROFESSOR G. Cantor, of the University of Halle, has been 
elected a corresponding member of the royal institute of Venice. 


Dr. E. ZomETTI has been appointed professor of rational 
mechanics at the University of Caen. 


Proressor L. IsELy, of the Swiss University at Neuchatel, 
has retired from active teaching. 


Proressor F. pD’Arcaıs, of the University of Padua, has been 
elected to membership in the royal institute of Venice. 


THE royal academy of sciences of Naples has recently elected 
Professor D. Montesano resident member, Professor U. Dut, 
of the University of Pisa, non-resident member, and Professor 
G. Gucci, of the University of Palermo, corresponding 
member. 


Proressor R. DEDEKIND, of the technical school at Bruns- 
wick, and Professor Sir J. Larmor, of the University of Cam- 
bridge, have been elected foreign members of the royal academy 
dei Lincei, of Rome; Professor O. Tepons, of the University of 
Genoa, has been elected to corresponding membership. 


Pnorzsson T. Levi-Crvira, of the University of Padua, has 
rs elected corresponding member ‘of the academy of sciences 
of Paris. 


Tue honorary degree of doctor of science has been conferred 
by Colgate University upon Professor H. E. Sravamr, of the 
University of Chicago. 

Proressor L. G. WELD, of the University of Iowa, has re- 


signed. Professor A. G. SurrH succeeds Professor Weld as head 
of the department of mathematics. 


At Dartmouth College, Professor A. D. Dronen, of the 
University of Kansas has been appointed assistant professor 
of mathematics; Mr. MEYER GABA, of the Rolla School of 


à 42- i NOTES, [Oct., 


Mines, and Mr. C. R. Diii of Harvard : University, have been 
appointed instructors in mathematics. 


At the University of Kansas, Professor J. N. VAN DER VRIES 
bas been elected chairman of the department of mathematics; 
Dr. H. N. Jornpan has been ‘appointed assistant professor of 
mathematics; Miss Hazeu McGrraor, Mr. J. J. WHEELER, 
and Mr, J. O. Hassuer have been appointed instructors in 
mathematics. 


Dr. H. E. Bucwanan, of the University of Wisconsin, has 
accepted the professorship of mathematics at caren College, 
Northfield, Minnesota. 


Mr. W. E. Surrü has been appointed assistant professor of 
mathematics at the Pennsylvania State College. 


Dr. D. BUCHANAN has been appointed assistant professor of 
mathematics at Queen's College, Kingston, Ontario. 


Rev. A. S. HAwxzswonTH has resigned his lectureship i in 
higher mathematics and semitic languages in the University 
of Pittsburgh. 


Dr. H. W. Morr has been appointed assistant protein i 
mathematics at the University of Wisconsin. ` ` 


Dr. R. L. Moozz, of Northwes:ern University, has han 
appointed instructor in De at the University of 
Pennsylvania. 


Mr. E. P. R. Duvar has been m instructor in mathe- 
' matics at Princetorí University. 


"Ar Middlebury College Mr. G: H. Cresse has been € | 
head of the department of mathematics with the rank of assist- 
' ant professor. 


Mr. W. C. KRATHWOHL has Bs appointed instructor in 
` mathematics in Washington University, St. Louis. : 


Dr. J. E. Rowe will have charge of mathematical work at 
Haverford College during the DE &bsence of Professor 
L. W. Reid. 


Dr. G. D. GABLE, professor of mathematics at Wooster 
University, died August 28 at the age of'forty-eight. Professor 
Gable had been a member of the American, Mathematical 
Society since 1892. 


I 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


AnNOUx(G.). Essai de géométrie analytique modulaire a deux dimensions. 
Paris, Gauthier-Villars, 1011. 8vo. 11+160 pp. Fr. 6 00. 


Boxe (G. Pi and Van Onstranp (C. E.). Hyperbolic functions. New 
edition. (Smithsonian mathematical tables.) Washington, D. C, 
Smithsonian Institution, 1911. 8vo. 51+321 pp. $4.00 


` Baura (E.). Opere matematiche, pubblicate per cura della facoltà 
di scienze della r. università di Roma. Tomo III. Milano, Hoepli 
1911. 4to. 488 pp. L. 25.00 


BrgckENSTAEDT (M.). Zwei neue allgemeine Differentiationsgesetze. 
i (Progr. Altona, 1911. 4to. 11 pp., 


Brux (F.). Die infinitesimale Biegung von Flächen bei vollstandiger 
Starrheit emes Kurvensystems. (Diss) Tubingen, 1909. &vo. 
41 pp. 

Braun (W.). Bestimmung der Korperdiscriminante in einem kubischen 
Zahlkorper. (Diss.) Strassburg, 1909. 8vo. 54 pp. 


BunawEDEL (R.). Ueber die Euler’schen und Gauss’schen Methoden 
der Primzahlbestimmung. (Diss.) Strassburg, 1910. 8vo. 140 pp. 


Burnsom (W.). Theory of groups of finiteorder. 2ndedition. London, 
Cambridge University Press, 1011. 8vo. 530 pp. . 15 8. 


CraruN (J.). Cours de mathématiques générales. Tome 2: Calcul 
intégral et applications géométriques. Lille, Janny, 1911. 4to. 
156 pp. Fr. 10.00 


Denton (W. W.). See Youna (J. W.). 


Diner (K.) Beitrag zur Lehre von den arithmetischen und geome- 
trıschen Reihen hoherer Ordnung. (Progr. Rastatt, 1010. 4to. 
16 pp. \ 

Dao (M.). Einführung in die Differentialrechnung und Anwendung 
derselben auf Maxima, Minima, unendliche Reihen und Quotienten 
in der unbestimmten Form $. (Progr) Halle, 1011. 4to. 35 pp. 


ErszNBAUM (C.). Die Gleichung des Pythagoras mit der Einschrankun 
des Fermat. Berlin, Schultz, 1011. 4 pp. M. 3.0 


EwabeLBARDT(P.). Untersuchungen uber die im Schlusswort des Lie’schen 
Werkes “Geometrie der Beruhrungstransformationen" angedeuteten 
Probleme. (Diss) Wurzburg, 1910. 8vo. 65 pp. 


ENniques ON). See Fragen der Elementargeometrie. 


FRAGEN der Elementargeometrie. Aufsatze von U. Amaldi, E. Baroni, 
R. Bonola und anderen. Zusammengestellt von F. Enriques. 1ter 
Teil: Die Grundlagen der Geometrie. Deutsche Ausgabe von H. 
Thieme. Leipzig, Teubner, 1011. 8vo. 10+366 pp. E em 

: . 10.00 


Garnier (R.). Sur les équations différentielles du troisième ordre dont 
l'intégrale générale est uniforme et sur une classe d'équations nouvelles 
d'ordre supérieur dont l'intégrale gónérale a ses points critiques fixes. 
Paris, Gauthier-Villars, 1911. 8vo. 133 pp. 


D 
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Gau (E). Sur l'intégration des S diu dada &ux, dérivées partielles du 
second ordre par la, méthode de M. Darboux. (Thèse.) dn 
Gauthier-Villars, 1911. 4to. 123 pp. 


Gorrt (W.) Ueber die Spirale am Kegel 2+7!—igtd.2t= 0. lter 
Teil. (Progr. Leitmeritz, 1910. 870. 19pp. 


Gräpner (G.). Algebraische Bertrand-kurven urd algebraische Kurven 
' constantet Torsion. (Diss. Würzburg, 1009. 8vo. 73 pp. 


GRELLING (K.). Die Axiome der Arithmetik mit besonderer Berück- 
sichtigung der Beziehungen rur Mengenlehre. (Diss.) Göttingen, 
1910. 8vo. 26 pp. 


Gross (G.). Zur Kenntnis des Lambertschen Kosinusgesetzes. oe 
Breslau, 1911. 8vo. 37 pp. 


Hack (E.. Zur Theorie der Modulfunktionen von zwei Variabeln 
und ihrer' Anwendung auf die Zahlentheorie. (Diss. Göttingen, 
1910. Sen, $7 pp. 


Horsa (8. Fermats letzter Bats als Minimumaufgabe. Budapest, 
.Kiliän, 1911. 8vo. 29 pp. ` M. 1.00 


Hurwitz (W. A.). Randwertaufgaben bei Systemen von linearen par- 
tiellen Diffèrentialgleichungen erster Ordnung. (Diss.) Göttingen, 
1910. 8vo. 97 pp. 


JANISZEWSKI B): Sur les continus irréductibles entre deux points. 
(Thése.) Paris, Gauthier-Villars, 1911. 4to. 99 pp. 


McNerm (A. M.) and (J. D.). A school caleulus. London, Eu 
.1911. 8vo. 388 pp. 8. 6d. 


MarmiiTigups et mathématiciens. Pensées et curiosités, A 
; par À. Rebiére . 4e édition. Paris, Vuibert. 1911. 8vo. 570 pp. 


Marein (J.). Sturm-Liouville series of normal functions in the theory 
oi integral equations. London, Dulau, 1011. 4to. Sewed. 48. 


MxzssunrER (T. A. Le). Key to Prof. W. W. Johnson's differential equa- 
tions. ndon, Chapman & Hall, 1911. 8vo. 78. 6d. 


MicugLs (P.). Einiges über die Anwendung der ähnlichen Abbildung. 
(Progr. Meseritz, 1911. 4to. 27 pp. 


Mürzer (A). Galileo Galilei: studio storico, seientifico. Traduzione 
di P. Perciballi, con prefazione di P. Maffi, e lettera di G. Schiaparelli. 
Roma, Bretschneider, 1911. 8vo. 194-522 2p. | L. 10.00 


Mütrzer (F.. Der mathematische Sternhimmel des Jahres 1811. Ruck- 
' blicke auf die Mathematik vor 100 Jahren. Festschrift. Leipzig, 
Teubner, 1911. 8vo. 29 pp. M. 0.80 


Mtzzer (W.). Die rationale Kurve fünfter Orcnung im funf-, vier-, 
qei; und zweidimensionalen Raum, (Diss.) Leipzig, 1910. 8vo. 
100 pp. 


Naos Bucker über Naturwissenschaften und Mathematik, Die Neuig- 
keiten des deutschen Buchhandels, nach. Wissenschaften geordnet. 


Mitgeteilt Frühjahr, 1911. Leipzig, Hinrichs. 8vo. M. 0.30 
NIELSEN (N.). Théorie des fonctions métasphériques. Paris, Gauthier- 
Villars, 1911. 4to. 7+212 pp. Fr. 12.00 


PamriNGDON (J. Ri Higher mathematics for chemical students. Lon- . 
don, Methuen, 1911. 8vo. . 278 pp. 5 8. 
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Resibre (A). See MATHÉMATIQUES et mathématiciens. 


Ruponeur (W.). Analytische Geometrie des Punktes, der Geraden und 
der Ebene in Verbindung mit darstellender Geometrie. (Progr.) 
Neumünster, 1911. 4to. 34 pp. 

ScHEFFERS (G.). See SmRnET (J. À.). ; 

SERRET (J. A.). Lehrbuch der Differential- und Integralrechnung. Nach 
Axel Harnacks Uebersetzung neu bearbeitet von G. Scheffers. 2ter 
Band: Integralrechnung. Leipzig, Teubner, 1911. 8vo. 14+639 
pp. Cloth. | M. 13.00 

SOMMERVILLE (D. M.' Y.). Bibliography of. non-Euclidean geometry; 
including the theory of parallels, the foundations of geometry and 
space oi n dimensions. London, Harrison, 1911. 8vo. 400 pp. 


10 s. 
Van Onstrann (C. E.). See Bucxur (G. F.). 


Vıvanıı (G.). Lezioni di analisi infinitesimale. Pavia, Mattei, 1911. 
8vo. 11-+648 pp. L. 18.00 

Vorrsro (G.). Un nuovo ellissografo: teoria, descrizione, applicazione. 
Torino, Cassone, 1911. 8vo. 7 pp. 

Wirrsack (P.). Ueber das identische Verschwinden der Hauptgleichungen 
der Variation vielfacher Integrale. (Diss. Heidelberg, 1910. 8vo. 
30 pp. ` 

Young (J. W.). Lectures on fundamental concepts of algebra and geom- 
etry. Prepared for publication with the cooperation of W. W. Denton, 
with a note on the growth of algebraic symbolism by U. G. Mitchell. 
New York, Macmillan, 1911. 8vo. 247 pp. ` $1.60 


IL ELEMENTARY MATHEMATICS. 


ABHANDLUNGEN über den mathematischen Unterricht in Deutschland. 
. 8ter Band. Lies Heft, von R. Schimmack. Die Entwicklung der 
mathematischen Unterrichtsreform 1n Deutschland. Leipzig, Teub- 
ner, 1911. 8vo. 64-146 pp. M. 3.60 


VU 
Amiot (À.). Trattato di geometria elementare. Nuova edizione di 
~ A. Bocci. 8a impressione. Firenze, LeMonnier, 1911. Svo. 8+ 


402 pp. 3 L. 2.50 
Baxar (W.) and Bourne (A. À.). A new geometry. London, Bell, 1911. 
8vo. 268 pp. 28. 6d. 


Bares (E. L.) and CmanuEswonTH (F.). Practical mathematics and 
geometry. A textbook for elemen students in technical and trade 
schools. New York, Van Nostrand, 1911. 12mo. 81.50 


BAUSCHINGER (J.) und PETERS Ui Logarithmisch-trigonometrische 
Tafeln mit 8 Dezimalstellen. 2ter Band. Leipzig, Engelmann, 1911. 
8vo. 952pp. Cloth. M. 37.00 


——. Teper aly aie enorme tana tables, with 8 decimal places. Volume 
1: Table of logarithms. New York, Stechert, 1911. Geo, 15+367 
Ppp i $4.65 


——. Logarithmie-trigonometrieal tables, with 8 decimal places. Vol- 
ume 2: Table of the logarithms of the trigonometrical functions. 
New York, Stechert, 1911. 8vo. 952 pp. $9.25 
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BEHRENDSEN 0) und Görrwe (E.). Lehrbuch der Mathematik nach 
modernen Grundsätzen. Unterstufe. Ausgabe B. 2te Auflage. 
Leipzig, Teubner, 1911. 8vo. 84-327 pp. M. 2.80 

Dass (G.). Aus dem geometrischen Anfangsunterricht. (Progr.) 
Hamburg, 1911. 8vo. 30 pp. x ` 

BznNARDI(GÀ. Tavole pee i doppi i Kee u dei quadrati 
ed i cubi dei numeri interi da 1000, ecc pipe rifatta. 
Bologna, Beltrami, 1911. 8vo. Per PP. 

Bonasse (H.). Cours de mathématiques générales spécialement écrit 
pour les physiciens et les ingénieurs. Paris, Delagrave, 1911.  8vo. 

50 pp. Fr. 20.00 


BourrT (CA. Précis d'algébre. Classes de 3e B, 2e et 1re C et D. 6e 
édition, revue. Paris, Hachette, 1911. lómo: 440° pp. Fr.2.50 
Bourne (A. A.). Bee Dunn (W.). i i 


BovvanT (C.) et RaTINET (A.). Nouvelles tables de logarithmes à cinq 
décimales. 10e édition. Paris, Hazhette, 1911: 8vo. ns JE 


BREMIKER (H.). Ueber die Behandlung der Ungleichungen im "re 
(Progr.). Berlin, 1911. 4to. 23 pp. 


Battcuer (K.). Anschauung in der Arithmetik. iubes Buchner, 
1911. 8vo. 74-41 pp. - M. 1.00 


CHARLESWORTH (F.). See Bares (E. LA. 


Davıson (C.). Exercises from algebra for secondary Ben aa New 
York, Putnam, 1911. 12mo. 6-+320 pp. $1.00 


N 
Ermpe (G.). Manuale di geometria pra:ica. 5a edizione, riveduta e 
corretta. Milano, Hoepli, 1911. 24mo. 164257 pp. L. 2.00 


ERLER (W.) Die Elemente der Kegelschnitte in synthetischer Behand- 
‘lung. 7te Auflage, besorgt von M. Zacharias. , Leipzig, Teubner, 
1911. 8vo. 6+66 pp. M. 1.50 


Fenxxer (H.) und Wagner (H.). Lehr- und Uebungsbuch der Mathe- 
matik fur Lyzeen. lter Teil. Berlin, Salle, 1911. 8vo. eee 
pp. Cloth. ~- M. 3.20 

(P.). Elementi.di geometria. Vol. II. Torino, Bas 
1911. l6mo. 174 pp. : 


FaarcHER (W. F.). Instantaneous calculator. Detroit, 1911. GER 


FaEYMANN (K. L.). Praktische Lösungen mathematischer Auen. 
Frankfurt a. M., Gerheim, 1911. 870. 15 pp. . 1.80 


. Gazzaniaa (P.). See Vsronxsm (G.). 


Gorpmanx (H.). Der russische Rechenapparat; seine rationale An- 
wendung in den Schulen, nebst einigen Untersuchungen über den 
bildenden Wert der Arithmetik. Wien, Pichler, 1911. 8vo. AP du 
pp. . 0. 


Gérrine (E.). See BEHRENDSEN (O.). / 


BERE NAR ). ey e logarithmische und trigonometrische Tafeln 
ebst zahlreichen Hilfstabellen für das numerische Rechnen. > Biele- 
feld, Velhagen und Klasing, 1911. 8vo. 130 pp. M. 1.80 
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Grivy (A). Traité d'algébre à l’usage des élèves de mathématiques 
: Aet B. 5e édition. Paris, Vuibert. 8vo. 602 pp. Fr. 6.00 


Haasm (E.). Bee Wirx (H.). 

Hautwrich (M.). Vereinfachter Gang des Anfangsunterrichts in der 
Planimetrie, analytischen Geometrie und Trigonometrie. Leipzig 
Quelle und Meyer, 1911. 8vo. 46 pp. M. 0.80 

Hocaxxrm (A.). Aufgaben aus der analytischen Geometrie der Ebene. 


ltes Heft. 4te, vermehrte Auflage, bearbeitet von O. Jahn und F. 
Hochheim. Leipzig, Teubner, 1911. 8vo. 6+104 pp. ar 


2.40 
Kamroorr (W.). See Scuwerina (R.). 


Kturmann’s Rechentafeln. Ein handliches Zahlenwerk mit 2 Millionen 
Lösungen, die alles Multiplizieren und Dividieren ersparen. Dresden, 
Kühtmann, 1011. 8vo. 470 pp. Cloth. M. 18.00 


Lissoa (J. I. de A.). Lições de algebra elementar. Primeiro volume. 
Paris, Gauthier-Villars, 1911. 8vo. 6+378 pp. 


McCormack (T. J.). Why do we study mathematics: a philosophical 
and historical retrospect. Cedar Rapids, Ia., Torch Press, 1911. 
8vo. 26 pp. $0.25 


Martini (Z. A.). Guida pratica per la risoluzione delle equazioni di 
1° e di 2° grado. 3a edizione. Livorno, Giusti, 1911. 16mo. 


104-142 pp. L. 1.00 
MürrER (H.). Koordinatenbegriff und Kegelschnittlehre. Metz, s 
1911. &vo. 4-+79 pp. : M. 1.20 


Myers (G. W.) and others. First year mathematics for secondary schools. 
niversity of Chicago mathematical series, edited by E. H. Moore.) 
hicago, University of Chicago, 1911. 12mo. 12-365 pp. $1.00 


———. Teacher’s manual for first-year mathematics. (University of 
Chicago mathematical series, edited by E. H. Moore.) Chicago, 
University of Chicago, 1911. 12mo. 9-+164 pp.' $0.80 


NrgweNGLOWSKI (B.). Troisième année de géométrie. Premier cycle. 
Classe de 3e B. Paris, Delagrave, 1911. 18mo. 195 pp. Fr. 2.75 
OzsrERLE (F. K.). Wesen und Darstellung der Funktion. Strassburg, 
Heitz, 1911. 8vo. 19 pp. - M. 0.60 


Orro (F. und Sremon CD). Uebungsbuch der Geometrie fur hohere 
Madchenschulen. 3te Auflage. Leipzig, Hirt, 1911. 8vo. 102 E 


Pauz (M. O). Mathematisches Lehr- und Uebungsbuch fur pede 
‘Madchenschulen. 1ter Band: Arithmetik und Algebra. Leipzig, 
Quelle und Meyer, 1911. 8vo. 44-220 pp. Cloth. M. 2.00 

Prrzn8 (J.. Logarithmic tables to seven places of decimals of the 
trigonometrical functions. Stereotype edition. New York, Stechert, 
1011. 4to. 74-921 pp. $10.00 


——. Siebenstellige Logarithmentafel der trigonometrischen Funktionen. 
Leipzig, Engelmann, 1911. 8vo. 8+921 pp. Cloth. M. 30.00 


—— —. See BAUSCHINGER (J.). 
Ram (A.). See Bouvarr (C.). 


Banpprs (A). Key to Sanders’ plane and solid geometry. New York, 
' American Book Co., 1911. 12mo. 144 pp. Half leather.. $1.00 


€ 
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Somm«wACK (R.) See ABHANDLUNGEN, etc. 


SchwarinG (K.) und KRIMPHOFF (W.). Ebene Geometrie. 7te Auflage. 
Freiburg, Herder, 1911. 8vo. 8--142 pp. Cloth. M. 2.30 


Sersote (J.). Tables logarithmiques et trigonométriques à quatres 
décimales. 2e édition. Paris, Challamel, 1911. 4to. 36 pp. 


Summon (P.). See Orro (EA. ` 


Suite (D. E). The teaching of geometry. Boston, Ginn, 1911. - 12mo. 
5+329 pp. S $1.25 
Tuom (A). Graduated questions in arithmetic, algebra, geometry, 
` trigonometry, analytical À nt pe À with solutions. London, Gibson, 
t 1911. 12mo. 68 pp. wed, à ^ 6d. 
TREUTLHIN (P.) Der geometrische Ansshauungsunterricht als Unter- 
3 stufe eines ee eometrischen Unterrichtes. Mit einem Ein- 
führungswort von F. Klein. Leipzig, Teubner, 1911, 8vo. 10+ 
216 pp. Cloth. : M. 6.60 
Veronese (G.). Elementi di EE trattati con la collaborazione di 
P. Gazzaniga. Parte Il. Edizione quarta. Padova, Drucker, 
1911. 8vo. 144-245 pp. L. 2.50 
Waanar (H.). See FENENER (H.). er er 
Warren (A. T). Experimental and theoretical course in geometry. 
4th edition, revised. London, Clarendon Press, 1911. 8vo. 302 pp: 
3 ' Ze, 6d. 
WmurrgHEAD (A. N.) An introduction to mathematics. (Home Univ- 
ersity Library.) New York, Holt, 1911. 1Zmo. 256 pp. $0.75 
Wur (H.) und Haass (E.). Geometrie für Mittelschulen. 2te Auflage. 
Dresden, Bleyl und Kaemmerer, 1911. 8vo. 8+144 pp. M. 2.00 


ZickEROW (G.). Das abgekürste Rechnen. (Progr. Rawitsch, 1911. 
4to. 14 pp. E 


m à II. APPLIED MATHEMATICS. 
Arnovur (J.). Bur le mouvement d'un fil dans l’espace. (Thése.) Paris, 
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THE EIGHTEENTH SUMMER MEETING OF THE 
` AMERICAN MATHEMATICAL SOCIETY : 


THE eighteenth summer meeting of the Society was held 
at Vassar College on Tuesday and Wednesday, September 
' 12-13, 1911, extending through two sessions on Tuesday and 
a morning session on Wednesday. The attendance included 
the Den thirty-two members: 

R. C. Archibald, Dr. F. W. Beal, Dr. Elizabeth R. 
Se Professor G. D. Birkhoff, Professor Joseph Bowden, 
Professor W. G. Bullard, Dr. H. T. Burgess, Professor F. N. 
Cole, Professor L. L. Conant, Dr. Elizabeth B. Cowley, Mr. 
E. P. R. Duval, Professor L, P. Eisenhart, Professor T. S. 
Fiske, Mr. Meyer Gaba, Miss Ida Griffiths, Dr. W. A. Hurwitz, 
Professor C. J. Keyser, Professor W. R. Longley, Professor 
J. H..Maclagan-Wedderburn, Professor G. A. Miller, Dr. 
H. H. Mitchell, Professor G. D. Olds, Professor Arthur Ranum, 
Dr. J. E. Rowe, Professor C. H. Sisam, Professor A. W. Smith, 
. Professor Virgil Snyder, Professor E. B. Van Vleck, Professor 
Oswald Veblen, Professor A. G. Webster, Professor H. S. White, 
Professor J. W. Young. 

Ex-Presidents T. S. Fiske and H. S. White occupied the 
chair at the several sessions. The Council announced the 
election of the following persons to membership in the Society: 
"Professor Frederick Anderegg, Oberlin College; Dr. C. E. Brooks, 
‚Northwestern University; Mr. G. G. Brower, Cascadilla School; 
' Mr. W. C. Graustein, Harvard University; Dr. Dunham Jack- 
son, Harvard University; Mr. W. V. Lovitt, University of 
Washington; Mr. J. C. Rayworth, Washington University; 
Mr. L. L. Smail, University of Washington; Dr. E. B. Stouffer, 
University of Minois; Dr. S. E. Urner, University of Wis- 
consin; Professor J. N. Van der Vries, University of Kansas; 
Mr. C. W. Wester, University of Washington. Twelve ap- 
plications for membership in the Society were received. 


On both days of the meeting luncheon was served in the . 


College buildings. On Tuesday evening twenty-nine of the 
members gathered at the customary informal dinner, at the 
close of which Professor Birkhoff spoke briefly on Moore's 
general analysis and Professor Webster on wider views in 
mathematics and physics. Wednesday afternoon was devoted 
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to an excursion to Lake Mohonk. At the close of the meeting 
the hospitality of Vassar College was gratefully acknowledged 
by a vote of thanks. 

During the summer the following committees have been 
appointed: op nomination of officers and members of the 
Couneil, Professors Böcher, Dickson, and Morley; on arrange- 
ments for the summer meeting and colloquium at Madison in 
1913, Professors Moore, Osgood, Van Vleck, and the Secretary. 

The following papers were read at the summer meeting: 

(1) Professor Epmtnp Landau: “Ueber eine idealtheo- 
retische Funktion." 

(2) Dr. W. A. Hurwrrz: “On the ie to the 
kernel of an EE. equation." 

(3) Dr. W. A. Horwirz: “On fated linear integral equa- 
tions.” 

(4) Dr. iine R. BENNETT: "Simply transitive prim- 
itive groups whose maximal subgroup contains a transitive 
constituent of order p? or pq, or a transitive constituent of 
degree 5.” - 

(5) Professor FLORIAN Casort: "On a rare book of Michel 
Rolle and the history of ‘Rolle’s theorem." ” 

(6) Professor L. C. Karpınskt: “The algebra of Abū Kamil 
Shojä ben Aslam.” 

. (7) Dr. F. W. Beau: “Normal congruences determined by 
centers of geodesic curvature.” 

(8) Professor ArnoLp EmcH: “On the congruence of rays 
realizing circular transformations between two planes.” 

(9) Professor Josera Bowpzn: “The two fundamental 
relations of the calculus” (preliminary communication). ' 

(10) Dr. J. E. Rows: “Covariant curves of the Rt and R5." 

(11) Professor G. A. Murer: “A third generalization of 
the groups of the regular polyhedra.” 

(12) Professor G. A. Men, “Some properties of the 
group of isomorphisms.” 

(13) Professor L: P. .Ersensarr: “Minimal surfaces in 
plane four-space.” 

(14) Professor ARTHUR Ranum: “On the projective differ- 
ential geometry of spreads generated by œ: flats.” 

| (15) Mr. E. W. Caste: “A graduation of the combined 
experience table of TORRE to Makeham's formula by the 
method of moments." 

(16) Dr. S. Lerscuerz: “ On the existence of loci with given 
singularities.” 
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(17) Dr. S. LerscuETz: "On some topological properties 
of plane curves." : 

(18) Professor Vars Snyper: “Periodic quadratic trans- 
formations in a ternary field.” i 

(19) Professor A. G. WEBSTER: “On a new mixed boundary 
problem in connection with the telegrapher’s equation.” 

(20) Professor A. G. WEBSTER: "On the wave potential of 
a circular ring of sources.” ' 

(21) Professor A. G. WEBSTER: “ Solid viscosity versus elastic 
hysteresis in the transverse vibration of an elastic bar.” 

(22) Professor G. D. BIRKHOFF: “New proof of a theorem 
concerning matrices óf analytic functions." 

(23) Professor G. D. Brrxuorr: “On the simplest type of 
irregular singular point." 

(24) Professor G. A. Briss: “A generalization of the prepa- 
ration theorem for a power series in several variables." 

(25) Professor Oswarb VEBLEN: “On the definition of 
multiplication of irrational numbers." 

(26) Dr. H. T. Bunazss: “One-parameter groups of contact 
transformations defined on a fixed quadric by a bilinear form." 

(27) Professor Josera BowpEn: “Making a recitation 
schedule." 

Mr. Castle's paper was communicated to the Society by 
Professor Glover. Dr. Lefschetz was introduced by Professor 
Webster. The papers of Professors Landau, Cajori, Kar- 
pinski, Emch, Miller (second paper), Mr. Castle, and Professor 
Bliss were read by title. Professor Landau's paper will appear 
in the October number of the Transactions. Abstracts of the 
other papers follow below. The abstracts are numbered 
correspond to the titles in the list above. | 


2. The method developed by Fredholm for the solution of 
the linear integral equation is comparatively simple in case the 
homogeneous equation admits no solutions not identically zero; 
a resolvent function to the kernel of the equation can be ex- 
pressed in terms of the determinant and the first minor. If the 
homogeneous equation admits non-zero solutions, the develop- 
ment of necessary and sufficient conditions for the existence of 
solutions of the non-homogeneous equation by Fredholm's 
method, while similar in character to the simpler case, involves 
the introduction of minors of higher order, thereby necessitating 
somewhat tedious and complicated algebraic manipulation. 


+ 
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For the sake of simplicity of presentation, it seems valuable 
to secure these results more simply. Dr. Hurwitz’s first paper, 
by the artifice of transforming a given integral equation into a 
new one for which the corresponding homogeneous equation 
has no solutions other than zero, proves, without the introduc- 
tion of minors of higher order, the following theorems, furnishing 


the theory desired: 
1) If the kernel K(z, y) is continuous, the equations 


(1) e(t) = f K(e, s)o(s)ds, 


a wo = | OEG, dé 

have each a finite number of linearly independent continuous 

solutions, and this number is the same for the two equations. 
2) If the complete sets of normal orthogonal continuous solu- 

tions of (1), (1^) are respectively ez), e), + + + » e»(2); dal), 

fax), .. + VO (2), there exists a continuous function k(z, y), the 

pseudo-resolvent to the given kernel K(z, y), such that 


kl, 1) = Kie, 1) + [ KG, ok, ds — ut), 


ks) = KG, 0 + | ke agin ds - X eoo. 
3) A necessary and sufficient condition that the equation 
o) ula) = 10 + | Ee, guide 
(where f(x) is continuous) have a continuous solution, is that 
[rare de=0 (@=1,2,...,m). 
If this condition is fulfilled, the most general solution of (2) is 
ula) = f) + [ He, Sod + È cl), 


where C Ca... Cm are constants. 


r 
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3. By a mixed integral equation is understood one which 
involves the unknown function under several integral signs, 
operating over regions of different numbers of dimensions, and 
which also involves the value of the unknown function at 
isolated points. Dr. Hurwitz’s second paper seeks, to indicate 
how the theory of mixed linear integral equations follows the 
laws governing linear equations in general, by the establishment 
of the following theorem, bearing on an especially simple case: 

Let f(x), k(x), ka(x), +++, km(x) be continuous functions of x, 
a = x © b, and K(z, y) a continuous function of x and y, 
a=ec=b,a=y=); let x, 22, +++, 2m liein the interval a S z 
=b. Then if the homogeneous mixed linear integral equation 


ula) = È Fala)u(es) + | Kew, ud: 


has no continuous solution, a C x Cb, other than u(x) = 0, 
the equation 


ule) = fe) + È oue) + f KGe/mutods 


has one and only one continuous solution. 


4. Certain restrictions on the transitive constituents occurring 
in the maximal subgroup of a simply transitive primitive group 
when the maximal subgroup contains a transitive constituent 
of degree 3 or 4 or a transitive constituent of order p, have 
been determined. Dr. Bennett considers how the degree of a 
simply transitive primitive group and the transitive constituents 
in its maximal subgroup are limited when the maximal sub- 
group contains a transitive constituent of order p? or pq or a 
transitive constituent of degree 5. 


5. Professor Cajori's paper describes Rolle's Démonstration 
d'une méthode pour résoudre les égalitez de tous les degrez, 
etc., a book which has not been previously described by his- 
torians. Recent doubts as to whether “Rolle’s theorem" is 
due to Rolle are removed by this book, which gives the theorem 
in the course of the demonstration of Rolle’s “method of cas- 
cades." The book gives also the solution of equations by the 
intersections of circles and parabolas, and a discussion of quad- 
ratic residues containing proofs of the theorem of Diophantus 
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that no integer of the form 4n + 3 can be the sum of two 
squares and of the theorem that no integer 8n + 7 can be the 
sum of three squares. “Rolle’s theorem” apparently was not 
named after Holle until after the middle of ‘the nineteenth 
century. I} rose to prominence after O. Bonnet based upon it 
a proof of the theorem of mean value (Serret, Calcul différentiel 
et intégral, 1868, page 17) and Taylor’s theorem came to be 
proved by the mean value theorem (Homersham-Cox and 
Rouché). : 

6. In 1841 Chasles called attention to the Latin translation 
of an Arabic Algebra which is found in the Paris manuscript 
7377A. This Algebra is now known to be the work of Abi 
Kämil Shojä ben Aslam, who flourished during the early tenth 
century. Two commentaries on this Algebra were written 
within the same century and an Arabic historian, Ibn Khaldün 
(1332-1406) states that a Spanish commentary was written 
` by one Al-Korekhi, otherwise unknown. Mordechai Finzi 
(e. 1460) of Mantua made a Hebrew translation which, bears 
internal evidence that it was based upon a Spanish version. 
Up to the present time copies have been found of the Latin and 
Hebrew translations only. 

Professor Ka-pinski presents the first study which has been 
made of this Alzebra since Chasles called attention to it. This 
shows that Abü Kamil devised several new geometrical solu- 
tions of the three types of quadratic equations (a? + ba = c, 
+e = br, 2 =ba+c) but that otherwise he followed 
closely the lines laid down by Al-Kkowarizmi and that Leonard 
of Pisa drew many of his algebra problems, complete with their 
solutions, from Abii Kamil. d 


7. In 1892 Caronnet announced the following theorem: 
The necessary and sufficient condition that the lines which join 
the centers of geodesic curvature of the curves of an orthogonal 
. system on a surface shall form a normal congruence is that the 
corresponding radii of geodesic curvature be functions of one 
another or that the curves in one family or both have constant 
geodesic curvature. Dr. Beal’s paper is concerned with the 
determination o? normal congruences’ of this kind and with an 
investigation of their properties. For the sake of brevity he 
has referred to them as associated normal congruences. 

When both r&dii of geodesic curvature are constant the as- 
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sociated normal congruence is tlíe congruence of normals of a 
Bianchi transform of the given surface. In this case the given 
surface must be pseudospherical and of total curvature equal 
to the negative of the sum of the squares of the constant geodesic 
curvatures. Associated normal congruences exist for any sur- 
face for any given functional relation between the radii of 
geodesic curvature and are determined by a partial differential 
equation of the first order, which is also of the first degree when 
' and only when one radius is equal to a constant or to a constant 
times the other. The condition in the theorem due to Caronnet 
that the system of curves be orthogonal may be replaced by the 
condition that the curves of the two families intersect under a 
constant angle. The congruences determined by these systems 
will be associated normal congruences. 


8. Às is well known, the Steinerian transformation realizes 
in & very simple geometric manner a general uniform quadratic 
transformation between two planes. This correspondence is 
obtained by the intersection of the congruence of rays through 
any two skew lines with those planes. The special case of 
circular transformations is obtained by assuming in a definite 
manner two of the fundamental points in each plane as the 
circular points at infinity. In this case the construction in the 
Steinerian sense becomes illusory. It is however possible to 
establish such a -congruence by means of two inversions in 
space and it is the purpose of Professor Emch’s paper to investi- 
gate the properties of this congruence and its limiting surface, 
which is of the fourth order. 


9. In order to give a clear understanding of the fundamental 
theorems of the' integral caleulus Professor Bowden finds it 
useful to employ the symbols D and I respectively for the 
relations “is the derivative of” and “is an integral of." Thus 
2x D 2, x? + 4 T 2x, (ulv) = (vDu). Each of these relations is 
the converse of the other. Each is non-reflexive, non-sym- 
metric, non-transitive. Among the fundamental laws are: 
(uDv) D (—uD —9), (u Dv) ~ (wDs) D (u--w)D(v4-8), (uDv) — 
(Ds) D (us + n0)D(os), (ulo) D (— uI — v), (ul) - (wls) 
D (u + w)I(» + 8), (ulv) — (wIs) D wwlI(vw + us). 


10. In his dissertation, which appeared in the July Transac- 
‚tions, Dr. Rowe has considered certain covariant curves of the 
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R* which are combinants of two binary quartics cut out by two 
secant lines of the Ri; these curves are expressible in terms of 
three-rowed determinants of the type |abx| and are called com- 
binant curves of the R*. In Section I of the present paper 
certain covariant loci of the R* are obtained which are expressible 
in eps of three-rowed determinants of the types |abe| and 
labx|; these are not combinant curves as defined above and for 
convenience are called bicombinant curves of the Ra. 

The conie A — 16B = 0 (conic cn flexes of R*) cuts out two 
other points besides the flexes which we call q,; these two points 
determine a line L, which determines two other points rj. Ly is 
defined as a member of a pencil of bicombinant lines as follows: 


(1) 5L, = La + Ate — 4Q0Qs) In, 


where L, cuts out the two q, on A — 12B = 0 (envelope of flex 
' lines of cubic osculants of the Ri) and is the locus such that 
tangents to the JD from it have their parameters apolar to the 
flexes; the expression in the parenthesis of (1) is the condition 
for the q; to unite; and L; is a locus such that tangents from it 
to Ji have their parameters apolar to the q: each taken three 
times. The equation of the line Z, and the quadratic giving 
the r, are derived in this way. The condition that the q; and 
re be apolar is the discriminant of the conic À — 16B = 0. 
Two bicombinant conics are given: the conic on the nodes 
and de, and the conic on the nodes and 1;. | 
The bicombinant cubic on the flexes: and nodes of the R4 is 
written out in full. By mere substitutions in this equation are 
obtained the following bicombinant cubics: on nodes and q; 
each taken three times; on nodes, q, each taken twice, and on r,; 
on nodes, q, and on r, each taken twice; on nodes, and r; each 
taken three times. 
In Section II the combinant curves of the R* of orders two 
and three are considered. The RS has a pencil of combinant 
conics having double contact on the covariant line. The com- 
binant cubics of the RS are expressed in terms of four among 
‘which no linear relation exists in general. There is a unique 
combinant cubie expressed in terms of the above four which 
cuts out the flexes of the RS and six other points. 
. Also, & method is given for finding & certain set of invariants 
for any rational curve of odd order by reason of the R24 
having a covariant rational line quartic whose invariants are 
_known. These invariants are actually found for the RS. 
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11. The abstract properties of the regular polyhedron groups 
were first developed by Sir W. R. Hamilton in a paper presented 
. to the Royal Irish Academy in 1856. These groups are defined 
by three equations between the two generators 31,8. The 
equations may be written in the form 


st = s = (na) = 1, 


where two of the three positive integers o, 6, y are equal to 2 
and 3, while the third has the value 3, 4, or 5, according as the 
group is tetrahedral, octahedral, or icosahedral, respectively. 
In the’ present paper Professor Miller considers the possible 
groups when the last condition is omitted. That is, he considers 
the groups generated by sı, 8: when these operators satisfy two 
conditions of the form 


+ Sf = af = (8139) 


with the same restrictions on a, B, and y as before. 

It is proved that no more than four non-abelian groups can 
satisfy such a pair of conditions, and that the present generaliza- 
tions lead to simpler systems of groups than the two earlier 
generalizations considered by the same author. The following 
theorems were proved: If two non-commutative operators 
satisfy the conditions s? = $$ = (8182)?, they generate either the 
tetrahedral group or the non-twelve group of order 24; if they 
satisfy the conditions s] = s; = (s18:)?, they generate either the 
octahedral group or a group of order 48 known as Gss; if they 
satisfy the two conditions s] = &$ = (818)?, they generate either 
the icosahedral group or a group of order 120 known as Gi». In 
all the other possible cases the non-abelian groups are either the 
direct products of one of the given groups and a cyclic group or 
an isomorphism between such groups. 


12. The first part of Professor Miller’s second paper is devoted 
to a study of the group of isomorphisms I of an abelian group 
G. It is pointed out that I can always be represented as a 
transitive substitution group on letters corresponding to a set 
of operators of G and that this can be done in only one way. 

en I is represented as such a substitution group it is very 
easy to prove that unless G is of order 2" and of type (1, 1, 1, 
. . .) its group of isomorphisms cannot be represented as a sub- 
stitution group on letters corresponding to a set of subgroups 
of G. 
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The principal theorems proved in the second part of this 
paper may be stated as follows: The group of isomorphisms 
of a non-abelian group cannot be represented transitively on 
letters corresponding to a set of commutative operators of this 
non-abelian group. If the group o? isomorphisms J of a group 
G is represented on letters corresponding to a set of operators of 
G, then J cannot be more than doubly transitive unless it is 
the symmetric group of order 6. E J is doubly transitive, and 
is not this symmetric group, then the subgroup composed of 
all the substitutions of J which omit one letter is always im- 
primitive. A 


13. At the April meeting of the Society Professor Eisenhart 
established a method of giving to the parametric equations of 
any minimal curve in plane four-spece a form analogous to the 
Weierstrass equations of minimal curves in ordinary space. 
In the present paper he makes use of these forms in order to 
define and diseuss minimal surfaces (dimensional spreads) in 
plane four-space. This form is of particular value in the study 
of algebraic surfaces. The geometry of a general minimal 
surface in the neighborhood of a point is studied to advantage. ~ 
With any such minimal surface it is possible to associate a 
family of applicable surfaces analogous to the group of associate 
minima] surfaces in ordinary space and therefrom follow formu- 
las analogous to the formulas of Schwarz, with the consequent. 
theory concerning the determination of a minimal surface by a 
strip. Reference is made to the minimal surfaces in four-space, 
defined by an equation of the form z + tt = f(x + ty), where f 
is an analytic function; these surfsces have been considered 
from another point of view by Karl Kommerell under the title 
Riemann Surfaces. This paper will be published in the Amer- 
ican Journal of Mathematics. 


14. In this paper Professor Ranum generalizes to n-dimen- 
sional space the results of his paper on “Ruled surfaces and 
planed hypersurfaces in four-dimensional space," of which an 
abstract is given in the BULLETIN, volume 17, page 302. An 
m-dimensional spread S„ generated by oo! flats (linear spaces) 
is given by a set of homogeneous parametric equations. Its 
tangent spread S,., is defined as the locus of the connecting 
flats of its consecutive generators. The focal spread of S,, 
namely the locus of the flats of intersection of its consecutive 
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generators, is shown to bean $, ,. The number r is called the 
rank of S,. S,,, and S, , are in general of lower rank than S,,. 
The focal spread of the tangent spread of S, is in general a 
larger spread enclosing S,,. Calling the focal spread of the 
focal spread the 2nd focal spread, etc., the author shows that 
the 1st, 2nd, ..., ith focal spreads of the ith tangent spread 
of S, are all of the same rank and all enclose 8,. Various other 
projective differential properties of these spreads are derived, 
the principle of duality is employed, and a general scheme: is 
obtained for classifying the spreads. 


15. The chief purpose of Mr. Castle’s paper is to present a 
graduation of the combined experience of actuaries table of 
mortality to Makeham’s formula by the method of moments. 
‘The different methods of graduating a mortality table may be 
roughly classified under two heads: those in which some formula 
y dra assumed to express the functional relation between the number 

ving and the age x, the arbitrary constants involved being 
determined from the original data; and, second, those in which 
the number living at any age x is derived from the original data 
in such & way as to produce a smooth curve without satisfying 
any functional relation. 

In the graduation here presented Makeham's formula 


y = key 


was assumed to express the functional relation between the 
number living.y and the age 2, the arbitrary constants k, 8, g, 
and c being determined by the method of moments. Briefly, 
the theory involved in graduation by the method of moments 
is that in fitting an assumed formula to statistical data the 
values of the constants which depend upon all the given data 
are obtained by finding the area and moments of the theoretical 
curve, and equating them to the corresponding area and mo- 
ments as obtained from the statistical data. 
The work has been carried out in considerable detail with 
the secondary object of being of use to those who desire to 
_ employ the method of moments in graduating similar statistical 
data. The paper will be published in the Annals of Mathe- 
matics. 


16. The main point of Dr. Lefschetz’s first paper in the intro- 
duction of a new inequality which the Pliickerian numbers of any 


H 
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algebraie multiplicity have to satisfy. Plane curves are chiefly 
treated. Adopting Salmon's notations, since a double point 
requires one condition, a cusp two conditions to be satisfied 
by the coefficients of the general curve of a given order m, we 
must bave . 

m(m + 3) 


6+2k5 5 


— 8 


for such conditions are expressed evidently by the vanishing 
of as many invariants. À discussion follows, and maxima are 
given for the number of cusps alone. The question of the 
maximum of cusps for a given deficiency is also treated. Finally 
the same method is applied to surfaces. The cases of surfaces 
of the third, fourth, and fifth orders are treated at some length, 
and for them maxima for the number of binodes found. To 
‘mention one interesting result, it is found that a surface S, 
can have no binodes if it has more than 14 nodes, and never 
more than 8 binodes. 


17. The chief feature of Dr. Lefschetz's second paper is an 
application of inversion to a.descriptive study of curves. First, 
some well known properties of open or closed branches receive 

new proofs. Next a study of curvature follows with an intended 
' application to inflexions of certain branches by means of an 
inversion. Then a detailed study is made of closed branches 
having one single multiple point of multiplicity k. A representa- 
tion of such a system is given by means of a sketch, the chief 
feature of which is the formation cf certain polygons having 
for vertices those of a regular polygon of k sides. By means 
of some simple properties of such polygons, a theorem is proved 
for the case of k = 2n + 1, which is then shown to be equivalent 
to the theorem of Möbius giving 3 as the minimum of inflexions 
of an odd branch without any multiple points. Really the idea 
is to substitute for & curve having infinite branches one lying 
at finite distance., Möbius did this by projecting plane curves 
‚on a sphere; the author obtains the same results by inverting 
the curve with respect to a pole through which it does not pass. 


18. In the study of finite groups of Cremona transformations 
extensive use is made of the composition of each generator in 
terms of quadratic transformations. If two fundamental 

, points are identical with two fundamental points of the inverse 


€ 
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system the iteration ‘of the quadratic transformation is also 
quadratic (or ‘the identity). Starting from the theorem that 
in a cyclic collineation a point and its successive images lie on 
a conie, Kantor drew similar conclusions concerning quadratic 
transformations. Professor Snyder showed that neither one of 
these theorems is true unless restrictions are imposed on the 
coefficients, and that in consequence extensive categories of real 
transformations are omitted in Kantor's classification.* 


19. If u and v stand for the current and potential respectively 
multiplied by an exponential factor, each satisfies the equation 


du ðu 

ax oy* oM 

‘and the problem treated in Professor Webster’s first paper is 
the satisfaction of Cauchy's conditions, function and conormal 
derivative being given for y = 0, x 0, while for x = 0, y £0 
the condition is 


"ou ou d'u 
au + a ast RT F P 
ov On 9" 
"hethatbaat::: t baga = dl, 


By means of Riemann's- method, integration around the proper 
contour leads to a Volterra integro-differential equation for the 
conormal derivative, which gives the solution by the usual 
formula. | 


20. In Professor Webster’s second paper the solution of the 
wave equation is found in the form of a definite integral, which 
_ is developed into two series for practical computation. 


21. In Professor Webster’s third paper the theory of the 
normal vibrations of a bar vibrating transversely is worked out 
according to Voigt’s theory of viscosity, and also according to 
the theory of heredity as developed by Boltzmann, Wiechert, 
and especially Volterra, and the results contrasted. Experi- 
ments favor the heredity theory. 

*S. Kantor, “Premiers fondements pour une théorie des transforma- 


tions périodiques univoques," Atti della R. Accademia . . . di Napoli, ser. 2, 
vols. 3 and 4 (1891), pp. 1-356. 
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22. In this note Professor Birkhoff employs the theory of 
integral equations to derive another proof of a theorem which 
was stated by him in an earlier paper on singular points of 
ordinary linear differential equations (Transactions of the 
‘Society, volume 4 (1908), pages 436-470). 


23. In a second note Professor Birkhoff makes a detailed 
study of the irregular singular point of rank zero for a linear 
differential equation of the second order. The method depends : 
oii the theorem of the previous note. 

24. "The paper of Professor Bliss contains a generalization of a 
well-known theorem concerning a power series in several variables 
F(t, ën +++, Zei Y). This theorem states that if F(0, 0, ---, 
0; y) begins with a term of degree v in y, then there exists a 
unique series M (zy, a, ---, £a; y) with constant term different 
from zero, such that the product MF is & polynomial in y of 
the form 


MF = y + a + aay? bay d Ge. 


where the coefficients a, are power series in tı, ta, ---, t, which 
have no constant terms. Evidently in a sufficiently small 
region about the origin the roots of the function F are all roots 
of the polynomial, and vice versa. 

` The generalization has to do with a system f functions 
Fu, to, ei Jun ccs Yn) (a = 1, 2, -+ +, n) for which the 
series HO, 0, - --,0; 41, ys, «++, Ya) begin with so-called “ charac- 
teristic” polynomials f.(yu ys +, y), homogeneous and of 
degrees v., respectively. Under certain restrictions on the 
coefficients of the functions f,, there will then always exist a 
polynomial | 


P(r, 23, exu Da) Ya) = yi + cya + t + axy + Gy 


of degree N = ors - -- v, such that every root of the equations 
F, = 0 in a sufficiently small region about the origin makes the 
polynomial vanish, and conversely to every root of the poly- 
nomial there corresponds a root of the equations. The poly- 
nomial is linearly expressible in the form 


P = MF + Mit e MV, 


where the coefficients M, are series in 2j, 25, ** Tu Uu Ya, H 


n* 
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25. In the genetic theory of the irrational numbers, each open 
cut in the scale of rationals determines an irrational. Arbitrary 
definitions are given of the operations of addition and multipli- 
cation, which are then proved to satisfy the same laws of com- 
bination (associative, distributive, commutative, inverse) as the 
rational numbers. Professor Veblen showed that it is possible, 
without altering the definition of addition, to give another 
definition of multiplication such that all the laws of combina- 
tion hold good, such that the product of two rationals or of a 
rational and an irrational is the same as in the ordinary system, 
but such that the product of two irrationals is different from 
their product in the ordinary system. "The new definition de- 
pends on the well-ordering of the continuum, and an infinity of 
similar definitions may be set up. The resulting number 
systems have applications in the foundations of geometry. 


26. Denote the fixed quadratic surface by Q, its equation by 
Q(x) = 0, the polar form of Q(x) by Q(z, y), and the general 
bilinear form by B(x, y); and write the equations 


UI Malz 2) QG) =0, 
(3) Ri, y Al = AQ(z, y) sr Ba, y) = 0. 


Since the region of definition of the variables is limited to Q 
by (1) and (2), the equations (1), (2), and (8) considered to- 
gether set up on Q a family of point-conic correspondences which 
are denoted by T'(z, y, X). 

For a fixed value of A, to any two consecutive points on Q 
there correspond by I'(z, y, A) two consecutive conics on Q; the 
two consecutive points determine a line element on Q and the 
two consecutive conics determine in general two line elements 
on Q. As varies, I(x, y, X) establishes a system of contact 
transformations on Q which are denoted by TO). 

In this paper, Dr. Burgess proves the following: Provided 
Ba, y) = 0 is not a null system, a necessary condition that 
T(X) be a group is that the A-matrix of AQ(x, y) + B(xy) 
possess one of the following characteristics: [1(111)], POM 
AP], [(211)], [(2°1°1°)1. 

27. For making a recitation schedule Professor Bowden uses 

-several relation and operation tables, of which the principal 
ones are (1) a sequence card combining the hours of the week 


1 
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into sequences, (2) a course table showing what teachers give 
and what pupils wish to take the various courses, (3) a conflict 
table showing the common members of each pair of courses, 
if their number is not more than a'given number, say five, and, 
if more, showing that fact. The first of these tables is a unary 
“operation table, the second a dyadic relation table, the third a 
combination of a binary SES table and & dyadic relation 
table. 

The course table is cut into strips showing the class lists, 
which are used to form the conflict table. This table is then 
cut into strips, one for each course, which are then easily as- 
sembled into groups, so as to have as few conflicts as possible. 
The courses of any one group are placed at the same sequence. 
of hours. 

The form in which the schedule first appears is itself a dyadic 
relation table, the left-hand column containing the department 
names, the top row containing the numbers of the sequences, 
and the intersections of rows and columns the course numbers. 

: F. N. Cors, - 
- Secretary. 


A NECESSARY AND SUFFICIENT CONDITION FOR 
THE UNIFORM CONVERGENCE OF A CERTAIN 
CLASS OF INFINITE SERIES. 


BY DR. N. J. LENNES. 
(Read before the American Mathematical Society, February 25, 1911.) 


ALL numbers + such that a&xr=b constitute the interval 
ab. A function f(x) is said to be continuous on an interval ab 
if (1) it is continuous in the ordinary sense for every value 
ofz,a «c < b, (2) if it has right hand continuity forz =a 
and left hand continuity for x = 0. 

TuEOREM. If on the interval ab 


Zune) = fe), 


U,(z) (i= 0, +++, ©) and (a) being continuous on the interval 
ab, then in order that > U„(x) shall be uniformly convergent on 
Eed 
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the interval ab it is necessary and sufficient that for any x, on ab, 
any arbitrary number 5 (however small) and any arbitrary integer 
N there is am integer N'(i, 0, N)* greater than N, which satis- 
fies the following condition: 

On the interval x, — ô, x, + 8 there is a value zu. of x such 
that for every Ni!’ > N'(t, ô, N) 


Nv, 8, N) 


D Te) - fled) [= | Tale) — fe) 


for every value of x on the interval z, — ô, x, — 6 which also lies 
on ab.} 

Proof: (1). The condition is POT: (In the proof N’(, 
ô, N) is written N,’,) 


By hypothesis È U,(x) is uniformly convergent on ab and 


hence on every Hotel x, — 6,2, + ô which is contained in 
ab. Two cases are possible: 

(a) U,(x) = 0 for every x on x, — 6, x, + 6 and for every 
value of n greater than some fixed number N, In this case 
the conclusion of the proposition holds for 2,’ any x on x, — ô, 
vı + à, the two differences 





Kr 


Zei — fe) and ETa) - fa) 


being zero. 

(b) There is no number N,’ such that for every n > N; 
U,(x) = 0 for x on v; — 6, 2, + à. 

In this case for every N; there are values of n, n’ > N; and 
values z; of x on g; — ô, a, + 6 such that 


* The subscripts 1, 6, N indicate that N'(i, 9, N) depends on all of these. 
+ A special case ‘of this lemma when 


: 2 

0 

is convergent is given for the sufficient condition by Fangen, Mathe- 
mahsche Annalen, vol. 44 (1893); p: 82, and by Bócher, BULLETIN, vol. 
4 (1898), p. 368. The theorem o the’ present paper, besides stating a 
necessary as well as a sufficient condition, covers a larger class of functions 
than is covered by the theorem of Pringsheim. Thus the uniform con- 
vergence over & certain interval of an alternating series representing a 
continuous function follows as a special case provided that for every, 


value zı of x of the interval there is &:neighborhood of x, on which the 
numerical values of the terms decrease after a certain term. 








U (a) 
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> 


(1) ME) — JE 








> 2e, 
where e is some positive number. 


The series > U, (x) being uniformly conventi on a; — ô, 


xi + ô, thier de is a value of n, n^ such that for all values of n, 
n n", 


o (o [EUO-Ó9|«e 





` 


e 
Since for any value of k, >> U,(x) and f(x) are both ‘con- 
Å ` ` sU . 


_ tinuous functions on x; — ô, 2; + 8 there is a definite value of : 
x for which 


x 








x Une) — fe 


reaches a maximum on the closed interval: æ, — ô, z; + 6. 

Denote this maximum by DIE). Since E — n’ is a finite 

number, there is a value of n, n = Ni, n! =N/= n for which ' 

D) reaches the maximum for the values of k,n’ Sk S n". 
Let z be a value of x for which 








— fe 
reaches its maximum. Then by (1) and (2) 
) - f6) [= [35 Gust — fta) 














for every æ on ze — ô, z; + ô and every N,’ > Ni, which proves 
the condition necessary, 
(2) The condition is sufficient. Since by hypothesis 


È Un(e) = f@), 
the fimetion f(x) being defined on ab, it follows that > U, (2) is 


convergent for every value of x on this interval. "Herde for 
any preassigned positive number e and any value 2; of x on ab 


€ 
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there is an integer N; such that 


(3) È Us) — fle) |< e 


for every N; = Nj. ‘ : 


Ni’ 


The function >> (U,(x) being continuous in the neighbor- 
nol D 
hood of z = x, for every value of N,’, there is a positive number: 
5’, depending on e, 2,, and N,’, such that for |z — a, | < 5’ 


Ni’ 


CO È Hl — E ball ze 


for any preassigned N; > N.. 

Since f(x) is continuous for 2 = x, there is a ô” such that for 
|e — z| < 5” 
(5) fa) — f(x.) | < e 


Let 5"' be the smaller of 8’ and 5”. Then for x such that 
|e — z| < 8" we have from (3), (4), (5) 


Mi’ 


2 U, (x) == f(x) 








(6) < 8e 
for any arbitrarily assigned N,’. 

But by hypothesis, for every z, and an arbitrary N, there is 
an N,' such that for any N,” > N,’ and for x on some interval 
xz, — 07", æ, + 8” there is an x,’ such that 


E Y UG) - fle) 











nm [XU -re 


Let ô be the smaller of the two numbers à" and à"", Since 
(6) holds for any value of z on x; — 5,2, + 6’ it holds for x = z;. 
Hence if the N,’ of (7) is chosen as the N,’ of (6) it follows 
from (7) that for every N;" > N/ 


M” 


2, Un(a) — fe) 








« 8e, 


provided |x — x; |ô. That is Y U,(x) is uniformly conver- 
n=0 
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gent on the interval x — 6, z + 8, or on that part of such. 
interval which is an ab. In this manner for every point z; 
on ab we obtain an interval of which z, is an internal point 
(unless x, is a or b, in which case z, is the end point of such: 


interval) où which > U;(x) is uniformly convergent. 
n=O 


By the Heine-Borel theorem* there is a finite subset of these 
intervals which completely covers the interval ab. Hence it 


follows by obvious considerations that » U,(z) is uniformly 
E Raf E 


continuous on the interval ab. 


COLUMBIA UNIVERSITY, 
February 1, 1911. 


PROJECTIVE GEOMETRY. 


Projective Geometry. By OswaLD VEBLEN and Jonn WESLEY 

Young. Volume I. Ginn and Company, Boston, 1910. 

.X + 342 pp. i 

In discussing this book, two facts must be constantly borne 
in mind: the authors knew exactly what they wanted to do, and 
they were entirely competent to do it. ' Here is no question of 
a slovenly work, compiled with no visible object, differing from 
an honorable line of progenitors only in the smallest details. 
The book is eminently one with a consistent purpose. Agree 
with the authors you may not; but if you do not fully enter 
into their point of view, you will come off second best in the 
argument. 

The authors'/main object is to build up projective geom- 
etry upon a system of independent axioms. Such a task ' 
is, certainly, not new. The names of. Pieri, Vahlen, Schur, 
and others suggest themselves immediately when the question 
of projective assumptions is raised. Nor is there even any 
novelty in writing a students’ textbook which starts from the 
ground. We have such a book already in the beautiful treatise ' 
of Enriques, and, in fact, we may almost say that this is the 

* This theorem may be stated as follows: If on an interval ab there is a 
set of intervals [e] such that (1) the points c and b are end points of intervals 
of the set [c]; SC r point of the interval ab lies within at least one- 


LA 
interval of Ef ere is a finite subset e, . . . ‚0x of the set [r] 
which satisfy (1) and (2) of the hypothesis. , 


I 
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standard way to write a textbook of projective geometry today. 
No, the novelty consists in the set of axioms which the authors 
have used. These are equally serviceable for a geometry of a 
finite number of points, a rational geometry, a three-dimensional 
continuum, or a complex continuum of three dimensions, and 
doubtless other forms of continua and discontinua. 

The generality and high scientific interest of such a procedure 
are immediately evident. Heretofore the usual way has been. 
to set up.a system of assumptions sufficient and suitable for the 
real domain. So long a time elapses between the axiom stage 
and that where complex quantities are introduced that it does 
not occur to the student to ask whether the introduction of the 
new elements calls for a revision of the postulates or not. For 
instance, we assume that on any straight line we may find two 
distinct points whose distances from a given point are congruent 
to the distance of any two distinct points AB.* What happens 
in the imaginary domain when AB is null? 

All such mishaps are avoided by the method adopted by 

‚our authors. There is nothing said which must later be unsaid, 

no assumption made which must later be discarded. At the be- 
ginning of each chapter we learn exactly what assumptions are 
needed for all of the theorems in that chapter; one or another 
assumption may not be needed, none is ever contradicted. 

Such a proceeding is certainly attractive. With a minimum 
of assumptions, we have a maximum of generality. The com- 
plex domain is not a spirit world in which dwells the ghost that 
accompanies Steiner's quartic surface, but a larger ambient in 
which the real is immersed. But in mathematics, as everywhere 
else, the law of compensation holds. One can not obtain great 
results except at a great price, and the authors have paid a 
great price for the advantages obtained: they have sacrificed 
all that is specially characteristic of the real domain. Opinions 
will differ on the wisdom of such a bargain; in our judgment 
they have secured their gain at too great cost. Involutions 
appear on page 102, but from cover to cover no word as to the 
distinction between elliptic and hyperbolic. From page 109 
onward the conic is continually in evidence, the words ellipse, 
hyperbola, parabola never occur. There is no way of knowing 
whether a coplanar line and conic intersect or not. Scientific- 
ally all this is a trivial matter, in higher mathematics the 





* Hilbert’s axiom, IV, 1. 
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complex is on all fours with tke real; but didactically it 
is momentous. The geometry wth which we begin life, the 
geometry of intuition, the geometry of Euclid, is the geometry 
of the real continuum; it takes years of arduous training before 
the student can really think in any other terms, so long, that is, 
as he is doing geometry, and not merely formal algebra. Is it 
wise so far to discard psychology and historical tradition in 
founding projective geometry? 

'The loss of the real domain is most keenly felt in the 
exercises, as there is no possibility of fruitful application of 
the methods developed to metrical theorems. Who that has 
taught projective geometry does not know what a sense of 
satisfaction comes over a class when they find a metrical 
theorem coming out of a projective one? They feel as if 
something familiar and concrete, almost practical, were emerg- 
ing from that which had previously been abstract and re- 
mote. The student will be interested in the theorem (page 
119) that if the vertices of two triangles lie on a conic, their 
sides touch another conie, and conversely. But he will be much 
more interested to find that if a triangle be circumscribed to a 
parabola, the circumscribed circle o? the triangle passes through 
the focus of the parabola and, hence, that the circles circum- . 
scribing the four triangles formed ky four lines are concurrent. 
A wide-awake student wil be struck with the generality of 
Desargues' theorem (page 127), or its dual, whereby the pairs 
of tangents from any point to conics touching four lines, form 
pairs of an involution. Still more will he be pleased when he 
sees that the whole theory of confocal conics is deducible from 
this, or learns the-Gauss-Bodenmiller theorem whereby the 
circles on the diagonals of a complete quadrilateral as diameters 
are coaxal All of the best recent text books of projective 
geometry, Reye, Cremona, Russell, Enriques, Bóger, agree on: 
this didactic principle; even our authors go so far as to say 
(page iv) that the teacher who wiskes for metrical applications 
may pass directly from Chapter VIII to the second volume. 
But the student who has masterea 235 pages of this volume. 
-will stand far less in need of metrical applications than his 
less fortunate brother who is at the beginning. 

One other ground for postponing continuity and the real 
domain is offered by the authors (page ili) where they suggest 
that the study is too difficult and delicate for the beginner. ‘‘It 
will be found that the theorems selected on this basis of logical 
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simplicity, are also. elementary in the sense of being easily com- 
prehended, and often used." Very well, how do we prove that 
a straight line and a conic in the same plane must intersect? 
We need proposition K,, which is made to depend on K, 
(page 255) proved at the end of Chapter IX: “ If a;*a,!, - -- are 
a finite number of binary homogeneous forms, whose coefficients 
are proper in a space S which satisfies assumptions AEP, there 
exists a space S', of which S is a sub-space, in the number system 
of which each of these forms is a product of linear factors.” 

We are not familiar with any treatment of continuity (not 
even the Heine-Borel theorem) whose essence seems to us so 
difficult to grasp as this. Moreover, we think that the question 
of the difficulty of the principle of continuity is a little beside 
the point. Students who take up the book before us are, pre- 
sumably, just at that stage where a sound grasp of this principle 
is vital to further progress. We might well write over the doors 
of our graduate class-rooms for mathematics, a paraphrase of 
the motto which Plato is reputed to have placed over the door 
of the Academy 

**Let no one ignorant of continuity presume to enter here.” 

We must not, of course, object if someone write below the 
equally famous 

“Lasciate ogni speranza, voi che entrate." 

No, we differ fundamentally from the present authors. We 
believe that the starting point of geometry, scientifically and 
didactically, should be the real continuum. So Enriques has 
started in the text-book already quoted. The complex domain 
rests on a convenient fiction whereby we employ the terminology 
of n dimensions to the study of 2n dimensions. A thorough study 
of continuity, which can be admirably given in projective geom- 
etry by starting from the idea of separation, is of primary 
importance to every graduate mathematical student, and should 
on no account be postponed. , 

There is & second general feature of the present book on 
which we dwell with unreserved satisfaction, the introduction 
of both algebraic and geometric methods. In the past there 
has been a very marked cleavage between two different schools 
of projective geometers. On the one hand we have the disciples 
of Chasles, Steiner, and von Staudt, purists, who treat an 
algebraic proof as an unseemly intrusion into the beautiful 
mansion of geometry. Their position was well expressed by the 
late Mr. Lachlan (Preface to his Modern Pure Geometry): 
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**In fact it might well be taken as an axiom, based on experience, 
that every geometric theorem admits of a simple and direct 
proof, based on the principles of pure geometry." Over against 
these we have the school of formalists, now happily dwindling, 
who burn incense to syzygies and symbolic identities, regardless 
of how much or little geometric interest they may have. The 
advanced student may freely enroll himself in either of these 
schools, if he so choose; the beginner should have both the 
algebraic and the geometric point of view continually before 
him. We are not familiar with any other book on projective 
geometry (not based on metrical assumptions) which has at- 
tempted to meet this important need. We only regret that 
the authors h&ve not found it possible to introduce algebraic 
methods earlier into their scheme, and to carry the geometric 
and algebraic treatment of conics, collineations, etc., forward 
together. Let us mention also in this connection that the book 
has a greater wealth of suitable exercises for the student than 
any other with which we are familiar, with the single exception 
of Russell's Pure Geometry. 

One or two more general remarks. The style is, for the most 
part, fresh and vigorous. Even Jove will nod. On page 36 
the authors take an absolutely indecent pleasure in projecting 
points and lines onto planes; on page 224 we learn that 44’ is 
a conjugate pair. The general effect is clear and agreeable. 
The figures, on the other hand seem to us occasionally messy 
and unattractive. Such a figure as No. 19—two quadrangles 
whose corresponding pairs of sides are concurrent on a given 
line—suffers nct a little by comparison with the corresponding 
figure No. 15 in Reye's Geometrie der Lage. Otherwise, the 
book is singularly attractive in appearance, and free from typo- 
graphical errors. 

Our book starts off with an introductory chapter dealing 
with general pr-nciples concerning the use of undefined elements, 
unproved. propositions, ‘ete. Simple examples are given of 
axiom systems which are seen to be consistent and independent. 
` The authors know very well what they are about; and the 
whole discussicn is luminous. Unfortunately the chapter is 
marred by a slip, the worst in the book. In attempting to 
show how the point, line, and plane at infinity come in naturally 
to complete our geometry, the usual cartesian coórdinates are 
mentioned. We then learn (page 9) ‘‘If the numbers are real 
numbers, we are dealing with the ordinary “real” space; if they 


1911.] PROJECTIVE GEOMETRY. 75 


are complex numbers, we are dealing. with the ordinary “ com- 
plex” space of three dimensions. The following discussion ap- 
plies to either case." Then, on the following page, ‘‘Now the 
points (a, y, z) with the exception of (0, 0, 0) may also be denoted 
by the direction cosines of the line joining the point to the origin 
of coordinates, and by the distance of the point frorh the origin, 
say by (l, m, n, 1/d)." This statement is neither grammatically 
correct nor mathematically accurate, for there are co? points 
for which d — 0. A reader finding such & mistake at the outset 
might well expect & looseness of statement throughout, and be 
unfairly prejudiced against the book in consequence. 

In Chapter I we make a fair start into the theorems of align- 
ment, and the principle of duality. The fundamental objects are 
points and classes of points called lines. We have the necessary 
assumptions and existence theorems, the plane is built up on & 
triangular frame, the space on a tetrahedral one. It is a little 
hard at first to become used to the idea of a point being on a 
plane, while the plane is, at the same time, on the point. The 
use of this locution (for which the authors give the credit to 
Professor Morley) is amply justified however, for it enables 
them to make the best statement of the principle of duality 
with which we are familiar. The chapter ends with an excellent 
system of assumptions for the projective geometry of n dimen- 
sions,—or rather should end there. Actually the last thing is 
this exercise: “State the assumptions of extension by which to 
replace E, and E,' for a space of an infinite number of dimen- 
sions. Make use of transfinite numbers." We are told in a 
note that exercises such as this, which are marked with an 
asterisk, are of a more advanced or difficult character. We are 
glad to note very few such exercises in the book. 

Chapter II continues the same order of ideas as are introduced 
in Chapter I, and is largély devoted to configurations. Desar- 
gues's theorem on perspective triangles is, of course, funda- 
mental for this. A ''configuration," by the way, is an as- 
semblage of points, lines, and planes, wherein each element of 
one sort is on a constant number of elements of each of the 
other sorts. These numbers may be arranged in a square 
matrix, which is taken to syrabolize the configuration. We have 
an impression that many of the results of this chapter, which 
would be fundamental in the study of finite collineation groups 
may appear a little dull to the beginner, but we speak here from 
personal prejudice rather than from settled conviction. On 


76 '  PROJECTIVE GEOMETRY. ior 


page45isa little axiom which may strike tke reader as suprising, 
“The diagonal points of a complete quadrar.gle are not collinear.” 
One has an instinctive idea that such a theorem is capable of 
proof by means of the other assumptions, but nothing is less 
reliable than our instinctive ideas on such matters. A rigorous 
proof may ‘be found, based on the concept of separation.* A 
good part of the present book is independent of this assumption. 
The third chapter is given to the study of projectivities. 
The authors have here cut loose from the von Staudt school where 
the quadrangle theorem is immediately followed by the study of 
harmonie separation. They, like Cremona end Böger, but unlike 
Reye and Enriques, define as projective two one-dimensional 
fundamental forms which may be connec-ed by a finite num- 
ber of projections and sections. The von Staudt definition 
whereby projectivity depends upon one to one correspondence, 
with a correspondence of harmonie elements is equivalent to 
this in the real domain, but not in the complex one (as the 
authors very well know), and so finds no place. So too, in two 
dimensions they distinguish between a collineation between 
two planes, a one to one correspondence point to point, and 
point range to point range, and a projective collineation, where 
to the above is added the requirement that corresponding point 
ranges shall be projective. Once more in zhe real domain col- 
lineation and projective collineation are identical, not in the 
complex one. The classic example is the transformation (which 
the authors would call a non-projective collineation but is more 
commonly known as an anticollineation), where each point is 
carried into its conjugate imaginary. Another commendable 
feature of the present chapter is that after a short discussion 
of the abstract concept of a group, the authors take up with 
some care the group of one-dimensional projectivities. It is not 
a little curious that previous writers of text-books on projective 
geometry have so calmly neglected this important topic. 
Chapter IV is a natural continuation of CLapter III and opens 
with a discussion of harmonic sets. A new and important con- 
cept is introduced in the idea of nets of rationality. The as- 
semblage of all points collinear with three given collinear points, 
and obtainable from them by a finite number of harmonic con- 
structions, is called the net of rationality of zhe first three. We 
have corresponding point assemblages in two and three dimen- 
sions, the discussion of the latter (pages 89-03) seems to us 





* Conf. Enriques, ‘Geometria Proiettiva,” p. 53. 
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somewhat unnecessarily difficult. The underlying idea is im- 
portant, and is an excellent innovation in the present book. 
This same chapter leads us also to the fundamental theorem 
of projective geometry. Suppose that we have two projective 
one-dimensiongl fundamental forms (point ranges, linear pencils, 
etc.) with three elements self-corresponding, every element of 
the net of rationality of those three is self-corresponding, as 
may be immediately shown. The fundamental theorem (here 
assumption P) tells us that every element is self-corresponding. 
There are proofs in plenty of this theorem (Vahlen, Enriques, 
etc.) based on axioms of continuity, but the present authors 
have no such axiom in this first volume, and they have evolved 
beyond the intuitive proofs which satisfy Reye and Böger, so 
they &dopt the natural alternative of taking it as an unproved 
assumption. The chapter closes with a short account of involu- 
tions, and a classification of two-dimensional collineations, based 
upon the discussion of the fixed elements. 

Chapter V introduces the point conic, the line conic, and the 
conie ''überhaupt" which is conceived as a one-parameter 
assemblage of point-line unions. "The treatment follows some- 
what closely that of Reye. Conics are first defined by means 
of projective pencils and ranges; Pascal and Brianchon then 
enter hand in hand, and furnish the basis for the study of the 
polar system. It is interesting to compare this, the Steiner 
method, with that of von Staudt which consists in beginning 
with the polar system, and defining the conic by means of the 
points which lie on their pólar lines. The question as to which 
method is finally the best is not capable of categorical answer. 
'The Steiner method gives at once a way of constructing as many 
points of a conie as we please; Moreover the conic is probably 
* the most interesting figure of all to the beginner, and Steiner 
leads us to it in the shortest time. Our authors reach the conic ` 
on page 108, Reye, who does not bother his head about axioms, 
brings conics in on page 66; in Enriques, the best book on the 
von Staudt plan, 202 long pages must pass before conics are 
reached. On the other hand by the von Staudt definition conic 
and polar system come in together, so that the polar properties ' 
are an immediate consequence of the definition; the same is 
true of the equation of the conie, which may be written im- 
mediately from that of the correlation, and the procedure works 
equally easily in any number of dimensions. However, we 
- digress, The comparison of these two methods, interesting as 
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it may be in itself, has no particular bearing on the present book, 
atleast in its present order. 'The authors pass over another 
one hundred forty pages beföre taking up the question of'the 
double points of an involution. Consequently, had they chosen 
the von Staudt definition, there would have been absolutely 
no way of felling whether a conic had any points or not. The 
latter part of the chapter goes to Desargues' involution theorem, 
and to pairs of conics. There is a certain vagueness in the 
statement of the former which should be remedied. We read. 
(page 129) “Any line, not through a vertex of the determining 
quadrangle, is met by the conics of a pencil of Type I in the pairs 
of an involution.” Now as this sentence stands, it says em- 
phatically that every line in the plane of a conic will meet that 
conic at least once, an admission which the authors have no 
wish to make at present. What they mean is that those conics 
of the pencil which meet the line do so in pairs of an involution. 
, _ An important change comes over the face of the book with 

Chapter VI, where the algebraic treatment begins. We start 
with two single-valued operations on pairs of the points of a 
line called addition and multiplication. These are shown to be 
commutative, distributive, and associative, This premised, 
let us turn to arithmetic. The element here is called a number. 
It is not requisite that a number should be a class of classes, or 
a recognizable graphical symbol; what is important is that the 
assemblage of numbers should be subject to two operations ® 
and © which follow the five laws mentioned above. The content 
of the class is quite immaterial, the essential thing is the nature 
of the laws of association of the members of the class, or of 
their symbolic representations on paper. Suppose, now, that 
every point on a line, except a poor scape-goat called P_, be 
represented symbolically by a finite number of pen-strokes. If 
we take x and y to stand for two such representations we may 
replace the symbol for the sum of the corresponding points by 
« + y and that for the product of the points by ay. 

This we believe to be the essence of the abstract isomorphism 
of point range and number field developed in the present chap- 
ter. One or two remarks may not be amiss. To begin with it 
is extremely abstract. The student learns at'school that a point 
is that which has position and no magnitude. When in more 
advanced work he learns that the meaning of the word point 
is a variable rather than a constant, and in his projective 
geometry, as here studied, he finds no one cares exactly what a 
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point may be, he will be rudely shaken. When he is told in 
the present chapter that the same vagueness hangs about the 
meaning of the word number, he is lucky if he retain any faith 
at all in God or man. It is probable therefore, that the student 
will have to go very slowly over all this ground, until the new 
&nd very strange ideas are so thoroughly familiar, that he can 
restate them in his own words; such at any rate was the case 
with the reviewer. We wonder, secondly, whether there is not 
another unproved assumption lurking somewhere in the ides 
that every point on a line may be represented on paper by some 
recognizable symbol. But here we see the Burali-Forti paradox 
lurking in ambush, and hasten on to safer ground. 

When the correspondence of points on a line and numbers has 
been established, the whole algebraic apparatus may be set 


‚up in short order. Every point on the line has a coordinate, 


even P, is welcomed by using homogeneous coordinates. The 
value of the cross ratio ABCD is defined as x when 


ABCD x P BPP. 


A linear transformation of the coordinates will give a projective 
transformation of the line. These algebraic relations are easily 
extended to the plane (Chapter VII) and to space. Starting 
with two fundamental points in the plane, every point thereof 
not collinear with them has two definite coordinates, dependent 
on the cross ratios of quartets.of lines through the fundamental 
points; a corresponding, though more elaborate, scaffolding will 
give three coordinates for points in space. We feel that the 
handling of this part of the subject is somewhat lacking in 
grace. Non-homogeneous point coordinates are never subse- 
quently used, and might as well be omitted. The treatment 
of homogeneous coordinates seems less elegant than that given 
long ago in Pasch’s ‘‘ Neuere Geometrie.” 

ı We are not yet, by any means, through with one-dimensional 
projectivities. They return in force in Chapter VIII. We 
learn that projectivities with common fixed points are commuta- 
tive. Then comes an elaborate discussion of projectivities and 
involutions on a conic, including the important theorem (page 
220) ‘‘The group of projective collineations in a plane leaving a 
non-degenerate conic invariant is simply isomorphic with the 
general projective group of a line.” The whole chapter is full 
of interesting and valuable material, we only regret that the 
algebraic aspect of projective transformations is not brought 
into closer relation with the geometric discussion. 
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In Chapter IX we reach two new and important ideas, the 
degree of a geometrical problem and invariance. The authors 
acknowledge (page 237) considerable indebtedness to Castel- 
nuovo for the treatment of the first of these topics. Whatever 
the source, «he result is admirable. 

But now if we are to do any problems except those of the 
first degree, we must have some circumstances under which we 
are sure that a line will intersect a conie. The authors take 
the fatal plunge in proposition Ks, '!7f any finite number of 
involutions are given in a space S eatisfying assumptions AEP, 
there exist a space S', of which S is a sub-svace, such that all the 
given involutione have double points in HI." 

This is a special case of proposition K, already discussed. 
We fear that some students may find tke proof of the latter 
difficult to follow; if they do not, they are more fortunate than 
the reviewer. We have already dwelt sufficiently upon the 
general aspects of this theorem, we therefore drop it with the 
remark that it gives us no light whatever on the question as to 
whether a conic and line intersect in S or not. 

A third and last discussion of two dimensional collineations 
appears in Chapter X with.a complete classification by means 
of elementary divisors. It is not made perfectly clear why 
distinct roots of the characteristic equation might not give the 
same double point in the collineation, although the proof is 
very easy. Correlations come in besides collineations, and re- 
ceive an adequate algebraic treatment. There is a careful dis- 
cussion of two-dimensional polar systems, and the chapter ends 
with a complete classification of pairs of conics. * Let us repeat 
for the last time our regret that this clear and satisfactory 
algebraic handling is so far removed from the corresponding 
geometric one. É 

The concluding Chapter XI deals with systems oflines. Here 
we are frankly disappointed, except with the first and last sixths 
of the work. After & good discussion of the regulus we have 
(page 304): 

‘The lines joining corresponding points on two projective 
conies in different planes form a regulus, provided the conics 
determine the same involution I of conjugate points on the 
line of intersection / of the two planes, and provided the collinea- 
tion between the two planes determined by the correspondence 
of the conics transforms / into itself by a projectivity to which 
I belongs." 
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The various ‘‘provideds” here mean that the two conics have 
two common ‘points in the great space S’, and these correspond 
to themselves in the projectivity. But like many & man who 
does not care to reflect on his future state, the authors prefer 
‘One world at a time" and only use S’ when they are driven to. 
Is it worth while to give at all a theorem whose statement is so 
long, and whose proof, with two corollaries covers six pages of 
text? The remainder of the geometrical part of the chapter 
hangs on the following definition (page 311): 

“If two lines are coplanar, the lines of the flat pencil con- 
necting them both are said to be linearly dependent on them. 

- If two lines are skew, the only lines linearly dependent on them 
` are themselves. On three skew lines are linearly dependent 
all the lines of the regulus of which they are rulers. If h, l, 
+, ln are any number of lines and m, ---, mx are such lines 
that m, is linearly dependent on two or three of the lines h, b, 

“+, In, Ma is linearly dependent on two or three of the lines 
l, b, +++, In, m, and so on, m; being linearly dependent on two 
or three of the lines 4, b, ---, In, mi, ma, «++, mia, then m; is 
said to be linearly dependent on the lines lj, b, +++, lne A set 
of n lines no one of which is linearly dependent on the others 
are said to be linearly independent." 

What the authors here mean is that lines shall be defined as 
Iinearly dependent when there is linear dependence among their 
Plücker coordinates. The reader, however, in facing this 
definition, is in the position of Pascal; who, in one of his 
inimitable “Lettres à un Provincial,” thus speaks of a theo- 
logical term, used by his adversaries: “Je fixai ce möt dans ma 
mémoire, car ca ne réprésenta rien à mon intelligence." The 
whole treatment of linear complexes and congruences is built 
on this basis (instead of on the null system which enters so 
naturally under correlations). : 

We have criticised this book freely; in our opinion no teacher 
should use it who is not sure enough of his ground to be willing 
to disagree with the authors on many points: But let no one 
criticise who is not able to recognise therein a fine piece of 
American scholarship. : 
JULIAN LOWELL COOLIDGE. 
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SHORTER NOTICES. 


Diophantus of Alexandria. A Study in the History of Greek 
Algebra. By Sir Tuomas L. Heats. Second Edition. 
Cambridge, University Press, 1910. vi + 387 pp. 


Tee edition of 1885 has been modified to such an extent that 
the present edition is in effect a new work. Most of the intro- 
ductory chapters have been entirely rewritten. The account 
of the Arithmetica is fuller and a more literal translation of the 
original; the critical text by Tannery (Teubner, 1893, 1895) 
has been drawn upon to remove the former obscurity of certain 
passages. Le | 

The first edition paid little attention to the very important 
annotations by Fermat upon his copy of Bachet’s edition (1621) 
of Diophantus. This deficiency has been remedied in the pres- 
ent work, which gives also much material selected from the 
correspondence of Fermat (Oeuvres, Paris, 1891-1896). Var- 
ious investigations by Euler relating more or less closely to the 
problems discussed in the Arithmetica are given either as foot- 
notes or in the final chapter, which devotes 52 pages to solutions 
by Euler. These extensive additions enable the reader to see 
in a concrete manner the influence which the work of Diophantus 
has had upon the development of the theory of numbers. Dio- 
phantus originated the theory of indeterminate equations; but 
in their solution he imposed the same limitations as in the case 
of determinate equations, requiring positive rational solutions. 
The restriction to integral solutions was made only in special ' 
cases, SO that the present day designation of Diophantine equa- 
tions is a misnomer. ; 

It is stated on page 107 that “it is not piobsbls that Dio- 
phantus was aware that prime numbers of the form 4n + 1 and 
numbers arising from the multiplication of such numbers are 
the only classes of numbers which are always the sum of two 
squares.” A factor 2° may also be present. 

On page 108 Heath states that we must credit Diophantus 
with the knowledge that no number of the form 8n + 7 can be 
the sum of three squares. This is an illogical inference from 
the statement of Diophantus to the effect that no number of the 
form 3a + 1, where a = 8k + 2, is the sum of three squares; 
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Diophantus makes no statement whatever about numbers of 
the forms 24n + 15, 24n + 23. 

The limit to the numbers for which Bachet verified that each 
is the sum of at most four squares is stated to be 120 on page 110 
and to be 325 on page 188. 

On page 293, line 13 from bottom, Fermat is quoted as saying, 
**But both these squares can be shown to be smaller than the 
squares: - -,” whereas the translation should be, ‘‘But the sum 
of these two squares can be shown to be smaller than that of 
the first two- --" (Oeuvres, 3, page 272). The former reading 
would change the nature of the proof, and is moreover not in 
accord with the next sentences of the quotation. The same 
incorrect version occurs in the first footnote on page 295, in 
which Hesth points out that Zeuthen changed (in another 
manner) the reasoning of Fermat. 

While in the first edition the numbering of the problems in 
each book of the Arithmetica was in accord with the usage of 
other writers, this is unfortunately not the case with the present 
edition. Sections which give lemmas needed in subsequent 
sections are left unnumbered (and so in effect fall into the ir- 
relevant earlier sections). While it is certainly desirable to 
have the heading which indicates this fact that the section is a 
lemma to a later section, the omission of a number for the section 
is & defect. But of course thé chief objection is the lack of 
uniformity with established usage, which lessens the value of 
the work as a reference book. : In histories of mathematics and 
in texts, on the theory of numbers there occur references to the 
comments by Bachet or Fermat on Diophantus IV, 20, for 


.example. Changes in the standard numbering are most un- 


fortunate. 

It was only after a careful examination that the reviewer was 
able to locate these few defects. It is obvious that the book is - 
the outcome of a great amount of careful investigation on the 
part of an expert on the earlier and later history of mathe- 
matics. The result is an attractive and trustworthy account 
of the work of Diophantus and a comprehensive analysis of its 
historical setting and its influence upon the subsequent develop- 
ment of algebra and the theory of numbers. 


' L. E. DICKSON. 
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Notice sur le Système des six Coordonnées homogènes d'une Droite 
et-sur les Éléments de la Théorie des Complexes linéaires. Par 
A. SÉFÉRIAN. Lausanne, A. Déneréaz-Spengler et Cie., 
1910. 79 pp. 


To quote from the preface: “ At the end of the introduction 
to his work Statique graphique, Professor Mayor supposes 
the reader familiar with line coordinates and the theory of the 
linear line complex. The present work develops this theory 
and has for aim the preparation of the reader to read prof- 
itably Professor Mayor's book." 

A point (x, y, z) and the direction cosines (X, Y, Z) of a line 
through it uniquely fix the latter. The projections (L, M, N) of 
the moments L—yZ—zY, etc., upon the coordinate planes 
furnish three further equations, from which z, y, z can be 
replaced by L, M, N. "The six larger letters'are the coordi- . 
nates under discussion. Various theorems are now developed 
regarding relations between vectors and their projections, all 
results being expressed in terms of the coordinates. 

The moment of two vectors is derived; it vanishes when the 
lines defining the vectors intersect. ‘Linear systems are con- 
sidered, pencils, bundles, réguli, all of them in vector language 
and, in part, vector notation. The moment of two linear 
systems furnishes a natural introduction to the concept of the 
linear complex. The ideas developed are polarity, conjugate 
lines, condition for involution, and the invariance of the an- 
harmonic ratio under linear point transformations and duality. 
Finally, various points of contact with Professor Mayor’s 
book are pointed out. The work does not pretend to be a 
mathematical contribution, but to contain a mechanical inter- 
pretation of well-known ideas, without any of the purely’ 


geometric applications. VIRGIL SNYDER. 


Theoretical Mechanics. By Percer F. SMITH, and WILLIAM 
Raymond LoNaLEY. Boston, Ginn and Company, 1910. 
288 pp. 


Tens is an attractive volume of 288 pages in a binding similar 
to the other mathematical texts edited by: Professor Smith. 
The pages have a neat appearance, the size of type and spacing 
being excellent, and the numerous diagrams throughout the 
book could scarcely be improved: 

From the preface one learns that the text is intended pri- 
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marily for the mathematical student and a perusal of the 
volume eonfirms the statement. 'The analytie side of the 
subject is kept constantly in the foreground while the geometric 
or intuitional side is wholly in the background. Thus the 
mathematical student wil find here an excellent “field for 
applying the ideas which he gathered in the calculus. Integrals 
of various kinds and differential equations of certain types are 
abundantly in evidence. 

The subject matter of the volume is almost exclusively 
dynamics and it would seem that "Analytical dynamics” 
would have been a more accurate title than “Theoretical 
mechanics.” Of the thirteen chapters eight deal with the 
motion of a particle or a system of particles, one with the 
motion of a rigid body and two with work and energy. Thus 
with the exception of the first and last chapters the entire book 
is devoted to kinematics and dynamics. ` 

The first chapter is devoted to the integrals arising in the 
computation of centers of gravity, moments of mass, and 
moments of inertia. The authors make the point that a student 
fresh from the study of the integral calculus can dispose of these 
integrals before the real study of mechanics is begun. From 
a purely mathematical point of view this is true, for one can 
evaluate a set of integrals quite independently of whether or 
not there is any physical concept underlying them. From a 
mechanical point of view, however, it is not true, for the under- 
lying physical concept is the main point. Itis rather awkward 
to open & book with a reference to future chapters, and “The 
student is asked to aecept these formulas as definitions" has 
quite the flavor of an apology. If this first chapter were the 
last chapter in & text-book of calculus the necessity for this 
would be apparent, but to be compelled to apologize for a lack 
of mechanical ideas in a text-book on mechanies merely shows 
that the subject matter of the chapter should not be at the 
beginning of the book. It,is in the wrong place. 

The second chapter takes up the subject of the motion of a 
point along a straight line. In the third chapter, on the 
curvilinear motion of & point, the conception of vectors is 
introdüced and a very good discussion is given. The fourth 
chapter introduces the conception of force. The first of 
Newton's laws of motion is stated, the second is described, while 
the third is reserved for the following chapter. The description 
of the second law is not accurate. It says "change in momen- 
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tum is caused by forces acting upon the body,” and again 
“Force is therefore the cause of acceleration.” As a matter of 
fact, Newton’s second law says nothing about causation. It 
merely defines what is to be understood by "force" and how 
it is measüred.* Axioms I and II, page 100, were considered by 
Newton as corollaries to the second law and not as independent 
axioms. In the fifth chapter, entitled “ Work, energy, impulse," 
one finds a short discussion of constrained motion which requires 
the statement of Newton’s third law. This subject seems to 
belong rather to the preceding chapter. Had it been placed 
there the three laws of motion could have been brought together 
and their fundamental importance in mechanics Hope 
emphasized. 

Chapters six, seven, eight, and nine deal respectively ach 
motion under constant forces, central forees, harmonie motion, 
and motion in a resisting medium. These chapters are well. 
written. Chapter ten, on the potential and potential energy, 
is Short but clear. One would rather expect chapter eleven, 
on systems of material particles, to contain an application 
of the potential, but such is not the case. The idea of the 
potential is developed but is left barren. The twelfth chapter, 
on dynamies of rigid bodies, contains & relatively small number 
of theorems and a relatively large number of problems. - Indeed 
we find nine pages of text and six pages of problems. 

Chapter thirteen, the last chepter in the book, contains a 
few theorems in statics. It is wholly inadequate. Its de- 
ficiency in this respect is well illustrated by the fact that so 
important a concept as a couple is nowhere'mentioned. Perhaps 
the reason for this scant treatment of statics is the fact that 
statics does not lend itself to such beautiful mathematical 
developments as does the subject of dynamics. A mathe- 
matical student seeking exercise for his mathematical faculties 
and material for his mathematical ideas will find in this book 
a selection of topics well suited to him and a superabundance 
of problems. But a student of mechanics or physics who is 
interested in obtaining a concrete hold on mechanical principles 





* On this pont Poincaré has made the following remark: “Quand on 
dit que la force est la cause d'un mouvement, on fait de la métaphysique, 
et cette définition, 8i l'on devait s'en contenter, gerait absolument stérile. 
Pour qu'une définition puisse servir à quelque chose, il faut qu'elle nous 
apprenne a mesurer la force; cela suffit d’ailleurs, il n'est nullement neces- 
saire qu'elle nous apprenne ce que c'est que la force en sot, ni si elle est la 
cause ou l'effet du mouvement." La Science et l'Hypothése, p. 120. 
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and is not interested in the mere mathematics of the subject 
will probably find the book unsuitable. 

Some misprints have been noted, but they seem to be few. 
The footnote on page 99, “ A finite periodic function of the time 
must have the form A sin (bf-+v) or A cos (bt+v), where À, 
b and » are constants," is a decidedly curious statement. 

, W. D. MacMmzax. 
Die partiellen Differentialgleichungen der mathematischen Physik. 

Nach Riemann’s Vorlesungen in fünfter Auflage bearbeitet 

von HEINRICH WEBER. Erster Band. Braunschweig, Vie- 

weg und Sohn, 1910. xvii+528 pp. Unbound, M. 12; 

bound, M. 13.60. 

TRE earlier editions of this work have won for themselves 
8n important place in every mathematical library, where they 
are irequently consulted both as reference books and for more 
consecutive reading supplementary to courses on mathematical 
physics. They have thus become so well known that an ex- 
tensive review of the volume before us would be superfluous. 
Professor J. S. Ames has ably reviewed the fourth edition in 
this BULLETIN (volume 8, page 81). The following comment 
will therefore be limited to & comparison of the fourth and fifth 
editions. 

In the preface to the fifth edition, Professor Weber remarks 
that some of the developments of mathematical physics during 
the past decade have been too significant to leave unmentioned, 
and that although they have not been carried sufficiently far 
to permit of finished exposition in a text-book, they should re- 
ceive some attention in the pages to follow. He speaks of 
integral equations and the notion of relativity as two of the 
more important contributions made to the science since his last 
edition in 1900, and promises an application of the first in the 
present volume. The failure to find any satisfactory fulfillment 
of this promise will be the reader's greatest disappointment. 
In its place there appears a brief exposition of Neumann's 
method of the arithmetie mean, with the old assumption of a 
convex surface, a condition made unnecessary by the use of 
integral equations. A suggestion is indeed given for the re- 
moval of this restriction, but it is not developed further, and 
appears inadequate. It is not even pointed out that an in- 
tegral equation is being solved, whereas, as Professor Mason 
has shown in his New Haven Colloquium lectures, Neumann's 
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method admits a beautiful treatment in the garb of integral 
equations. A general outline of the theory of integral equations, 
sufficient for the purposes in hand, and quite in keeping with 
the character of the book, could have been given in a half 
dozen pages, and would have abbreviated the solution of the 
electrostatic problem which follows. A reference to Plemelj’s 
monographs on the theory and its application to physical prob- 
lems (Monatshefte fiir Mathematik und Physik, volume 15) 
would have been well in place. : 

The new edition has been freed from several errors occurring 
in the previous one. Two of these should be mentioned. The 
conditions that a function may be represented by a Fourier 
integral were incorrectly stated (4th edition, page 40). These ` 
' have been corrected, and alternative conditions added. An 
example follows to which none of the criteria apply. It may 
be noted that Pringsheim has recently given broad conditions 
covering Weber's example (Mathematische Annalen, volume 68, 
pages 405-06). The expression zor the potential energy of a 
pair of magnets (pages 366-67) has been corrected. A few 
minor errors have crept in, but their number is gratifyingly 
small. The definition of continuity of a function at infinity 
' (5th edition, page 6), which characterizes the function as con- 
tinuous in any finite subregion and as bounded, is unusual, 
to say the least. 

The section on the gamma function will prove a welcome 
addition to the younger reader, and a number of references 
have been added at various points. This, however, is one 
respect in which greater improvement might have been made, 
since there has appeared recently a considerable number of 
excellent monographs and texts which would well supplement ' 
the briefer expositions of our author. The following additions 
appearing in the new edition have received from the major part ' 
of & section to & section apiece: Fourier's integral for several 
variables; the transformation of a differential expression of 
second order from one set of oblique coordinates to another; 
the definition of Bessel's functions of higher order in terms of 
the preceding ones; the expression of arbitrary functions in 
terms of integrals containing Bessel's functions; the solution in 
series of the general differential equation of Bessel; the expression 
for the divergence of a vector field in curvilinear coordinates; 
the values of the zonal harmonics for the values 0 and 1 of the 
argument. A whole division (Abschnitt) has been added on 
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the general electrostatic problem; its first section deals with the 
general properties of Newtonian potentials and would seem to 
belong in an earlier division where these functions were first 
considered. The three remaining sections are devoted to 
the method of the arithmetic mean and Beer's treatment of the 
equilibrium of a charge on a conductor, with the example of 
the ellipsoid. 

In general the author has been conservative in making changes. 
More valuable additions might have been made in some cases. 
Linear partial differential equations of second order, for instance, 
receive a scant two pages, which give only.the device of finding 
particular solutions in the form of exponential functions with 

linear exponents. Undoubtedly the Systematic development 
` of integral equations and their applications, of the principle of 
relativity, and in all likelihood, of Lebesgue's theory of in- 
tegration, will make necessary at some future time a book 
treatiúg the same subjects in radically new ways. But for the 
present, and for some time to come, Weber's book, with its 
origins in Riemann's lectures, will continue to be indispensable. 
The new edition will find its way into the more complete 
libraries, although for smaller collections the previous one will 
prove wellnigh ‚as useful, if a prediction can be made on the 
basis of the first volume of the new edition. 

' ©. D. KerLocc. 


NOTES. 


Tee concluding (October) number of volume 34 of the Amer- 
ican Journal of Mathematics contains the following papers: 
“The involutional birational transformation of the plane, of 
order 17," by VIRGIL SNYDER; "On the problem of two fixed 
centers and certain of its generalizations,” by A. M. HivrEBEI- 
TEL; "Abstract definitions of all the substitution groups whose 
degrees do not exceed seven," by G. A. MILLER; “ The attrac- 
tion of a homogeneous spherical segment," by G. GREENHILL. 


THE Prince Jablonowski society of Leipzig announces the 
following prize problem: | 

"What is the expression of the C. Neumann theorem (4b- 
handlungen d. k. S. Gesellschaft d. Wissenschaften, 1909) in the 
theory of the Newtonian potential, applied to the oval shaped 


90. NOTES. : [Nov., 


solid derived from the ellipsoid by the method of reciprocal 
radii? The society desires that this question be answered, ‘if 
not in its most general form, at least for some special case, for 
example, when the given ellipsoid is one of revolution, and the 
center of the transformation (to ke carried out by the method 
of reciprocal radii) is at the center of the ellipsoid.” 

The value of the prize is 1,500 marks. Competing memoirs 
should be sent to the secretary of the society under the usual 
conditions befcre October 31, 1913. 


MASSACHUSETTS INSTITUTE or TECHNOLOGY. The following 
advanced courses in mathematics are given during the present 
academic year.—By Professor H. W. een: History of the 
mathematical sciences and teaching of elementary mathematics, - 
two hours.—By Professor D. P. BARTLETT: Theory of proba- 
bility and method of least squares, twenty periods, second half- 
year.—By Professor F. S. Woops: Partial differential equations, 
two hours, first half-year; Elements of the theory of functions 
of a complex variable, two hours, second half-year; Advanced 
geometry, two hours, second half-year.—By Professor F. H. 
BarLEv: Fourier's series, Laplace's coefficients, two hours.—By 
Professor E. B. WirsoN: Statistical methods in theoretical phys- 
ics, one hour; Hydrodynamics, twenty periods, first balf-year; 
Discrete systems, two hours, first half-year; Continuous media, 
two hours, second half-year.—By Professors TyrgR, Woops, 
Wuson, GeorsE: Advanced calculus, two to four hours. 


Tex following courses in mathematics are announced at the 
German universities during the winter semiester, 1911-1912: 


University or Berum.—By Professor H. A. ScHwarz: 
Elementary geometric derivation of the most important prop- 
erties of conics, two hours; Synthetic geometry, four hours; 
Theory of analytic functions, I, four hours; Colloquium, two 
hours; Seminar, two hours.—By Professor G. FROBENIUS: 
Analytic geometry, four hours; Theory of numbers, four hours; 
Seminar, two hours. —By Professor F. Scgorrxv: Higher al- 
gebraic curves, four hours; Theory of automorphic and polyg- 
onal functions, four hours; Seminar, two hours. —By Pro- 
FESSOR G. Hecrner: Theory of probabilities and of errors of 
observation, two hours.—By Professor J. KnoBLauck: Dif- 
ferential calculus, four hours; with exercises, one hour; Theory 
of elliptic funezions, four hours.—By Professor R. LEHMANN- 
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Fıunfs: Integral calculus, four hours; Determinants, four hours. 
—By Professor I. Scour: Theory of algebraic equations, four 
hours; Theory of functions, II, four hours. 


Untverstry or Bonn. —By Professor E. Srupv: Introduction 
to analytic geometry, four hours; Differential geometry, II, 
two hours; Seminar, two hours.—By Professor F. Lonpon: 
- Synthetic geometry, two hours; Differential and integral 
calculus, U, four hours; Seminar, two hours. —By Professor 
F. Havsporrr: Introduction to the theory of functions, four 
hours; Fourier series and related developments, two hours; 
Seminar, two hours. —By Dr. J. O. MÜLLER: Algebraic equations 
'(Galois' theory), three .hours.—By Professor Pm. FURT- 
WANGLER: Selected chapters of technical mechanies, two hours. 


Untversity or BresLav.—By Professor D. Sturm: Plane 
analytic geometry, four hours: Geometrie relations, IL, four 
hours; Seminar, two hours.—By Professor A. Kneser: Elliptic 
functions, four hours; Integral equations, two hours; Seminar, 
two hours.—By Professor E. Scuanpr: Integral calculus, four 
hours; Theory of sets, two hours; Seminar, two hours.—By 
Dr. W. Schwer: Differential geometry, three hours; Selected 
chapters in the theory of numbers, two hours. 


’ UNIVERSITY OF ERLANGEN.—By Professor P. A. GORDAN: 
Theory of numbers, four hours.—By Professor M. NOETHER: 
Plane analytic geometry, four hours; Theory of abelian func- 
tions, four hours; Descriptive geometry, four hours. 


UNIVERSITY OF FREIBURG: By Professor S. STICKELBERGER: 
Theory of functions, four hours; Higher plane curves, three 
hours; Seminar, two hours. —By Professor L. HEFFTER: An- 
alytic geometry of space, four hours; with exercises, one hour; 
Analytie mechanics of connected masses, three hours; Seminar, 
one hour.—By Professor O. Borza: Introduction to the theory 
of integral equations, two hours; Seminar, two hours.—By 
` Professor A. Loewy: Differential calculus, four hours; with 
exercises, one hour; Theory of algebraic equations, II, three 
hours; Seminar, two hours.—By Dr. N. Serra: Projective 
geometry, two hours. 


University or GIEssen.—By Professor E. NETTO: Higher 
algebra, three hours; Analytic geometry of space, three hours; 


4 
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Seminar, two hours.—By Professor L. ScHLEsINGER: Dif- 
ferential and integral calculus, with exercises, five hours; Theory 
of the logarithmic potential, four hours; Seminar, two hours. — 
By Professor H. Grassmann: Analytic mechanics, II, four 
hours. + : 


UNIVERSITY or Görrincen.—By Professor F. Kuen: 
Introduction to differential and integral calculus, II, four hours; 
Seminar, two hours.—By Professor D. HrusERT: Logical foun- 
' dations of mathematics, one hour; Mechanics of continua, four 
hours; Seminar, two hours.—By Professor E. LANDAU: An- 
alytical theory of numbers, four hours; Seminar, two hours.— 
By Professor C. Runge: Mechanics with exercises, six hours.— 
By Dr. E. Wey: Determinants, two hours; Advanced theory 
of functions, four hours; Exercises in the calculus, two hours.— 
By Dr. O. Tops: Introduction to the theory of functions, 
four hours; with exercises, two hours—By. Dr. A. Haar: 
‘ Curves and surfaces, four hours.—By Professor F. BERN- 
STEIN: Calculus of insurance, two hours; Mathematics of sta- 
tistics, three hours.—By Professor W. Vorcr: Partial:differen- 
tial equations of mathematical physics, four hours. ^ 


UNIVERSITY OF: GREIFswaLp.—By Professor F. ENGEL: 
Theory of groups of transformations, II, four hours; Differential 
and integral calculus, I, four hours; Analytic geometry of space, 
two hours; Seminar, two-hours.—By T. K. VAHLEN: Theory of 
functions, four hours; Kinematics and mechanism, one hour; 
Seminar, two hours.—By Dr. W. BLAscHke: Analytic mechan- 
ies, IT, four hours; Descriptive geometry, with exercises, four 
hours. 


University op HA. De Professor G. Cantor: Differ- 
ential and integral calculus, I, five hours; Seminar, two hours.— 
By Professor A. WaNGERIN: Integral calculus, with exercises, 
four hours; Applications of elliptic functions, two hours; 
spherical trigonometry and geography, two hours ; Seminar, 
two hours.—By Professor A. Gurzmer: Ordinary differential 
equations, four hours; Analytic mechanics, four hours; Seminar, 
two hours.—By Professor V. EBERHARD: Analytic geometry of 
space, four hours; Colloquium, two hours. 


University OF JENA.—By Professor J. THOMAE: Applica- 
tions of the infinitesimal calculus o geometry, five hours.— 
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By Professor L. HaussNER: Theory of numbers, four hours; 
Differential and integral caleulus, II, five hours; Analytic 
geometry of space, four hours; Proseminar, two hours; Seminar, 
one hour.—By Professor G. Frege: Riemann’s theory of func- 
tions, four hours; Symbolic notation, one hour.—By Dr. M. 
WINKELMANN: Technical mechanics, four hours; with exer- 


- cises, one hour; Vector analysis, one hour. 


Universttv op KwæLr.—By Professor L. PocHHAMMER: 
Differential geometry, four hours; Partial differential equations, 
four hours; Seminar, two hours.—By Professor G. LANDSBERG: 
Integral calculus, four hours; Higher algebra, four hours; 
Seminar, two hours.—By Professor M. Desn: Introduction to 
higher analysis, three hours; Analytic geometry of space, 
four hours; Exercises in applied mathematies, two hours. 


University or KôNIGSBERG.—By Professor W. F. MEYER: 
Integral calculus, three hours; with exercises, one hour; In- 
troduction to higher geometry, three hours; Seminar, two hours. 
—By Professor A. SCHoENFLIES: Differential geometry of 
curves and surfaces, four hours; Seminar, two hours. —By Dr. A. 
Kata: Analytic geometry of space, four hours; with exercises, 
-one hour; Determinants, two hours.—By Dr. W. BIEBERBACH: 
Partial differential equations, two hours; colloquium, one hour. 


University oF LxrPzrG.—By Professor K. Romn: Analytic 
geometry of space, four hours; Application of the differential 
calculus to space curves and surfaces, four hours; Seminar, 
two hours.—By Professor O. HöLper: Higher algebra, partic- 
ularly Galois's theory of equations, two hours; Elliptic functions, 
four hours; Seminar, two hours.—By Professor G. HERGLOTZ: 
Mechanies, five hours; Fourier series and definite integrals, 
two hours; Seminar, two hours.—By Professor P. KoEBE: 
Differential and integral calculus, five hours; with exercises, 
'one hour; Potential theory and partial differential equations, 
two hours.—By Dr. R. Kônra: Linear differential equations 
in & complex field, two hours. 


UNIVERSITY OF ManBURG.—By Professor K. HENsEL: Integral 
calculus, four hours; Algebra, four hours; Seminar, two hours.— 
By Professor E. Neumann: Analytic theory of differential equa- 
tions, four hours; Proseminar, two hours; Seminar, two hours. 
—By Professor W. v. Datwicx: Analytic mechanics, II, two 


" 
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hours; Advanced chapters from the theory of analytic functions, 


- two hours; Perspective and photogrammetry, two hours; with 


exercises, three hours.—By Dr. E. Herner: Analytic ge- 
ometry of space, particularly of quadric surfaces, four hours; 
Selected chapters from the theory of functions of real variables, 
one hour; Exercises in the lower Seminar, one hour. 


Universrry or Municx.—By Professor F. LINDEMANN: 


‚Differential calculus, five hours; Theory of abelian functions, 


four hours; Mathematical foundation of insurance, two hours; 
Seminar, two hours.—By Professor A. Voss: Plane analytic 
geometry, four hours; Mechanics, I, four hours; Seminar, two 
hours.—By Professor A. PRINGSHEIM: Eleinents of the theory 
of numbers, four hours; New.methods and results in the theory 
of functions, four hours. —By Professor H. Brunn: Elements of 


"higher mathematics and foundations of descriptive’ geometry 


with exercises, four hours.—By Professor K. DoEHLEMANN: 
Descriptive geometry, I, five hours; with exercises, three hours; 
Synthetie geometry, five hours; with exercises, one hour.— 
By Dr. G. Hartoas: Elementary geometry of two and three 
dimensions; Complement of algebraic analysis; one hour.‘ 


University op Rosrocx.—By Professor O. Staype: Dif- 
ferential and integral calculus, four hours; Applications of the 
differential calculus to geometry, four hours; Seminar, two 
hours. 


UNIVERSITY oF STRASSBURG.—By Professor H. Weber: 
Differential and integral calculus, four hours; Partial dif- 
ferential equations of mathematical physics, two hours; Sem- 
inar, two hours.—By Professor F..Schur: Analytic geometry of 
the plane and of space, four hours; Selected chapters from the 
theory of surfaces, one hour; Seminar, two hours. —By Professor 
M. Smon: Plane and spherical trigonometry, two hours; Non- 
euclidean geometry, two hours.—By Professor J. WELLSTEIN: 
Applications of the infinitesimal calculus, four hours; De- 
terminants, two hours; Seminar, two hours.—By Professor P. 
Epstem: Fourier series and related developments, two hours. 


University oF TÜBIıngen.—By Professor A. v. BRILL: 
Introduction to higher-mathematics, four hours; Theory of 
algebraic curves, three hours; Seminar, two hours.—By Professor 


~ L.MaunEn: Higher analysis, II, four hours; Higher algebra, 
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three hours; Seminar, two hours. By Professor O. PERRON: 
Elementary analysis, four hours; Descriptive geometry, three 
hours; with exercises, three hours; Seminar, two hours. 


University or Wtrzpure.—By Professor G. Rost: An- 
alytic geometry of space, four hours; Plane analytic geometry, 
‚four: hours; Spherical ‘astronomy, I, two hours; Political 
arithmetic, two hours; Seminar, twó hours; Introduction to 
higher mathematics (for students of insurance), two hours..—By 
Professor E. v. Weser: Differential calculus, four hours; with 


exercises, two hours; Introduction to vector analysis, two hours; 
‚Seminar, two hours.—By Dr. E. Hits: Algebraic curves, four f 
hours; Definite integrals, SE hours; Seminar, two hours. 
On June 14 an academic prize was awarded by the philo- 

` sophical faculty of the Univ: rsity of Göttingen to Mr. Dunnam 

Jackson, Hooper Fellow of Harvard University, for an essay 

entitled: “Ueber.die Genauigkeit der Annäherung stetiger 

Funktionen durch ganze rationale Funktionen gegebenen Grades 
und trigonometrische Summen gegebener Ordnung." 


Tag Gauss monument on the Hohenbagen, near Dransfeld, 
was dedicated July 31, the'memorial address being delivered 
' by Professor W. Vorar, of the University of Góttingen. 


i , 
Durme the Easter vacation of 1912 an extensive course in 


mathematics and physics for advanced teachers will be held at 
‚Göttingen under the direction of Professor F. Kıem. 


Proressor R. Gans, of the University of Tübingen, has been 
transferred to the University of Strassburg. 


Dr. R. Könıg has béeniappointed docent in mathematics 

at the University of Leipzig! - 
E | 

Dr. H. v. SANDEN has been appointed docent in mathematics 
at the University of Göttingen. : 

Dr. R. Scummuck has been appointed docent in mathematic- 
al pedagogy at the University of Gottingen. 

Dr. L. Scarerrmaèmer has been appointed docent in 
mathematics at the technical school of Darmstadt. 


Prorzssor E. FISCHER, of the technical school at Brünn, has 
accepted a professorship of mathematics at the University of 
Erlangen. | 


N 
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Dr. R. Fucas, of the technical school at Berlin, has been 
promoted to an associate professorship of mathematics. 


Proressor H. v. Koca, of the technical school at Stockholm, 
has been appointed professor of mathematics at the University 
of Stockholm, as successor to Professor G. Mittag-Leffler, 
retired. 


Dr. G. MAJCEN, of the University of donum. has been 
promoted to a professorship of mathematics. 


Dr. E. SankowskY, of the technical school at Berlin, has 
been promoted to & professorship of mathematics. 


PROFESSOR A. SCHOENFLIES, of the University of Königsberg, 
has accepted the professorship of mathematics at the academy 
of- social science at Frankfort. 


Dr. A. N. WEITEHEAD has been appointed lecturer in applied 
mathematics at University College, London. 


Prorzssor B. F. Yanney, of Mount Union College, Ohio, 
-has accepted the professorship of mathematics at Wooster 
University. 


Dr. H. E. Bucuanan has been appointed professor i 
mathematics at the University of Tennessee. 


Prorsssor H. L. Rırrz, of the University of Illinois, has 
been promoted to an associate professorship of mathematics. 
Dr. E. B. Srourrer has been appointed instructor in mathe- 
matics. 


` 


Mr. O. T. GECKELER has been appointed instructor in 
mathematics in the school of applied science of the Carnegie 
Technical Schools, Pittsburgh, Pa. 


^ Dr. F. T. HDouszer has been appointed instructor in 
mathematics at the University of Wisconsin. 


Mr. A. B. Dunnina has been appointed assistant PRO QE 
of mathemetics at Boston University. 


.' Dr. E. G. Brut has been appointed instructor in mathe- 
matics at Purdue University. 


Dr. S. Lerschezz, of Clark University, has been appointed 
instructor in mathematics in the University of Nebraska. 
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AT Northwestern University Mr. C. H. YEATON has been 
appointed instructors in mathematics. 


Mr. L. C. Cox has been appointed instructor in mathe- 
matics at Pennsylvania State College. 


PROFESSOR Franz MERTENS, of the University of Vienna, 
has retired from active service. 


Prorzssor E. L. Hancock, of the Worcester Polytechnic 
Institute, died on October 1 at the age of thirty-eight years. 
Professor Hancock had been a member of the American Mathe- 
matical Society\since 1902. 


PROFESSOR J. GRUNWALD, of the German University at 
Prague, died July 1, at the age of 35 years. 


Proressor H. SCHUBERT, of the Johanneum in Hamburg, 
and editor of the Sammlung Schubert, died July 20, at the 
age of 63 years. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 
Aurens (W.). Gelehrten-Anekdoten. 2ter Teil. Berlin-Schöneberg, 


Sack, 1911. M. 2. 
Amprecut (A). Zum grossen Fermatschen Sats. Dresden, Kohler, 
1911. 8vo. 4 pp. - M. 0.50 


AUSSANT—CARÀ (P.). Sulla discussione dei probleme riducibili al secondo 
grado, con applicasioni. Livorno, 1910. 8vo. 58 pp. M. 1.50 


Bavcn(B.) Studien zur Philosophie der exakten Wissenschaften. Heidel- 
berg, 1911. M. 5.00 


` Berns (S. N.). The theory of probabilities. (Russian. Charkow, 
1911. 8vo. 254 pp. 


Bone (E.). Eléments de la théorie des probabilités. 2e édition. Paris, 
Hermann, 1911. 8vo. 191 pp. Fr. 6.00 


Bosmans (H.). La première édition de la “Clavis Mathematica” 
d'Oughtred. Son influence sur la “Géométrie” de Des Cartes. Lou- 
vain, Geutrick. 1911. 


BucmER, Neue, uber Naturwissenschaften und. Mathematik. (Die 
Neuigkeiten des deutschen Buchhandels, nach Wissenschaften geord- 
‘net.) Mitgeteilt Sommer 1911. Leipzig, Hinrichs. 8vo. PP; Gan. 


Busmann (F.). Ein neuer Kegelsehnittzirkel Bonn a. R., Hilgers. 


Cuarrin (J.). Cours de mathématiques générales. Tome I: Algèbre, 
géométrie analytique, calcul diff tiel. Lille, Janny, 1911. 4to. 
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DæDonpær (T.). Sur les équations canoniques de Hamilton-Volterra. 


Paris, Gauthier-Villars, 1911. 4to. 44 pp. ! Fr. 3.75 
Duca (V.) Démonstration d'un théorème de Format. Pau, Garet. 
8vo. 22pp. > 


EnctcLorénm des sciences mathématiques pures et appliquées. Edition 
française. Tome II. Volume 2. -Fascicule 1: A balyso algébrique, 

E A7 Pringsheim, G. Faber, et ^. Molk; Fonctions analytiques, par 

. F. Osgood, P. Boutroux et J. Chazy. Leipzig, Teubner, 1911. 

8vo. pp. 1-99. M. 3.00 

{ ' —Tome IL. Volume 1. Fascicule 1: Principes de la géométrie, par F. 
^ Enriques; Notes sur la géométrie non-archimédienne, par A. Schoen- 
' flies; notions de ligne et de surface, par H. von Mangoldt et L. 
Zoretti. Leipzig, Teubner, 1911. 8vo. pp. 1-100. | M. 6.00 


s Enani (F.). See GmasswANN (H.). | i 
Pret, (A.). Die Lehre vom Flächeninhalt in der allgemeinen Geometrie. 
(Diss.) ' Strassburg, 1911. ` 
Fontans (G.). Théorie des opérations entaires, édifiée en vue 
.  d'éliminer le nombre du domaine de la géométrie pure.. Paris, 1910. 
Svo. 44pp. . . sí Fr. 2.50 
.FumrER (R.). Die Klassenkórper der komplexen Multiplication und ihr 
. Einfluss auf die Entwicklung der Zahlentheorie. ‚Bericht, zur Feier 
dea 100ten Geburtstags Eduard Kummers der Deutschen Mathemat- 
iker-Vereinigung erstattet. Leipzig, Teubner, 1011. 8vo. M PP; 
d x ^ . 1.50 


Gauss (C. .F.). Recherches arithmétiques. Nouvelle édition. Paris 
1910. to. Fr. 20.00 


Graser (F.). Ueber die Galoissche Gruppe der Gleichung 16ten Grades A 
von welcher die 18 Knotenpunkte der Kummerschen Fläche 4ter 
` Ordnung abhängen. (Diss. Strassburg, 1911. 870. 30 pp. 
Gurssow (N.). Coordinates; a mathematical abstraction. (Russian.) 
Volume 1. St. Petersburg, 1011. 8vo. 128 pp. » . à 


‚Gmemer (J. A.). See Srorz (O.). . 
GOURBAT By; Cours d'analyse mathématique. 2e édition, entièrement 
refondue. 
Paris, Gauthier-Vi , 1911. 8vo. 654 pp. Fr. 20.00 


GaaNvILLE (W. A.). Elements of the differential and integral calculus. 
With the editorial cooperation of P. F. Smith. Revised edition. 
Boston, Ginn, 1911. 8vo. 154-403 pp. $2.50 

GnassMANN (H.). Gesammelte mathematische und physikalische Werke. 
3ter Band, 2ter Teil: Grassmanns Leben, geschildert von F. Ergel, 
nebsteinem Verzeichnisse der von Grassmann veröffenslichten Schriften 
und einer Uebersicht des handschriftlichen Nachlasses. papse 
Teubner, 1911. 8vo. 15--400 pp. M. 11.00 

QurpsERG (A.). See WALLENBERG (G.). 


` Hamn (HL). Bericht über die Theorie der linearen Integralgleichungen. 
lter Teil. Leipzig, Teubner, 1011. 8vo. 51 pp. M. 1.20 


Havpr (O.) Untersuchungen uber Oszillationstheoreme, (Diss.) Teip- 
zig, Teubner, 1911. 2 M. 2.00 


r 
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Hurrivanr (O. C.). La théorie des irrationelles et son application à la 
théorie des équations. Paris, 1911. : 


Reesen (L.). Beiträge zu den Anwendungen der Theorie der unendlich 
kleinen Schraubungen auf Raumkurven. Munster, 1910. 8vo. 
44 pp. M. 2.00 


Kırner (A.). Das vernunftgemässe Studium der reinen und &ngewandten 
Mathematik auf mnemologischer Grundlage. Mit besonderer Be- 
DUO COME der Infinitesimalrechnung. Munchen, Pohlmann, 


Krozrassı (C.. Aufgaben fur den Unterricht im Differenziren an Real- 
schulen. Troppau, 1011. 8vo. 42 pp. M. 2.00 


Konia (Ra): Konforme Abbildung der Oberfläche einer raumlichen Ecke. 
(Habilitationsschrift.) Leipzig, Teubner, 1911. 8vo. 24 pp. 


Kowazewsxt (G.). Die komplexen Veründerlichen und ihre Funktionen. 
Fortsetzung der Grundzüge der Differential- und Integralrechnung, 
zugleich eine Einfuhrung in die Funktionentheorie. Leipzig, Teubner, 
1911. Svo. 44-455 pp. Cloth. M. 13.00 

Lecar (M.). en sur la théorie des déterminants à n dimensions, aveo 
applications à l’algébre, à la géométrie, etc. Gand, 1910. A à 

r. 13.00 


LearanD (E.). Sommations par une formule d'Euler. De l'usage ion 
eut en faire pour résoudre de nombreux problémes. Paris, Gauthier- 
Villars, 1911. 8vo. 46 pp. Fr. 2.75 


LzRoux. Sur un type d’équations intégrales. Paris, 1910. 


Lesser (O.). Die Infinitesimalrechnung im Unterricht der Prima. 2te 
Auflage. Berlin, Salle, 1911. 


-—Lehr- und Uebungsbuch fur den Unterricht in der synthetischen 
Geometrie der Kegelschnitte. Ausgabe A. Berlin, Salle, 1911. 


Lorenz (H.). Einführung in die Elemente der höheren Mathematik 
und Mechanik. Berlin, Oldenbourg, 1910.. M. 2.40 


Morr (ÀJ). Contribution à l'étude de la géométrie. Démonstration 
du postulatum d'Euclide. Nantua, Arène, 1911. 4to. App. 


Mme (A.). Das Problem des absoluten Raumes und seine Beziehung 
zum allgemeinen Raumproblem. (Die Wissenschaft: Sammlung 
naturwissenschaftlicher und mathematischer Monographien, Heft 
39.) Braunschweig, Vieweg, 1911. 8vo. 10--154 pp. MTS 


MÜLLER H). Die Grundbegriffe der Differenzial- und Integralrechnung 
und ihre Anwendung auf die Elementarmathematik. Metz, Scrib 
1911. 8vo. 4+32 pp. M. 0.7 


NimrtseN (N.) Elemente der Funktionentheorie. Vorlesungen gehalten 
an der Universität Kopenhagen. Leipzig, Teubner, 1911. 8vo. 
104520 pp. Cloth. M. 15.00 


Nónruwp (N. E.. Über lineare Differenzengleichungen. Kopenhagen, 
1911. M. 0.75 


Opn (K). Das Pythagoreische Dreieck und Faktorenzerlegung der 
Gleichung z"-J-y" — An, wenn n2. 


OvanrRBp. See Bosmans (H.). 
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Pzporz (G.. Sul concetto di prolungemento analitico. Montepulciano, 
Della Querce, 1911. 8vo. 22 pp. - . ` 


Porncaré (H.). Der Wert der Wissenschaft. Mit Genehmigung des 


Verfassers ins Deutsche übertragen von E. Weber, mit Anmerkungen 
und Zusätzen von H. Weber und einem Bildnis des Verfassers. 2te 
Auflage, mit einem Vorwort des Verfassers. Leipzig, Teubner, 1911. 
8vo. 8+251 pp. Cloth. s M. 3.60 


Remax (R.). Ueber die Zerlegung dar endlichen Gruppen in direkte 
ı unzerlegbare Faktoren. (Diss. Berlin, 1911. 4to. 20 pp. 


RicmrENrELS .(J.). Allgemeiner Beweis des Fermatschen Lehrsatzes, 
Berlin, Fri der, 1911. 8vo. 16 pp. © M.1.00 


—— Mehrere allgemeine Beweise für den sogenannten grossen Fer- 
matschen Lehrsatz. Kritische Beiträge zur Theorie der Irrational- 
Zahlen. 2te Auflage. Berlin, Friedländer, 1011. 8vo. 42 pp. 

\ . 2.50 


SAGHRET (J.) Henri Poincaré. Aveo 1 portrait et 1 autographe. (Les 
hommes ‘et les idées.) Paris, Mercure de France, 1911. 16mo. 
80 pp. Fr. 0.75 


Sommes (W.). Analytische Behandlung der Bewegungen im nichteu- . 
klidischen Raume. (Diss. Strassburg, 1911. 8vo. 33 pp. , 


ScHOTTEN H): Friedrich Pietzker. Mit einem Bildnis Pietzkers. Lei 
zig, Teubner, 1911. 8vo. 8 pp. M. 1.00 


Soarerrer (F.). Ueber das kombinatorische Erodukt'von vier Kolline- 
ationen im Raum und die Apolarität kollinearer Verwandtschaften auf 
allen Stufen. (Diss.) Giessen, 1011. 8vo. 60 pp. 


SaELLY (J. M.). Coordenadas hyperboloidales y su aplicacion al estudio 
de las conicas y cubicas contenidas en una cuadrica alabeada. ‘(Diss.) 
Madrid, Alemana. &vo. 57pp. 


SÉFÉRIAN Ve Notice sur le système des six coordonnées. homogènes 
^, d’une droite et sur les éléments de la théorie des complexes linéaires. 
Lausanne, Denéréar-Spengler. 8vo. 79 pp. Fr. 1.50 


BregPINSEI (W.). The theory of incommensurable numbers. (Polish.) 
Warsaw, 1910. 8vo. 149 pp. $0.50 


Sı.vema (A. da) A mathematica na musica e na linguagem. Bello 
Horizonte, 1011. 8vo. 74 pp. d $1.00 


SowwmnrELDT (E.) Die Kristallgruppen nebst ihren Beziehungen zu 
den Raumgittern. Dresden, Steinkopf; 1911. ` M. 8.00 


Sremanaer (O.). Zur Logik und Nazurphilosophie der Wahrschein- 
lichkeiterechnung. Ein umfassender Lósungsversuch. Leipzig, 
Xenien-Verlag, 1911. 

Srozz (O,) und Guæinee (J. A). Theoretische Arithmetik. ite Abtei- 
lung: Allgemeines. Die Lehre vor: den rationalen Zahlen. 2te 

i Auflage, umgearbeitet von J. A. Gmeiner. Leipzig, Teubner, 1911. 


8vo. 6+148 pp. Cloth. Bez M. 5.20 
Vanat (G.). Seritti matematici e filosofici, 1883-1909. Con biografia 
da P. O. Premoli. Firenze, 1911. ` L. 16.60 


"WALLENBERG (G.). Theorie der linearen Differensengleichungen. Uüter 
‚mitwirkung von Alf Guldberg. (Teubner’s Sammlung, Band 85.) 
Leipzig, Teubner, 1911. 8vo. 14-288 pp. ‚Cloth. , M, 11.00 
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Winter (M.). La méthode dans la „Philosophie des mathématiques. 
Paris, 1911. 12mo. Fr. 2.50 


Youna (J. W. AJ. Monographs on topics of modern mathematics 
relevant to the elementary field, edited by J, W. A. Young. New, 
York, Longmans, 1911. 8vo. 8+416 pp. $3.00 


ZucongTTI (R.). Proprietà metriche di una C™ dell’ Sa osculatrice 
all’ iperpiano all’ infinito. Milano, Pirola, 1911. Svo. 29 pp. 


IL ELEMENTARY MATHEMATICS. 
d'ADHÉMAR (R.). See Mowrzssus (R. de). 


Arrcocx (C. Eos pM a poma for beginners. Revised and 
rearranged. ew York, Macmullan, 1911. nn 
T $0.75 

ALLEN (J.) See Tanner (J. Hi 


BESTHORN (R. O.). See oct. 


BovnLET (C.). Eléments d’algebre. ler et 2e cycles. Classes de 3e A 2e 
et lre A et B. 8e édition, revue. Paris, Hachette, 1911. 16mo. 
296 pp. Fr. 2.00 


Bremant (A). L'arithmétique du brevet élémentaire de capacitó, suivi 
de notions pratiques de géométrie et d'un cours d’algèbre. 12e édition. 
Paris, 1911. 12mo. 


Bruno (G. M.). Nociones elementales de geometria aplicados al dibujo 
lineal. 15e edición. Tours, Mame, 1011. 16mo. 112 pp. 


CAPPELLONI (À.). "Trattato teorico-pratico di algebra elementare. Parte : 
I. (Biblioteca per tutti, n? 34.) Firenze, Salani, 1911. 16mo. 
72 pp. L. 0.15 


Corus (J. V.). Practical algebra. Second course. New York, Ameri- 
can Book Co., 1911. , 16mo. 104-308 pp. Cloth. $0.85 


CoMMISSAIRR (H.). Terora d'algébre et de trigonometrie. Paris, 1911. 
8vo. Cloth. Fr. 7.50 


Cnriīsrin (O.). Recueil de procédés de calculs rapides et de curiosités 
mathématiques. 5e édition, revue et augmentée. Liège, Brimbois, 
1911. '12mo. 12 pp. Fr. 0.50 


De Groopt (G.). Manuel de trigonométrie rectiligne, suivi d'une série 
de 200 problèmes de géométrie. Mons, Delporte, 1911. 4to. m Pp. 
1.5 


ERLANG (A. K.) Fircifrede logarithmetavler og andre regnetavler til 
> brug ved undervisning og i praksis. Udgave B. POUPO HEND. Gads 
Forlag, 1910. 


EvoLmis lents ex interpretatione Al-Hadschdschadschii cum com- 
mentariis Al-Narizii (Codex Leidensis 399, 1). Arabice et Latine 
ediderunt notisque instruxerunt R. O. Besthorn et J. L. Hee 
Copenhagen, 1910. 8vo. 81 pp. $1.25 


Fenr (H.). Etat des travaux dela commission internationale de l'enseigne- 
ment mathématique. Genève, 1911. 


Frupman (D. D.) See Harr (C. A.). 
Frrr (V.). See SLAGMULDER (F.). 


Gorrin (J.). Géométrie à l'usage des écoles moyennes. Liège, Dessain, 
1911. 8vo. 258 pp. Fr. 2.50 
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Göransson. See Kock (H. von). : \ 


Grawe (D. O.). Elements of analytic geometry. Part 1: Geometry of 
the plane. (Russian) Kiew, 1911. 8vo. 401 pp. $2.25 


Harr (C. A.) and FeLpman (D. D.). Plane geometry. With the editorial 
eooperation of J. H. Tanner and V. Snyder. New York, American 
Book Co.,-1911. 12mo. 308 pp. Cloth. $0.80 


Heıserg (J. L.). See Foot, ` 


Hocumum. (A.). Aufgaben aus der analytischen Geometrie der Ebene. 
3tes Heft: Die Kegelschnitte. 2te Abteilung. ata vermehrte 
Auflage. Leipzig, Teubner, 1911. 8vo. 4--169 pp. Cloth. 

M. 4.20 - 

Hovzr (J.) Tables de logarithmes à cing décimales pour les nombres et 
-les lignes trigonométriques., Nouvelle édition, revue et augmentée. 
Paris, Gauthier-Villars, 1911. 8vo. Boards. Fr. 2.75 


Jano (A.). Számtoló kézikönyve. Budapest, Patria: J i 


Jonas (G.). Ueber den Fehler bei logarithmischen Rechnungen. (Progr.) 
Landsberg a. W., 1911. \ i 
„Kır (F.). Aktuelle Probleme der Lehrerbildung. Vo . (Schriften 
des deutschen Ausschusses für den mathematischen und naturwissen- 
schaftlichen Unterricht, Heft 10.) Leipzig, Teubner, 1911. 8vo. 
4432 pp. 

Koos (H. von) und Göransson. Der mathematische Unterricht in 
Schweden. Stockholm, Fritzes Verlag. 

Köurer (E. T.. Manuale logarithmiec-trigonometrieo, con 7 decimali. 
14a edizione. Leipzig, Tauchnits, 1011. Ben, 38+388 pp. Half 
leather. | M. 4.20 


Knayrow (A. U.). Lectures on: approtimate computations. (Russian.) | 
St. Petersburg, 1911. 8vo. pp- | 


LawNzs (N. J.). See Sravan (H. Ei 


- Lermantorr (W.). Course in applied alzebra. 2nd edition. (Russian.) 
Bt. Petersburg, 1911. 8vo. 190 pp. 


Loker (W.). Staatsprüfung und praktische Ausbildung der Mathematiker 
an den höheren ulen in Preussen, u.s.w. (Abhandlungen über den 
mathematischen Unterricht in Deutechland. Iter Band, 3tes Heft.) 
Leipzig, Teubner, 1911. 8vo. 5+118 pp. d M. 3.20 


Mamam (J.). Manuel d’algèbre élémentaire. 3e ‘année d'études. 
3 Namur, Wesmael-Charlier, 1911. 16mo. 135 pp.' Fr. 1.50 


Manpart (H.). Leçons de géométrie analytique à deux dimensions à 
l'usage de l'enseignement moyen. Namur, Wesmael-Charlier, 1911. 
Svo. 385 pp. Fr. 6.00 


Marma (G.). Ee ede ed oe rene colle 
cire poligoni regolari, poligoni stellati, costruzione ovolo. 
Napoli, De 1911. 8vo. 16 pp. ' 

MOČNIK-ZAHRADNIČEK. Arithmetik und Algebra für die 5te bis ‘7te 
Klasse der Gymnasien. | M. 4.00 


——. Arithmetik und Algebra für die Ste bis 7te Klasse der be 
| „4.10 


^ 
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Moxressus (R. de) et D’Anmfaar (R.).- Calcul numérique. re partie: 
rations arithmétiques et algébriques. 2e partie: Intégration. 
cyclopédie scientifique.) Paris, Doin, 1011. 18 mo. 64-253 pp. 


Fr. 5. 
Monawzrz (J.) Vierstellige logarithmische und trigonometrische Tafeln 
nebst einigen Hilfstafeln. Wien, Tempsky, 1911. e K.1.00 


Most (D.). Elementi di geometria. (Biblioteca per tutti, n° 25.) Fi- 
` renze, Salani, 1911. 16mo. 71 pp. . L. 0.15 


Murray (D. A). Elements of plane trigonometry. New York, Long- 
‘mans, 1911. 8vo. 9--136 pp. $0.75 


NrgwxNGLOWSXI (B.). Cours de géométrie analytique. 2e édition. Tome 
ler: Sections coniques. Paris, Gauthier- illara , 1911. 8vo. 6+ 


496 pp. Fr. 10.00 
Parerson (W. E.). School algebra. 3rd edition. Parts 1 and 2. Lon- 
» don, Frowde, 1911. 8vo. 6s. 


Œ). Multiplicator perfettus. Tables pour rendre rapides 
et faciles les multiplications, divisions, élévation au carré et extraction 
de racines carrées. Paris, Gauthier-Villars, 1910. 4to. Boards. 

Fr. 25.00 


Quenxy (A.). Problèmes et exercises d'arithmétique théorique. ’ Paris, 
19011. 16mo. 


Somwa (C.). Lehrbuch der ebenen Geometrie fur höhere Lehranktalten. 
Giessen, Roth, 1911. M. 2.50 


Scawas (K ). Lehr- und Übungsbuch der Geometrie. Iter Teil. Aus- 
gabe B. Besorgt von C. H. Muller. Leipzig, Freytag, 1910. M. 2.50 


——. Lehr und Übungsbuch der Geometrie. 2ter Teil. Ausgabe A. 
Leipzig, Freytag, 1911. . 2.00 

——. Lehr- und Übungsbuch der Geometrie. 3ter Teil Ausgabe A. 
Leipzig, Freytag, 1911. . 2.00 

Snow (M. Pi Analytic geometry. (Russian. 2nd edition. Rostow, 
1911. Geo, 348 pp. | 


SIMON (M.). Analytische Geometrie der Ebene. Gammlung Göschen, 
Band 65.) Ste, verbesserte Auflage. Leipzig, Goschen, 1911. 8vo. 


195 pp. Cloth. M. 0.80 
SLAGMULDER (F.) et Frrpprar (V.). Cours d’algèbre élémentaire. Ta- 
mines, Duculot-Roulin, 1910. 16mo. 253 pp. Fr. 1.60 


Sravanur (H. E.) and Lennes (N. J.). Plane and solid geometry; with 
problems and applications. New York, Allyn, 1911. 12mo. 12+ 
470 pp. ^ 81.25 

Santa (D. E.). See Wenrworrx (G. A.). 


SUPPANTSCHITSCH (R.). Mathematisches Unterrichtswerk. "Lehrbuch 
der Arithmetik und Algebra für die 6te bis 8te Klasse der Gymnasien. 
Wien, Tempsky, 1911. K. 4.50. 

Tanner (J. H.) and ALLEN (J.). Brief course in analytic geometry. 
(Modern mathematical series.) New York, American Book Co. 
1911. 12mo. 316 pp. Cloth. $1.50 


VANEUKEM (F,). Eléments de géométrie pratique. Tome ler. Gand 
Vanderpoorten, 1010. 8vo. 304 pp. 5 Fr. 2.50 
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Vismara (F.). Le proiezioni ortogonali. (Biblioteca del popolo, n* 
496.) Milano, Sonzogno, 1911. 16mo. 62 pp. L. 0.20 


Wat, (ÀJ. Sammlung graphischer EE fur den Gebrauch an 
höheren Schulen. Mathematik und Physik. 2te, vermehrte und 


verbesserte Auflage. Gebweiler, Boltze, 1911. A M. 2.70 
Wentworta (G. A.). Plane and solid geometry. Revised edition: 
. Boston, Ginn, 1911. 12mo. 7+470 pp. oth, $0.75 


—— ‘and Sara (D. E). Vocational algebra. (V’entworth-Smith 
mathematical series.) Boston, Ginn, 1911. 12mo. 4+88 . 
Cloth. R $0.50 


` Wax (H.. Neue Rechenmethode, gegründet auf das natürliche Werden 
der Zahlen und des Rechnens. 2te Auflage. Dresden-Blasewitz, | 
Bleyl und Kaemmerer. - 


II. APPLIED MATHEMATICS. 


ApaAMI (F.). Die Elektrizität. iter Teil. (Bücher der Naturwissen- 
schaft. Oter Band.) Leipzig, Reclam. 127 pp. M. 0.40 
ALTENBORGER (J.), Braun (H.), Merer (P. und SrawcENBERG (P.). 
Versicherungsmathematieche Abhandlungen. Berlin 1911. “a 

. 4.00 


ANDRADE (J.). Le mouvement. Mesures de l'étendue et mesures du 
: temps. Paris, Alcan. 870. 328 pp. 
APPELL (P.). Traité de mécanique rationnelle. ' 3e édit-on, entièrement 
.  refondue. Tome 2: que des systèmes. Mécanique analyt- 
ique. Paris, Gauthier- ‚1811. 8vo. 566 pp. Fr. 20.00 


Basauis Rozmmpoom (H..W.). Die heterogenen Gleichgewichte vom 
Standpunkte- der Phaserlehre. 8tes Heft: Die teraaren , Gleichge- 
wichte, lter Teil, von F. A. H. Sehreinemakers. Deutsch von 
J. J. B. Deuss. Braunschweig, Vieweg, 1911. M. 10.00. 


Barri (E.) I: Sur une classe de solutions des équations indéfinies de 

+  l'equilibre d'élasticité. II: Application de la géométrie cinématique 
à la théorie des surfaces engen par une courbe varmble. (Théses.) 
Nancy, Berger-Levrault, 1911. 4tc. 78 pp. Yo 

BznNsrEIN (R.). Beitrige zur Ausbildung der Kraftmesser. lter Teil. 
(Habilitationsschrift. Halle a. S., 1911. 

Bourgeois. Geodésie élémentaire. (Encyclopédie scisntifique. Bib- 
- lio e de mathématiques appliquées. aris, Doir, 1008. 18mo. 
64-452 +12 pp. 4 

Braun (H.). See ALTANBURGER (J.). 

CASTELLANO (F.). Lezioni di meccanica razionale. 2a edizione. Torino, 

3 Cassone, 1911. 8vo. 7-+462 pp. 

CHARBONNHAU (A.). Les courants alternatifs de haute fröquence. Thé- 
orie. Production. Applications. Paris, Geisler, 1E1l. Geo, 629 
‘pp. ^ 2 - ` vs Fr. 18.50 

‘Darwin (Bir Q. W.). Ebbe und lut: sowie verwandte Erscheinungen 

" im Sonnensystem. Autorisierte deutsche Ausgabe nach der 3ten 
englischen Auflage von A. Pockels: '2te Auflage. (Wissenschaft und 
Hypothese, Band V.) Leipzig, Teubner, 1011. 8vc. 244-420 pp. 
Cloth. M Qu 7 UM. 8.00 
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Deen (H.). Die Grundlagen der angewandten Geometrie. Eine 
Untersuchung über den Zusammenhang zwischen Theorie und Er- 
fahrung in den exakten Wissenschaften. Leipzig, en 
Verlagsgesellschaft, 1011. 8vo. 8+160 pp. M. 6.00 


FiIscHEr (M.). See MACH (E.). 


Gauni (J.). Tane pour le tracé des courbes de chemins dé fer, routes 
et oa sanau prè par artie: Tables trigonométriques; par J. Gaunin. 2e 
e coordonnées; par J. Gaunin Houdaille, et A. 
Pee lle édition, revue et corrigée. 6. Paris, Dunod et Pinat, 
1911. 8vo. lre partie, 64-181 pp.; 2e partie, 14-]-182 pp. 


Gogrwézr (A). Der sonate Be (göttliche Proportion) und seine 

Beziehung zum menschli und anderen Dingen mit Zu- 

delegung des ree Zirk 2te Auflage, von A. Hoelzel. 
München. Lindauer, 1911. 


Gumror (L.). Cours de mécanique. Tome 2: Mécanique speciale des 
fluides. Hydraulique. . Thermodynamique. Air comprimé. Paris, 
Béranger, 1911. 8vo. 353 pp. 

HansonpT (F.. See Macu (E.). 

Harrr (8. C.). Mecanique sociale. Paris, Gauthier-Villars. 8vo. 256 
PP. Fr. 5.00 

Hivricus (W.). Einfuhrung in die geometrische Optik. Sammlung 
Goschen. Band 532.) Leipzig, Göschen, 1911. 8vo. PP 
Cloth. ML 0. 


Hor uzen (A. See GomgRINGER (A.). 


Hozssum (H. v. Die Schallgeschwindigkeit als Funktion der Verteilung 
der mol n Geschwindigkeiten. München, Lukaschik, 1911. 
8vo. 54-70 pp. M. 2.80 


Hooton (W. M.) and MamHias (A), A preliminary course of mechanics 
and physics. London, 1911. 


Inmrina (A. ei Die Mechanik der festen, flussigen, und gasfórmigen 
Korper. iter Teil: Die Mechanik der festen Korper. (Aus Natur 
und Geisteswelt, 303.) Leipzig, Teubner, 1911. 8vo. SS Per 


Jacop (L.). Le calcul mécanique. Appareils au et algé- 
briques. Intégrateurs. (Encyclopédie scientifique.) p Doin, 
18mo. 428 pp. 5.00 

Jamimson (A.). A text-book of applied mechanics and me en- 
MET Volume 3. 8th edition, thoroughly revised. London, 

riffin, 1911. 8vo. 278 pp. bs. 

Jürrner (F.) Ueber die allgemeinen In e der gewöhnlichen che- 
mischen Kinetik. (Festschrift zur Jahrhundertfeier der Universitat 
Breslau.) Breslau, Trewendt & Granier, 1911. Svo. 10 Dan 


Kerr (H.). Mathematische Geographie und Kartographie. Ite und 
2te Auflage. Trier, Lintz, 1911. 8vo. 8-+51pp. M 1.10 

LaLANDE (L.) et NoaLmar (H.). Eléments de thermodynamique. Paris, 

, Geisler, 1911. 8vo. 34-235 pp. 

—— La thermodynamique appliquée à la machine à vapeur. Paris, 
Geisler, 1011. 8vo. 199 pp. 
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Live (M.). Das Relaiivitttsprinsip. (Die Wissenschaft, Halt GE 

` Braunschweig, Vieweg, 1 

LeHeux (J. W. N.). Lissajous’sche Stimmgabelkurven in M DEA 
pischer Darstellung: Leipzig, Barth, 1911. 8vo. 8 pp. M. 6.00.» 

LrpPMANN (A.). Einführung in die Aeronautik. iter Teil: "Theoretische 
Grundlagen. Elementare Vorträge. Leipzig, 1911. M. 7.00 

Maca (E.). Grundriss der Physik. Bearbeitet von F. Harbordt und 


M. Fischer. Iter Teil: Vorbereitender Lehrgang. Are, ps 
Auflage. Leipsig, Freytag, 1910. 2.00 

Maina (L.). La théorie de l'intérêt et ses applications. ibn 
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. THEOREMS ON THE CATENARY. 


4 
A GENERALIZATION OF LINDELOF’S THEOREMS 
ON THE CATENARY. 


BY PROFESSOR OSKAR (BOLZA. 


. Tem object of the following note is to a two well 
nowi theorems on the catenary os to Lindeléf* by proving 
the following proposition: 

Whenever the general integral 3 Euler 8 differential equation for 
the integral 





(1) 7- Site anis 
-~is of the form ES : 
Ch y = ap ( 55) 


(with a, B as constants of integration), the following two theorems 
hold: 


A) If A and À' are a pair of conjugate points (in the wider 
serise) on an extremal for the integral (1), then the tangents to the 
extremal at A and A’ meet at a point T of the x-axis, and vice versa.t 

B) The value of the integral J' taken along the arc AA’ of the 
exiremal is equal to the value of J taken along the broken line 
. ATA':$ - 





(3) _J(AA) = J(AT) + J(TA). 
| E 
The proof of the first theorem is almost immediate. For if 
z—p 
@ Si y= a(r) 


be any particular extremal of the family (2) and A(z, yı) one of 


GEES Lindelóf-Moigno, “ Legons, sur le calcul des vena pp. 
200-2 13. 
one QA Risus über Variationsrechn p. 80. 
. Bianchi recently generalized Lindelöf’s secon nns from the 


toga fu TFF F y”de to the more mo gs tal fv T T y?dz, Rendi- 


centi della R. Accademia dei e di scienze fisiche, matematiche e 

' maturali, series 5, vol. 19 (isi) uo The extremals for this integral 
are of the form (2), so that Bian KEE 

our theorem B). 


€ 
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its points, then the übacisin a,’ of the conjugate point A’ satisfies 
the equation 








(5) © go OD us plun) 
, > ein e'(u) 
where : 
mz Bo gg Gm Bo 
u= w “ ao 


E the other hand, the abscissa of the point of intersection T 
of the tangent to € at A with the z-axis is 





(6) ` mm pt auf - 5), 
and the analogous quantity for the point A’ 
a! =, Bo + o (w = sa ) 


which, combined with (5), proves tlie first theorem. 


In order to prove the second theorem we make use of a 
slight extension of Zermelo-Kneser's " envelop-theorem."* ` 
‚Let 
qc y = Ti, a) 


. bea one-parameter set of extremals for the general integral 
J = ffG y, y dz, 


and suppose there exist two curves €, and R, both tangent to 
all the extremals of the set (4) (two branches of the envelop 
of the set (4)). If Sta) and %(a) are the abscissas of the 
points of contact 1 and 2 of the extremal-(a) with the curves 
X, and K, respectively, these two curves may be written in 
parameter representation 


&: 2= 50), y= YG, a) m KO), 
| gek a= la), y = Y@ a) = sie), 


and 


(8) va), YGa o) = BO 


a (a) , 23' (a) 
* Compare Kneser, Mathematische Annalen, vol. 50 (1898), p. 27. 
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l 


whence i it follows that ! 


(9) ' Yo, a) = 0, Y. a) = 0. 


We now consider the integral J taken along the extremal (a) 
of the set (7) from the point 1 to the:point 2. Its value is a 
function of a which we denote by J(a), so that 


Cio LE f, Y, Y? ds. 
“The derivative of this function can easily be computed by 





. methods well known in-the calculus of variations; if we take 


into account the equations (8) and (9), we obtain 
à M Ne 
ro - EEN 
We integrate this equation with respect to a from a’ to a” and 


denote by €’ and €" the extremals a = a’ and a = a" of the set 
(7), by P’, P" the points of contact of f with €’ and ©” respec- 








Fro. 1. 


tively, by Q’ and Q" the points:of dotato R, with €’ and €” 
respectively. Then the result of the integration is 


Ja LÉI DI) m Jo (P"Q") E Je(G"Q^) + Js (Q'Q"): 
RN) =| — Ja (Q"Q5. 


Hence we’ obtain the desired extension of the EC theorem 
in the form f 


. 40) J (PQ) = Ja(P'P") 4 Je(P"Q") + JQ. 


But 
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Our theorem B) can now easily be seen to be a special case 
of the general theorem just proved. For if the general integral 
of Euler's equation for the integral (1) ig of the form (2), and 
if the tangents to the particular extremal (4) at A and A’ meet 
at a point T of the z-axis, then the set of arcs directly homo- 
thetic with the arc 4A’ with respect to the center of similitude, 
T are likewise extremals. For if c be the abscissa of the point 
T, these homothetic arcs are given by the equation 


x — (ad. + el — 22) 


ado 


(11) y= vil 


with a as ratio of similitude. They are therefore contained in 
the form (2) and are consequently extremals for the integral (1). 





Fic. 2. 


From the similitude of the arcs it follows that they are all 
touched at one of their extremities by the line T4, at the other 
‘ by the line TA’. We may therefore apply to the set of ex- 
tremals (11) and the two straight ‘ines 8; = TA and D = TA’ 
the above extension of the envelop theorem. Hence if BB’ 
be one of the arcs in question for which 0 <a < 1, then 


J(AA’) = J(AB) + J(BB’) + J(B'A5, 
and passing to the limit a = 0, we obtain the desired result 


J(AA’) = J(AT) + J(TA?). 


Fremra i. B. 
July, 9, 1911. 
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A NOTE ON THE THEORY OF SUMMABLE 
INTEGRALS. 


BY MH. B. CHAPMAN. d 
(Read before the American Mathematical Society, December 28, 1910.) 


$1. Introduction. 


- Or recent years increasing use has been made of infinite 
series which do not converge; but whereas the mathematicians 
before the time of Abel and Cauchy used such series without 
proper examination of the validity of their use, modern mathe- 
maticians in general employ them only when the legitimacy of 
the work can be clearly demonstrated. The need so arising 
: for theories to justify the application of ordinary methods and 

transformations to non-convergent series just as if they did 

converge has been fully recognized, and to meet it there have 

been published many well-known memoirs by Cesäro, Borel, 

Poincaré, LeRoy, and others. The theory is still being rapidly 

extended, and new important applications are constantly ap- 
.pearing. Among recent recent workers on the subject may be 

mentioned Bohr, Bromwich, Fejer, Hardy, C. N. Moore, and 

Riesz. 

Parallel with the theory for infinite series there is a theory 
for infinite integrals; but the latter has not yet been developed 
so much as the former. Mr. Hardy* seems to have been the first 

' to define a “summable” integral, and his paper was closely 
followed by one due to Dr. C. N. Moore,t in which some 
properties of summable integrals were proved. Subsequently 
Dr. Bromwich] wrote on the same subject, and more recently 
still the theory has been generalized by Mr. Hardy$ and 


* Quar. Jour. of Mathematica, vol. 35, p. 54. 

1 ^On the introduction of convergence factors into summable series 
and summable integrals,” Trans. Amer. Math. Society, vol. 8, p. 299.. 

È an a of certain infinite series and integrals," Math. Annalen, 
vol. 65, p. ; 

$G. H. Hardy, “Notes on some points in the integral calculus,” 
Messenger of Mathematics, vol. 40. ‘Theorems connected with Maclaurin’s 
test for the convergence of series," Proc. Lond. Math. Soc. G. H. Hardy 
and 8. Chapman, “A general view of the theory of summability of series 
and in ," Quar. Jour. of Mathematics, 1911. 
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myself.* In particular I have applied methods of “summation” 
to series and integrals which converge, with the object, not, of. 
course, of finding their sum, but of gaining an insight into the 
` nature of their convergence. 


32. Summable Integrals. 

Mr. Hardy’s original definition of the summability of an 
integral was quite analogous to Cesäro’s definition of thé sum- - 
mability of a ser=s by &'first mean. Thus, if F(a) i is a function 
which i is integrable in every finite EES lying in the interval’ 
a =x, then the integral 


E J@)dx 


is said to be sumnable (C.)f if the limit 


if [ro 


exists; and the velue of the limit is called the “sum” or “value” 


of the integral. 
The extension 2f this definition is obvious, viz., 


The integral f fex is summable (C,) if the limit 


Jim 2 f P f raisins ds 


exists; and as becore the value of the limit defines the ‘‘sum 
or “value” of the integral. > 

For many purposes, however, in the development of the 
, general theory, tie above multiple integral i is more convenient 
when it is transfcrmed into the expression 


f G - £t, 


which is easily deduced by the theory of multiple integrals. 


* 8. Chapman, “On non-integral orders of summability of series and 
integrals," Proc. foo. Load. Math. Soc., 1911. 

+ The convenient notation of which this i is a particular case was intro- 
duced by Mr. Hardy in a paper published in the Proc. Lond, Math. Soc., 
series 2, vol. 4, p. 227. - 





1911.] SUMMABLE INTEGRALS. 113 
| 

In bérdculàs the latter form i is valuable because it ‘shows the 

analogy of the above methód of summation with that intro- 

duced (for the case of series) by Dr. M. Riesz.* ' 
Further, it suggests the idea of non-integral orders of sum- 

mability, and is an eminently suitable form. for, proving 

theorems on summability i in full ‚generality and with extreme 


` "simplicity. | 


Dr. C. N. Moore, in the. paper already quoted, uoo e that 
if an integral is convergent, it is summable (C;) and its ‘ 
is the same as the ordinary value. This is a particular case t 
the more general theorem which I have established, to the 
effect that “if an integral is Summable (C), then it is summable 
(C,), with the same sum, provided r’ >r, where r and r' may 
be any: positive or negative| numbers (including zero), greater 
than — 1:” This may be called the general condition of con- 
sistency. 

In this paper, however, I shall restrict myself to integrals 
which are summable (C,), where r is zero or a positive integer 
only. I propose to discuss the behaviour of Je as x > œ, in 
such integrals. The main result i is an extension (with a certain 
redundant condition removed) of a theorem by Dr. C. N. Moore 
in his paper on GE factors. 1 


$3. The Limit of ihe ra of a Summable Integral. 


In the case of an infinite series, it is a necessary but insufficient 
condition for convergence that lim a, = 0. More generally, 


for a series a, to be Ber (Cr), it is necessary 
(though insufficient) that lim (an/n") = 0; this has lọng been 


known to hold when r.is a positive integer,$ and I have proved 
that it holds generally for any valueofr>—1. \ 
We should not expect the same result to hold in the case 





* Comptes Rendus, July, 1909. Dr. Riess! 8 definition of the sum of a 


non-convergent series is : 
lim Us 6 — Si 
"— 0 > y 


and evidently n may be integral orn 


lt non-integral orders . «|. , " Pe Lond. Math. i Soc., 1911. 
The method also is an extension of the one there used, but the ques- 
2m itself was presented to me otherwise, by the corresponding theorem 
or series. 

$ See, for instance, Bromwich, The Theory of Infinite Series, Ch. XI. 


1 \ 


| | 
\ 
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of integrals,* for even in the case of convergent integrals (when 
r = 0) we know that f(z) need not approach 0, and in fact may 
have no finite upper limit. An example of this will be given 
almost immediately. | | 

It is well-known, however, that if s f(z)dz converges, then 
the condition of uniform continuity of f(x), for «=k, where k 
is any constant, is sufficient to ensure that f(x) — 0 as z — co. 

Simple continuity of itself implies uniform continuity over 
any finite closed range of the variable, but this is evidently not 
, the case over an infinite range. ME 

Dr. Moore, who considered only integrals summable (Ci), 
proved that if f(x) is uniformly continuous for z= k > 0, and- 
if S Stade is summable (Cj), then ` 


lim f(z)/z = 0. 
r— o 


This is a particular case of the more general theorem which 
. I proceed to establish; but first it must be mentioned that th 
restriction upon’ f(z) of uniform continuity is unnecessarily 
stringent. It is sufficient that f(z)/z should be uniformly con- 
tinuous for =k > 0. As Dr. Moore himself proved in: the 
memoir referred to, if f(x) is uniformly continuous for =k > 0. 
then so also is f(x)/z", for any r > 0; but the converse does not 
hold. | 

For example, consider the function f(x) defined thus: f(x) = 
Ofor : 

n + l/m Sz S (n4- 1) — l/(n +1}; 
* It may be interesting to point out that the mezhod analogous to that 


' which is successful in the case of series here fails campletely. In proving 
the theorem for series, we use a formula for Gn in terms of Sa", viZ., : 





r EHI ge 
a = 85 +080, + EED go, — 


to r or n+1 terms according as r is or is not’a positive integer. 
The integral analogue of this expression is easiy seen to be 


Led f^ roo — 0r aas, 
which is equal tó | 
Sitou frt — tr(z -9 de = Sf I a Cen er dé. 


The second integral converges for no value of r, and therefore the "method " 
is useless. ; 


: 
| | 
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and f [n+ (1 — 0)/m] = 6 4/n for 0 «0 « 1. e f(x)dz is con- 
vergent but f(n) = vn, so that f(z) does not > 0 as x — co, 
nor has it even a finite upper limit. f(x) is continuous but 
not uniformly so, for z£&k >0. But since Í f(æ)dz is 
summable (Co), by the general condition of consistency it is 
summable (C;); also f(x) Je — 0, which however is not deducible 
from Dr. Moore's theorem, since f(a) i is not uniformly contin- 
` uous. On the other hand, f(z)/z is uniformly continuous, and 
hence f(z)/x — 0 does follow from the theorem as we shall prove 
it, with the unnecessary restriction removed. 


| $4 
.  'TugonEM. If f(x)/x i is uniformly continuous for «=k > D, 
and L f(x)dz is summable (C,); then 


Hin Joa = 
I restrict myself to tlie case when r is a Noise integer. 


There seems little doubt, however, that the theorem holds for 
all values of n > — 1. | 


Let Lisi = le fle) D E zy da. 1 


By hypothesis, if L is the ‘‘sum’? of the integral, 
D TS x — ©, 


Then r being integral, we have 


Po dr 
a) EE 


‘which is immediately deduciblé from either form of L«(z). 
Since Zelle is uniformly continuous for z = k > 0, we can 
find a positive number 8, when Ba small positive 
constant e is assigned, so that for x = 


fe AH fla) 
Gd hy c 


provided 0 < IW < (r +1). 





(2) 








i 
| 
1 
[ 
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But by the general mean value theorem of the differential 
calculus and equatien (1) we have 


(3) EE ee mhet n 


dr f 
= aye Lo + 09] 


rLór f(x + 05). (0. «0 «r4 1). 


© We now expand the expression (8) in the form of an integral 
polynomialin z. We get, . 


eX (-19(") tse FI me SE Le + r= mi) 
` Leg, 
where S contains only a finite number of terms (a number fixed 
when r is fixed) and, since L,(z) > L, has a finite upper limit 
K for all values of + and for all values of ô < 1, say. Further, 
we can find a constant zo, depending on e and ô, such that for 
zv m 
Le — Lal < er". 
Hence for z € Zo, We have 


rlér"f(c + 08) < Y-a- e 57 + 2738, 








or 
fa +6) . K ' 
ar ne rl ory” 
Hence if zo > 1/ö"Hle, 
IW f(x + 05) ; 
@ +05 < Xe 


where K’ is independent of z and ô. Now 8 is a function of x, 
and hence z + 08 dues not necessarily assume all values along 
the real axis. But by equation (2) it follows that for all values 
of £ = a > l/ónüe 

f pr, 


x ta 
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where K” is a positive constant, and consequently f(z)/z' >) 
as x — oo, which was what we desired to prove. 

In conclusion, we may, remark that the theorem, may be 
Stated as one of pure integral calculus, without reference to the 
theory of summability of integrals. Putting f(x) —9(z)z*, the 
theorem thus becomes: 

If (x) is uniformly continuous over the infinite interval z = it 
> 0, then the convergence to a limit, as x — ©, of the integral 


{soe (2-2) a8 


requires that (x) shall >0 as $— o0. 


CAMBRIDGE, 
ENGLAND. 


IRREDUCIBLE HOMOGENEOUS LINEAR GROUPS OF 
ORDER pr AND DEGREE p OR pt. 


BY PROFESSOR W. B. FITE. 
(Read before the American Mathematical Society, February 25, 1911.) 


No group all of whose non-invariant commutators give 
invariant commutators besides identity can be simply iso- 
morphie with irreducible groups of different degrees. This 
category includes all groups of order p* (p & prime) and classes 
one, two, and three. Moreover no group of order p™ can be 
simply isomorphic with irreducible groups of just two different 

WW 


A consideration of these facts gives rise to the query as to 
whether any group of order p* can be simply isomorphic with 
irreducible groups of different degrees, and it is the purpose of 
this note to answer this question for certain special cases. 

In the first place, if G is an irreducible group of order p^ 
and degree p, it cannot be simply isomorphic with an irreducible 
group of any other degree, since it contains an abelian subgroup 
of index f p, and since a group of order p* with an abelian sub- 

* BULLETIN, rel; 14 a X RO 

T Transactions Amer. ociely, ri 7 (1908), p p. 68. We shall 
have occasion to make x a the fact, established here, that in an irre- 
ducible group of order p^ and degree p, the substitutions commutativa 


with a substitution that gives an invariant commutator besides identity 
form an abelian subgroup. 
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group of index p° cannot be simply isomorphic with an irre- 
ducible group of degree greater than p*.* : 

Suppose that G is an irreducible group of order p* and degree 
p... If tis a substitution of G that corresponds to an invariant 
commutator of G' of order p, it is invariant in a subgroup G, > 
of order p*— and G, must be reducible since is invariant in it ` 
and is not a similarity substitution. We can so transform G ` 
as to exhibit G, in & completely reduced form with p irreducible 
components and, with Ge (Gi; R}, where R replaces each 
variable of any component by the corresponding variable in the 

succeeding component.t 
' «If G, contains a substitution s that has just p conjugates and 
is commutative with R, ¢ must be the same in each of the com- 
ponents (each of degree p) of Gi. If s, is that part of s that 
involves the variables of the ith component of Gi then s; is 
not invariant in its component; since if it were s would be in- 
variant in G;, and therefore invariant in G. Each component 
of G1, as the ith one, being of degree p, contains an abelian sub- 
group of index p of which s; is a part, and in the formation of 
G no substitution of the abelian subgroup in one of these com- 
ponents can be associated with a substitution that is not in 
the corresponding abelian subgroup of some other component, 
since otherwise s would have more than p conjugates. Hence 
G, contains an abelian subgroup of index p, and G cannot be 
simply, isomorphic with an irreducibe group of any degree 
other than og . | f 
~ Now t and R must be contained in a subgroup G; of order 
p", since otherwise G’ would be of order p? and @ could not be 
an irreducible group of degree p*.f If then G, contains no 
substitution with just p conjugates that is commutative with 
R, G4 can contain no invariant substitution that is not invariant 
in G. For every substitution of G, is of the form sZ*, where 
8 is a substitution of G;, and if sR* is invariant in Gz, we must 
have «= 0 (mod p), since s is commutative with ¢ and R is 
not. Therefore sR* is in Gi, and it is commutative with R. 
But Gi, by supposition, contains no substitution with just p con- 
jugates that is commutative with R. uh 

Hence. G; is either irreducible or simply isomorphic with each 





* Loc. cit., vol. 8 (1907), p. 110. 
., {But the variables in the last component are not necessarily replaced 
by the corresponding ones of the first component. 
t Loc. cit., vol. 7 (1906), p. 67, Theorem II. 
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of its p irreducible components.* In the latter case, since these 
components are each of degree p, Ga contains an abelian sub- 
group of order p"# and G cannot be simply isomorphic with an 
irreducible group of any| degree except p°. In the former 
case, since G contains an irreducible subgroup of*order p"! 
and degree p°, it cannot be simply isomorphic with an irredu- 
cible group of any degree except p? and p’, if we assume that no 
group of order p™ (mı<m) can be simply isomorphic with 
irreducible groups of degrees p° and p^ respectively (n2 2). 
But no group of order p” can be simply isomorphic with irre- 
ducible groups of just two different degrees. Hence G cannot 
be simply isomorphic with an irreducible group of any degree 
except p*. ‘The assumption upon which this conclusion rests 
can easily be justified for small values of m. We have therefore 
proved the following 
THEOREM: An irreducible group of order p" and degree p? 
(p a prime) cannot be simply isomorphic with an Bees 
group of any other degree. | 
If we take into consideration the theorem just proved and the 
facts heretofore cited together with the fact that if G is simply 
- isomorphic with an irreducible group of degree SÉ", where p“ 
is the order of the central of G, it cannot be simply isomorphic 
with an irreducible group of any other degree,t we can readily 
verify that if a group of order p" is simply isomorphic with 
irreducible groups of different degrees, then m= 12. 
` Let G be an irreducible group of order p and degree p! that 
does not contain an abelian -subgroup of index p°. Then a 
can contain no substitution that has just p conjugates and is 
commutative with R. Moreover the central of G^ can contain 
only one subgroup of order p, since if tı and t: corresponded to - 
independent operations of order p of the central of G', some 
substitution of the form hi would be commutative with R 
and would have just p conjugates in Gi. Hence the central of 
G' must be cyclic. 1 
Any. substitution of G that corresponds to an invariant 
operation of G’ can give only invariant commutators; and if G' 
contains an invariant operation of order p’, any corresponding 
substitution s of G has not more than p conjugates in Gi, since 
8? is invariant in G4. Moreover s is not invariant i in G, since 





* Loc. cit., vol. 8 GET p. 107.' 
es p. '109; and B ULLETIN, 2d series, vol. 14 (1908), p. 328. 
1 Burnside, Theory of Groups of Finite Order, pp. 78 73, Vs. 
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of its p irreducible components.* In the latter case, since these 
components are each of degree p, Gi contains an abelian sub- 
group of order p*~ and G cannot be simply isomorphic with an 
irreducible group of any degree except p*. In the former 
case, since G contains an irreducible subgroup of*order p"! 
and degree p?, it cannot be simply isomorphic with an irredu- 
cible group of any degree except p° and p?, if we assume that no 
group of order p^: (mı<m) can be simply isomorphic with 
irreducible groups of degrees p and p” respectively (n7 2). 
But no group of order p™ can be simply isomorphic with irre- 
ducible groups of just two different degrees. Hence G cannot 
be simply isomorphic with an irreducible group of any degree 
except p*. The assumption upon which this conclusion rests 
can easily be justified for small values of m. We have therefore 
proved the following 

THEOREM: An’irreducible group of order p" and degree p? 
(p a prime) cannot be simply isomorphic with an irreducible 
group of any other degree. 

If we take into consideration the theorem just proved and the 
facts heretofore cited together with the fact that if G is simply 
isomorphic with an irreducible group of degree po, where p* 
is the order of the central of G, it cannot be simply isomorphic 
with an irreducible group of any other degree,f we can readily 
verify that if a group of order p™ is simply isomorphic with 

irreducible groups of different degrees, then m= 12. 

` Let G be an irreducible group of order p" and degree p? that 
does not contain an abelian subgroup of index p*. Then G, 
can contain no substitution that has just p conjugates and is 
commutative with R. Moreover the central of G^ can contain 
only one subgroup of order p, since if tı and t: corresponded to 
independent operations of order p of the central of G', some 
substitution of the form if would be commutative with R 
and would have just p conjugates in Gi. Hence the central of 
G' must be cyclic. 1 

Any substitution of G that corresponds to an invariant 
operation of G' can give only invariant commutators; and if G’ 
contains an invariant operation of order p*, any corresponding 
substitution e of G has not more than p conjugates in Gi, since 
8? is invariant in Gi. Moreover s is not invariant in Ou, since 


* Loc. cit., My 8 4907), p. 107. 
LS id., p. 109; and BULLETIN, 2d series, vol. 14 (1908), p. 328. 
Burnside, "Theory of Groups of Finite Order, pp. 78, 75. 
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it is nat commutative with Rr. Hence in each component 
of Gi, as the ith one, s, is contained in an abelian subgroup of 
index p,.a&nd the subgroup of G, within which s is invariant is 
abelian and of index p? under G 

We can Assume then that the central of G' is of order p, and 
hence that the central of no succeeding cogredient contains an 
operation of order greater than p. If G were of class 3, G" 
would be of order* p? and G^of order p’. But this is impossible 
for an irreducible group of „degree pit We can assume then 
that G is of class k, where k= 4. 

Suppose that t: is a substitution of G that corresponds to an 
invariant operation of G". Then it must be in G, f and if 4, 
were invariant in the tth component of Gh, is; {j=1,2,... 2) 

would be invariant in the jth component, since in Jh the 
ith component is the same (except for the names of the variables) 
as the (t — Uh component of LG and since the commutator of 
R and 14 is invariant in each-component of d Hence either ty 
is invariant in Gh, or ta: is not invariant in the ith component 
and gives only invariant commutators. In the latter case the 
substitutions of the ith component of G, that are commutative 
with ts: form an abelian group, and hence the substitutions of 
G, that are commutative with à form an abelian group. More- 
over this abelian group cannot be of index greater than p* under 
Gi, since & cannot have more than p? conjugates under Gi. 
Hence G contains an abelian, subgroup of index not greater 
than p°. 

We have now to consider the case in which t is invariant in 


'G,. If under this supposition the central of G^ were of order 


greater than p, we could assume that every substitution of G 
that corresponded to an invariant operation of G” is invariant 
in G,. If then t: and s, were substitutions of G that corre- 
sponded to two independent operations of the central of @”, 
Lage would, for a suitably chosen value of a, give only invariant 
commutators in G. But this is impossible. Hence we -con- 
sider the central of G" to be of order p. 

If now G were of class 4 (k — 4), G"' would be generated by 
two independent generators each of order p, and hence G; would 
be abelian. But this is impossible in an irreducible group of 
degree p*. 

* Lóc. cit., vol. 3 (1902), p. 351. 


T Loc. cit., art (1908), p. 67. 
1Ibid., p. 6 





191L] ` IRREDUOIBLE GROUPS. ` 121 


We now assume that an irreducible group of degree p* and 
order p".contains an abelian subgroup of index less than p*, 
: if it is of class k, unless the central of each cogredient up to and 
including the (k — j — 1)th is of order p, and the substitutions 
of G that correspond to any operation of these centfals are in- 
variant in G;. In this excluded case, if t}; is a substitution 
of G that corresponds to an invariant operation of @%-?, it is 
‘contained in G;. If it is not invariant in G;, the substitutions 
of Gi that are commutative with it form an abelian subgroup of 
index not greater than p*~/ and G contains an abelian subgroup 
of index less than p*. If ts; is inyariant in G, it can easily be 
shown (as in the case k = 4) that we need only to consider 
the case in; which the central of. G*—? is of order p. Hence if 
. our assumption holds for any value of 7(> 1), it holds for the 
next smaller value of j. But we have shown that it holds for 
j=k-2. 

We have assumed throughout that k > 2. If k = 2, G' is of 
order p‘ and contains an abelian subgroup of order p*.* 
We have proved therefore the 


THEOREM: If G is a group. of order p* and class k (22) that 
ts simply isomorphic with an irreducible group of degree p°, it 
contains an abelian subgroup of index less than pP. If k —2,G 
contains an abelian subgroup of index p*. ` 

COLUMBIA UNIVERSITY, - > 
August, 1911. 
* Loc. cit., p. 67, and vol. 3 (1902), p. 343. 
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GRADUATE WORK IN MATHEMATICS IN UNIVER- 
SITIES AND IN OTHER INSTITUTIONS OF LIKE 
.GRADE IN THE UNITED STATES.* 


1. The Establishment of Advanced Instruction in the United States. 


FORTY years ago the bachelor's degree granted on the com- 
pletion of a four years’ course of a general character marked not 
merely the close of a young man's liberal education, but also, 
except in the case of some lawyers, ministers, and physicians, 
the end of all academic instruction of any kind. In particular, 
apart from a few exceptional,cases, no advanced instruction 
in mathematics was anywhere provided beyond the usually 
rather meager ingredients—hardly more than analytic geometry 
and a little caleulus—of this college course, which consisted 
mainly of prescribed studies. As an external sign of this state 
of affairs we note that the master's degree, where it existed, was . 
conferred for reasons having very little to do with study, while 
the doctor's degree was practically non-existent.t The desire 
for higher education in America, which had been felt for many 
years by some of the leading minds of the country, had been able 
so far to achieve only momentary and sporadic success. 

'The most notable example of such à momentary success, so 
far as the study of mathematics is concerned, is to be found at 
Harvard during the fifties and early sixties, where, under the 
guidance of Benjamin Peirce, a band of young men devoted 
themselves successfully to the pursuit of higher mathematics. f 


* International Commission on the Teaching of Mathematics. Committee 
XI. Chairman, Maxom Bôcxer, Harvard University; D. R. CURTISS, 
Northwestern University; P. F. Surrg, Yale University; E. B. Van Vimos, 
the University of Wisconsin. 

The der ee roports hero referred E nre 

1 urses of Instruotion and the Master's Degree. Didius Pee 
SE Curtiss. Cf. BULLETIN, Feb , 1911. 

2. Preparation for Research and the Doctor's Degree. Chairman, 
Professor Smith. Cf. BuzzeTiN, March, 1911. 

8. Preparation of Instructors for Colleges and Universities. Chairman, 
Professor Van Vleck. Cf. BULLETIN, November, 1910. 

No attempt will here be made to summarize these reporta completely 
or even to refer to all questions treated in them. 

D ee Yale University, where the degree of doctor of philosophy 

ed in 1800. 

1 Peirce was tutor or professor of mathematics at Harvard from 1831 til 
his death in 1880, but, except during the period here considered, it was only 
in the last ten years of his life that, under the influence of an ding 
slecny system, he again began to have an i appreciable number of ad 
students. 
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A few of these have since attained world-wide fame, while others 
were influential in'introducing advanced mathematical instruc- 
tion into the United States twenty or thirty years later. ‘Peirce’s 
success in collecting at this time a fair number of competent 
students for graduate work seems to have been due primarily 
to the presence of the office of the American Nautical Almanac 
at Cambridge from 1849 to 1866, and, secondarily, to the found- 
ing in 1847 of the Lawrence Scientific School,* which, in those 
‘early years, possessed, under the leadership of Louis Agassiz, 
Jeffries Wyman, Asa Gray, and others, some of the aspects of 
what is now known as a graduate school. 

We notice, in passing, the contrast presented at this time, and 
for many years after, between the increasing supply of good 
astronomers in this country and the lack of men who, even by a 
stretch of the imagination, could be called mathematicians. 
It may fairly be said that the mathematical talent of the country 
was at this time diverted to astronomy. 

Various circumstances united to bring a large measure of 
success in the establishment of graduate instruction in all fields, 
and in particular in mathematics, during the years 1870-1890. 
The great increase of wealth in the country brought with it 
endowments of many sorts which strengthened the older uni- 
versities and established some important new seats of learning. 
Three things may be mentioned which, on this basis of material 
prosperity, did more than anything else to help forward the 
cause of graduate study in the critical period we are now 
considering. 

1. Study Abroad.—For many years an occasional American 
had gone abroad to complete his studies. Thus B. A. Gould, 
& pupil of Benjamin Peirce and a graduate of the class of 1844 
` at Harvard, who later became eminent as an astronomer, studied 
with Gauss in Góttingen and took his doctor's degree there in 
1848. Similarly J. Willard Gibbs after taking his doctor's 
degree at Yale in 1863 spent three years (1866-1869) in Paris, 
Berlin, and Heidelberg, where he studied with Kirchhoff, Helm- 
holtz,: Weierstrass, and others. A few more cases of a similar 
sort might be recorded, but it was not until the end of the 

*In the same year the department of Philosophy and the Arts was 
organized at Yale with the Geen of furnishing "resident graduates and 
others with the opportunity o ne themselves to special branches 
of en these branches embracing “theology, law, medicine, and more 
‚particularly mathematical science ‘and physical science and its applica- 


tions.” It wasin this department that the doctor's degree was established 
in 1860, as noted above. 
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seventies or the beginning of the eighties that the stream of 
mathematical students from America to Europe (generally to 
Germany) became a steady one. This tendency to go-to 
Germany, for the closing years of study contributed probably 
more thah anything else to build up sound standards of produc- 
tive scholarship and of graduate teaching, without which all 
attempts to establish advanced instruction in this country 
must have remained abortive. Its success was in part due to 
the establishment and the wise administration of traveling 
fellowships, first at Harvard and then, to a much less degree, 
elsewhere. We shall return to this important matter of study 
abroad in a later section. 

2. The Foundation of Johns Hopkins University.—The mag- 
nificent bequest of Johns Hopkins of three and a half million 
dollars for the foundation of a university in Baltimore, and his 
wisdom in leaving his board of trustees a free hand in the organi- 
zation of the institution resulted in the àdoption, on President 
Gilman’s initiative, of a plan whereby the ordinary under- 
graduate instruction was relegated to a subordinate position 
from the very start, so that the new university stood before 
the American publie as the standard bearer of the higher educa- . 


` tion. This was of inestimable benefit in strengthening the 


hands'of those members of the faculties of the older universities 
who had been struggling to establish and develop graduate 
instruction at their own institutions. ~The presence of the 
eminent English mathematician, Sylvester, as professor of 
mathematics during the first seven years of the Johns Hopkins 
University, had also a marked effect in stimulating interest in 
advanced mathematical studies in America, though it is easy 
to overestimate his direct influence, as he was a poor teacher 
with an imperfect knowledge of mathematical literature. He 
possessed, however, an extraordinary personality, and had in 
remarkable degree the gift of imparting enthusiasm, & quality 
of no small value in pioneer days such as these were with us. 

3. The Elective System.—At the beginning of the period under 
consideration the lack of students qualified to undertake ad- 
vanced work was most keenly felt and made any large success 
in the establishment of graduate instruction an impossibility. 
'The adoption under the lead of President Eliot, first at Harvard 
and then to a greater or less extent throughout the country, of 
a far-reaching elective system in the four-years’ undergraduate 
course furnished a possibility for the gradual extension of 
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N in the special fields. Without entering on the 
question of the advantages and disadvantages of the elective 
system for the college itself, we may safely say that it provided 
a basis for advanced instruction without which any copsiderable 
development; of such instruction, at least during the years of 
which we are:now speaking, would hardly ‚be conceivable.* 

: At the close of the period we are considering, when the idea of 
graduate instruction had already taken a firm hold on many 
‘of the stronger institutions of the country, the founding of Clark 
University exclusively for graduate study in mathematics, 

psychology, biology, physics, and chemistry gave ac further 
" impetus to specialization in advanced work, and the opening 

of the University of Chicago in 1892 may almost be said to 
mark an epoch in the development of graduate instruction in 
the West and Middle West; for, though that university had 
from the start an undergraduate department, it stood out, 
through the character of its faculty and the emphasis laid on 
' research work, as a strong exponent of the graduate idea. 
While in these universities, as well as at Johns Hopkins, ad- 
vanced instruction was at once placéd in a department by itself, 
in by far the larger number of institutions it developed very 
gradually within the old college, room being made for it by the 
‘elective system; and it was only slowly, even in the larger 
institutions, that small groups of graduate students began to 
collect. The somewhat unorganized condition, which was then 
the rule, is still to be found in the weaker institutions of the 
country and also in some colleges which in their chosen field of 
undergraduate work are strong, but which voluntarily renounce 
any substantial development of graduate instruction. The 
great universities, however, have all, since the year 1890, de- 
veloped well-organized graduate schools frequented by the 
graduates oftheir own and other colleges. It may be added, 
to avoid possible misconception, that the graduate schools 
~ which sprang full-fledged into existence and those which de- 
_ ‘veloped slowly from the old college no longer form two distinct 








* Cf. ‚however, the closing remarks of $2. What we desire to emphasize 
here is that an elective system so arranged as to allow some ation 
oe en not merely the choice between various ele- 
subjects, permitted a gradual development of more and more ad- 
menta instruction, the students being at mainly undergraduates. 
Such & development.could go on simultaneously at many places, while 
even a single attempt to duplicate the Johns Hopking experiment would 
probably have quickly led to disastrous failure 
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classes. Some of the strongest graduate schools in the country 
are now to be found among the last-named institutions. 

In contrast with such countries as France, Italy, and, to & 
less extent, Germany, we note the complete lack of central 
control or organization in the United States. Many variations 
are hereby made possible which are, for a country like ours, 
almost a necessity; and competition, on the whole healthy, 
springs up between the different institutions. 

In conclusion we note that of late years some technological 
schools (for instance the Massachusetts Institute of Technology) 
have updertaken a limited amount of graduate instruction in 
mathematies. As this instruction does not differ, except in the 
greater emphasis laid on applied mathematics, from that given 
at colleges and universities, and since the amount of such in- 
struction at technological institutions is as yet very small.in 
comparison to the whole amount of mathematical graduate 
instruction in the country, we have not thought it necessary 
to mention these technological schools specifically in what 
follows. 


2. The Graduate Student of Mathematics at the Present Day. 


Owing to the great variety of standards for the bachelor's 
degree in the different colleges of the country, the students of a 
single graduate school enter it with very diverse preparation. 
This is, however, not so disturbing as might be expected, owing 
to the fact that at every university in which a graduate school 
exists there is a collegiate or undergraduate department whose 
instruction is freely open to the graduate student who is in 
need of it. We may then say that not all work done by graduate . 
students is graduate work. On the other hand, the ambitious 
and capable senior in colleges allowing considerable freedom of 
election will frequently be doing work of a distinctly graduate 
character in the same classes with able graduates of colleges 
in good standing. 

If we thus miss any sharp line of demarcation at the lower 
limit of the graduate school between graduates and under- 
graduates, we find & similar phenomenon at the upper limit 
where the graduate student often passes by almost imperceptible 
steps into the teacher. Indeed there are graduate schools, 
even among the better institutions of the country, the bulk of 
whose students are at the same time assistants or instructors. 
This, and the very high percentage of graduate students of 
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mathematics the country over who are fellowship and scholar- 
ship holders are features of American education which it is to 
be hoped, will gradually pass away.* They are closely related 
to the presence in graduate schools of large numbers of students 
of mathematics who have reached an age when their student 
` days should be over, It can not be too strongly urged on all 
who give young men advice or who are influential, by awarding 
scholarships or otherwise, in shaping their careers that it is 
only in his first youth (not at the age of thirty or thirty-five) 
that the foundation of real success can be laid by the student of: 
mathematics. 

À. somewhat different class is formed by school-teachers in 
active service who are at the same time enrolled as graduate 
students of mathematics, but at any moment take necessarily 
only a small amount of work. The ambition of these teachers 
to improve their professional equipment is most laudable. 
When, however, as is sometimes the case, they form a consider- 
able proportion of the enrollment of & graduate school, they 
may be a source of weakness to that school in spite of their 
. earnestness of purpose. 

The period spent by a student in graduate study varies from 
one to three, or even more years; and the amount of migration 
from one university to another does not seem to be large, al- 
though the great majority of students attend & graduate school 
at a different university from that at which their undergraduate 
years were spent. 

We note also that in graduate work coeducation is the almost 
universal rule, not only in the great state and other western 
institutions where coeducation forms an integral part of the 
scheme of education from top to bottom, but even in the most 
conservative institutions of the East, which do not admit women 
to their undergraduate departments. Apart from Princeton 
and the University of Virginia, where no women are admitted, 
it is only in women's colleges (Bryn Mawr, Vassar, etc.) and in 
some institutions for men which have held firmly to the under- 
graduate idea, so that the amount of graduate work is very 
limited, that one sex alone will be found. 

A striking and significant fact is that nearly half of all gradu- 
ate students of mathematics come from small colleges. "This is 





* Nothing in any way resembling this free award of financial aid is 
found ne to induce strong men to attend schools of law or engineer- 
ing. Cf.the dosing lines of this section. 
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probably due to the fact that in such colleges students always 
have the opportunity to study the elements of mathematics and 
often something beyond the elements, while the inducements 
for them to turn away into other fields are slight in comparison 
to those offered at larger institutions where a richer, elective 
' system prevails. The tendency so strong in our day and 
country to regard the man of action as being of nobler clay : 
than the man of thought and ideas, reinforced by the much 
greater financial prizes open to the former, whether he be 
lawyer, business man, or engineer, creates a situation where it 
is not eäsy to secure for mathematical study a due proportion 
of the strongest youth in our college communities. 


3. The Organization of Advanced Mathematical Instruction." 


The purpose of mathematical instruction should be fourfold: 

I. To impart knowledge. 

IL. To develop power and individual initiative. 

ILI. To lead the student to express adequately and den 
what he knows. 

IV. To awaken the jore of knowledge and to impart scholarly 
ideals. 

The first of these aims, without attention to which the other 
three can not be obtained, has led to the great development of 
the lecture system which we find in all graduate schools, and to ' 
the use of the textbook and treatise either in connection with 
these lecture courses or independently of them, and of the 
original memoir the ‚reading of which constitutes an art by no 
means easy to acquire, and which deserves special eultivation 
at the hands of the members of the teaching staff. 

As means used under II may be mentioned: first, the solution 
of problems by students either in connection with the lecture 
courses or in special seminars or proseminars, and secondly, the 
writing of theses which may or may not be connected with the 
doctor’s degree. This last is also the chief means employed 
under III, although the quiz (cf. Subcommittee 3, § 4) is some- 
times employed effectively for this purpose, and even the brief 
written problem is not without some value here. 

Both II and III above should receive more attention than is 
, now commonly given to them, while I is at present adequately 
treated, except, perhaps in the relative weakness of applied as 
distinguished from pure mathematics. 


* Cf. also the report of Subcommittee 1. 
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The aim indicated under IV depends for its attainment less 
on special methods of instruction and more on the personality 
of the instructor and his attitude towards science than do I, IT, 
or III. To secure adequately the'end in view, an instructor is 
needed who combines high scientific ideals with a commanding 
- or sympathetic personality. Such men could do much to coun- 
teract the tendency noted in the closing lines of $ 2, but, on the 
other hand, it is precisely this tendency which makes them dif- 
ficult to secure. "Their influence on undergraduate instruction 
should be no less valuable than in the graduate school. 

We must come back once more to the lecture courses which 
everywhere form the backbone of graduate mathematical in- 
struction. Such a course usually extends either through the 
. Whole academic year, that is from the end of September till 
` early in June, or through the first or second half of this year.* 
The lectures, of somewhat less than an hour each, come usually 
three times (less frequently twice) a week. While much depends 
on the local traditions and the personality of the instructor, it 
may in a general way.be said that these lectures have a far less 
formal character than is the case in European universities. 
Students will frequently interrupt the lecturér with a question, 
and short discussions between the instructor and one or more 
students will not infrequently take place, and at times the more 
formal quiz (cf. Subcommittee 1, § 6 and Subcommittee 3, § 4) 
finds its place here. Some tact and firmness are occasionally 
necessary to prevent the loquacious or thick-headed student from 
monopolizing the time of the class, but on the whole this frequent 
contact during the lecture between teacher and student is an 
admirable, feature of American higher education, and counter- 
acts, to a certain extent, some evils which usually accompany 
the lecture system. It is made possible by the smallness of the 
classes, an audience of twenty-five in a graduate course in 
mathematics being distinctly unusual. 

The range of subjects covered by the courses offered in each 
graduate school is very great (cf. Subcommittee 1, § 5). This 
is peculiarly the case in those institutions which have only 
recently begun a policy of expansion in their gradüate work, 
where the first sign of such expansion often appears in an 
astounding increase in the number and range of courses offered, 
for only a small part of which: there are students. Indeed, if 

* Attention must also be called to work in the summer schools and 
summer quarters. Cf. Subcommittee 1, § 4. 
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students should present themselves, the capacity of the teaching 
force would be completely overtaxed. This is a state of affairs 
which no self-respecting institution should allow to continue, 
and there are signs that it is usually of only a temporary nature, 
since with & real strengthening of the mathematical department 
of such an institution this inflation tends to disappear. We 
hasten to add that the stronger institutions, and many smaller 
institutions with a due sense of proportion, offer admirable 
selections of courses commensurate with their capacity and the 
needs of their students, courses which at-each institution usually 
« vary considerably from year to year. Even in the weaker 
institutions where a call for advanced instruction is hardly 
apparent, it may often be wise to encourage instructors to offer ’ 
& course of a not wholly elementary character, as it will fre- 
quently be found to act as a tonic and, by keeping them in 
touch with the scientific side of their subject, enable them to 
make their elementary work more vital. 

It was mentioned in $2 that no sharp distinction between 
graduate and undergraduate work in mathematics can be made. 
Indeed it is hard to exclude entirely from graduate work any- 
thing above the first course in the calculus, now commonly 
taken in the second undergraduate year. The actual state of 
affairs is best expressed by regarding the group of courses just 
following this point, such as a second course in the calculus, the. 
elements of determinants and of the theory of equations, pro- 
jective geometry, a first course on differential equations, etc., 
as belonging both to graduate and to undergraduate instruction. | 
From this latter point of view, however, these courses usually 
appeal only to the student of distinct mathematical ability and 
seriousness of purpose, whose presence in the course along with 
graduates does not very greatly affect the character of the 
course. i ` 

As the external signs of success for the graduate student we 
have the master's and the doctor's degrees. The first of these is 
commonly given for one year's graduate work done largely in 
one subject, such as mathematics or physies, ‚and tested either 
by course examinations in which a higher standard is demanded 
than is accepted for undergraduates, or by a single examination 

, covering the whole year's work. A thesis is also often required 
for the master's degree; but the work done on this thesis is not 
commonly of the nature of research work, and the degree is 
taken by considerable numbers of students most of whom never 
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proceed further. This degree is given, and properly given, by 
a large number of institutions, many of which have only a very 
moderate strength in their graduate mathematical work. ‚Under 
these conditions suggestions for a minimum standard for the 
degree are not out of place, and such suggestions will be found 
in the report of Subcommittee 1, $ 7. 

The doctor's degree originally came to us from Germany, but 
has long been naturalized and is in all American institutions of 
good standing distinctly a research degree. In several of our 
strongér universities it has a standard at least as high as the 
‘best German standard. The requirements for the doctor's degree 
in universities which have been giving it to any extent during 
the last ten years are tolerably uniform (cf. the report of Sub- 
committee 2), but in this matter so much depends on the un- 
written standards of individual professors or departments that 
there still remains a great difference in the ease with which the 
. degree can be obtained at different institutions. It is for this 
reason that the suggestion which is sometimes made that it 
would be well to attempt to formulate definite standards for 
the doctor's degree to which the universities of the country 
should conform, seems to be of slight practical value. 

In school and college work America adopts in one respect a 
very different standpoint from France and Germany, and this 
has a certain indirect influence on graduate work. We refer 
here to the fact that in the last-named countries a pupil will 
` not be allowed to proceed from class to class, and, particularly, 
will not be allowed to pass the great educational landmarks (for 
instance graduation from the gymnasium in Germany) without 
conforming to a very exacting standard which a considerable 
percentage of each class fails to attain. In America, on the 
other hand, the teacher who tries to impede seriously the prog- 
ress of any but the unusually lazy or stupid soon makes himself 
impossible. This is not the place to discuss the respective 
merits of these two points of view in the secondary school or 
even in the college; but when we come to the graduate student 
of mathematics it seems clear that the American attitude must 
be modified, and, as a matter of fact, in all the stronger institu- 
tions of the country a much greater ability and eàrnestness of 
purpose is demanded for passing examinations and securing 
“ degrees in the graduate school than would be allowed to pass 
muster in undergraduate work. Nevertheless, it is to be hoped 
that something more will be accomplished in this direction, and 
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that, in particular, candidates for the doctor's degree will be 
made to feel that success for them at an institution of good 
standing is not a mere matter of time and patience. It is the 
more important to insist on this since, as has just been said, 
the wholt current of secondary and college education runs in 
another channel. : 


4, Teachers. 


We must be concerned with this subject for two different 
reasons: first, because the great majority of graduate students 
of mathematics ultimately become teachers in secondary schools, 
colleges, or universities; and, secondly, because on the quality 
and efficiency of the teachers in the graduate school itself 
(professors, instructors, etc.) depends to such a large degree 
_the quality of the school. 

It is a favorable sign of the gradual elevation of the profession 
of secondary-school teacher that of late years many persons 
wishing to adopt this profession spend a year in study in a 
graduate school. It is true that this time is frequently not 


spent in the study of a single subject; but for the future teacher , 


of mathematics ‘(or of mathematics and some other subject) to 
have had a couple of graduate courses in mathematics, usually 
in the intermediate group referred to on p. 130, is a very sub- 
stantial gain over the conditions of twenty years ago. It is to 
this class of students that the courses on the teaching of mathe- 
matics, which are now given at many colleges and universities, 
mainly, appeal. 

If we except this group who go into secondary-school teaching, 
and a second group who study mathematics as a tool for use in 
some other science, such as physics, it may be said with almost 
absolute precision that all other students of mathematics 
in graduate schools become instructors in mathematics in 
colleges or universities. The condition of twenty-five years 
ago, where college instructors in mathematics were taken 
from among the freshly graduated students of a college 
(usually the same college where they were to teach), has how 
` become the exception instead of the rule; and where it 
still occurs, the appointment is usually a temporary one, 
both the instructor and the college expecting that, after a 
year or two of teaching, further graduate study will follow. 
' The gain involved in this changed state of affairs, both 
in breadth of view and in real mastery of the subject, the 


` 
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teaching of which is to be the young man’s life work, is so 
obvious as to require no further comment here, If the student 
can furthermore be given some comprehension of the fact that 
the science of mathematics is a living and growing one through 
contact with other students or instructors who are themselves 
contributing to this growth, and still more if he himself can take 
some part in the development of mathematical knowledge, his 
outlook on mathematics in particular and intellectual life in 
general will have been so broadened that he can hardly fail to 
become a better member of a college faculty than would other- 
wise have been the case. i 

After all this has been said, we must, however, admit that this 
question has also another side less pleasant to contemplate. 
What passes for original research, in this country more even 
than abroad, is often hardly a real contribution to mathematical 
progress at all, but merely a grinding out of results, which if 
they have only never been published before may be as unim- 
portant and unattractive as you please; they form an “original 
contribution.” One is tempted to answer: Yes, in the same 
sense as the brass button in the contribution box. We may feel 
certain that in the long run this will be the character of the 
research work done by students who have no real capacity or 
inclination for original work, but who are pushed into it by the 
increasing demand, on the part of certain heads of departments, 
for the doctor's degree as a necessary preliminary to college 
teaching. The pressure thus produced will surely, if persisted in, 
bring forth an increasing yearly crop of doctors,—success can 
be obtained by almost anyone with a fair mathematical capacity 
and with sufficient industry and patience, either by going 
abroad or by going to one of the weaker American institutions 
with an ambition for giving the doctor's degree. It is doubtful 
if the time will ever come, certainly it will not come for a great 
many years, when all the members of the teaching staffs of the 
large universities of the country, and the colleges of like rank, 
can be men with a real capacity for original investigation; the 
number of -all such men in the country falls far short of (one 
might almost say that it is of a different order of magnitude 
from) the number of places to be filled. 

The pseudo doctor, to whom reference was made above, is 
often narrowed rather than broadened by the bit of investiga- 
tion which he has been set to do, and becomes thereby less 
effective as a teacher, investigation for him becoming a fetich 
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` for which he forgets all other ideals. Or, on the other hand, 


, he may let all thought of original work drop out of his mind 


when once he has secured his degree. In either case the letters 
he places after his name ought not to go very far in recom- 
mending him for teaching positions. A broad and deep math- 
ematical training should surely be demanded by all the insti- 
tutions of the country which claim collegiate rank as a pre- 
requisite for a permanent appointment on their teaching staff. 
They will naturally demand also some ability as a teacher. If 
in addition they can secure an investigator of a genuine sort, - 
even though his caliber be slight, they should usually regard 
themselves as fortunate, though a few of the strongest institu- 
tions can and should set themselves a much higher standard. 
On the other hand, our stronger graduate schools should con- 
tinue, as they are now doing, to encourage every capable student 
to try his hand at some piece of original investigation, but they 
should not hesitate, after a fair trial, to tell him, if that turns 


- out to be the ease, that he is not fitted for that kind of work. 


No specific training for the profession of college or university 
instructor is commonly given in graduate schools apart from the 
training in mathematics (cf. Subcommittee 3, $ 5). The state- 
ment made in $ 3 of the present report that the training in clear 
and adequate exposition which is given to graduate students of 
mathematics is frequently insufficient is of peculiar importance 
in relation to the future teacher. While it is probably not 
desirable to attempt to train the future college or university 


: instructor in the art of teaching, the question whether more can 


not be done to lead graduate students of mathematics to express 
their ideas well both in spoken and in written form is worthy of 
serious consideration. 

Let us turn now from the graduate students, who are to 
become college instructors, to the actual instructors and profes- 
sors of mathematics in our colleges and universities. If we com- 
pare conditions at the present day with those existing twenty 


. years ago, a very great increase in the standard of mathematical 


knowledge on the part of the teaching staff is evident. That 
the improvement here has not been even greater is due in large 
measure to the fact that the supply of well-trained graduate 
students falls far short of the demand. Weak appointments are 


‘ also made from time to time, owing to ignorance on the part 


of trustees or heads of departments of what really constitutes a 
mathematician, to the pernicious view that administrative 
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ability may be allowed to take the place of mathematical 
ability, or to other like causes. Flagrant cases of this kind 
occasionally occur which make one blush for the good name of 
American universities, but such cases are now merely sporadic 
and one gains comfort by contemplating conditions in Germany 
only a hundred years ago. What is needed here, as in so many 
other places in American life, is a strengthening of intelligent 
‘idealism (we have more than enough misdirected idealism 
amongst us) based upon knowledge, and there seems every 
reason to hope that the great development of mathematics in 
this country during the last twenty years, evident chiefly in the 
growth and activ.ty of the American Mathematical Society, 
will in an ever-increasing degree supply the intelligent and 
influential public opinion here needed. The shortage, above 
mentioned, in the supply of instructors in mathematics forms 
the most serious aspect of the situation. 

For various further points: The excessive burdening of young 
instructors with drudgery, which still often occurs; inadequate 
salaries; the burdening of professors with administrative work; 
we refer to the report of Subcommittee 3. 


5. Study by Americans Abroad. 


No account of higher mathematical education in America 
would be complete without a reference to the part played by 
the study of Americans abroad. What an important factor 
this was in introducing advanced mathematical instruction and 
research into America has already been mentioned in $1. In 
the early days the possibilities for advanced mathematical 
study in this country were very limited, so that it was natural ' 
that students able to do so should go abroad where they could 
find this opportunity in large measure. At the present day it 
may safely be said that at several of the stronger American 
graduate schools most American students find mathematical 
opportunities better suited to their needs than are to be found 
at any place abroad. Nevertheless, students still go abroad in 
apparently undiminished numbers to study mathematics,* and 





* It would be a matter of considerable interest to have statistics on 
the number of American students who go abroad each year to study mathe- 
matics and the length of time they stay. Such statistics would seem to 
'be very difficult if not impossible to secure. As to the proportion of in- 
structors of graduate courses in mathematics who have spent at least one 
year abroad, see the report of Subcommittee 1, $3. Far less important 
18 the question of the number of doctor's degrees conferred on Americans 


Y 
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their decision to do this is frequently a wise one. Let us inquire . 
how this can be the case. 


There come first considerations of a non-mathematical char- . 


acter. It is desirable for everyone to become acquainted at 


, first hand with other countries than his own, and this is doubly 


true for an American, for whom a period of residence in European 


` countries is invaluable. It is true that the student often seems 


to have brought back from & year or two of residence abroad 
only a strengthening of his earlier national prejudices, since the 
mote in the neighbor's eye is so very easy to discern;* but if 
he is worth his salt, he brings with him a fund of impressions 


` and experiences which, as time goes on, greatly enrich his life. 


state of affairs should survive his return more than a few months. - 


For this reason alone stüdy abroad is to be recommended even 
at some mathematical sacrifice. A second consideration is that 
the cost of living in Germany, to which country the great 
majority of students going abroad have always resorted, even : 
after the great increase of the last few years, is still lower than 
in America, and in particular, the tuition fees are much less than 
in many of the larger American institutions, especially of the 
East. These facts largely counterbalance the éxpense of the 


trip across the ocean. Finally, it is to be remembered that a E 


year or two of mathematical study in Germany, France, or 
Italy gives the student a reading and speaking knowledge of one 
of the great languages of modern thought, besides his own 
native English, such as can hardly be acquired in any other way. 

When we come to mathematical considerations, the first 
question we must ask is whether getting a degree or learning 
mathematics is the prime object of the student Yoing abroad.. 
It is the former which, owing to circumstances mentioned in § 4, 
is too often uppermost in his mind. A student of this category 
had much better go abroad for his degree than to a second-rate 


American institution. Of course some care must be exercised . 





abroad. Such information might be secured. We content.ourselves with 


giving two such items, for which we are indebted to Dr. Dunham Jackson:’ : 


At Göttingen in the years 1889-1909, inclusive, 22’ Americans received 
the degree in mathematics, while no degrees -in mathematics had been 
conferred on Americans during the four previous years. * 

At Leipzig in the years 1885-1902, inclusive, 8 Americans received the 
d in mathematics, while after this time Americans seem to have ceased 
taking the degree in mathematics there. : i : 

At present from 2 to 4 Americans take their Pop in mathematics in 

y each year, as against an average of 16 or 17 in the United States. 

* There are also cases in which he takes so kindly.to foreign conditions 

as to become out of touch with America. It is however, rare that this 


- 
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by him in the choice of his university, or he must have good 
fortune in writing & thesis whose weak points are not evident 
on & superficial examination, but-his task is, on the whole, not 
a difficult one, and he gets at least the advantage of a, period of 
foreign residence. 

For another class of mén foreign study may be recommended 
without qualification, namely, for able students who have al- 
‚ready had a substantial training in one of the better American 
. graduate schools, or who have even taken the doctor's degree 
at such a school. Such men will naturally go either to one of 
the great mathematical centers like Paris or Göttingen, where 
they will have the opportunity to hear lectures by several of the 
leading mathematicians of the day, and, perhaps, to see some 
of them occasionally outside of the lecture room; or they will 


‚ Select some mathematician of eminence in a particular field with 


whom they may hope to gain direct personal contact, and go 
to the university where he happens to be. "Thus of late years 
a small but steady stream of American students has gone to 
Italy. - 

To the students just considered, and to some extent to their 
weaker comrades mentioned above, the period of residence at & 
great European mathematical center or of contact with an 
eminent mathematician at a less important European institution 
- brings with it a realization of what high scientific ideals in 
mathematics are, and to what an extent they prevail abroad. 
Such ideals prevail also, it is trué, at the strongest American 
institutions; but it is hard for the young American to appreciate 
their great diffusion in a ripened civilization until he has expe- 
rienced it by personal contact. 


" 
SHORTER NOTICES. 


Shop Mathematics. By Epwarp E. Horton, Head of the De- 
partment of Machine-Shop Practice, the Technical High 
School, Springfield, Mass. Ge The Taylor-Holden 
Company, 1010. xit+211 pp. 


. Te present rapid development of s vocational 
schools and their competition with general secondary schools 
have set in operation. forces which tend to modify materially the 
character of secondary mathematical teaching in this country. 
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Since the mathematical work of the higher institutions rests ` 
upon the foundation laid by the secondary schools, it is im- 
portant that any tendency to alter that foundation should be 
fully’ appreciated. | 
The book under review is one of the first published results 
of the attempt to develop a course in mathematics adapted 
to the.needs of the secondary technical school, and as an in- 
dication of those needs, and possibly of the character of the 
mathematical instruction in such schools, it deserves serious 
attention. 
The pioneers of the movement of protest against the tra- 
ditional currieulum and methods of the secondary school have 
set high standards for the work of- their own institutions. 
Witness the statement of Dr. c. M. Woodward:* "No blow, 
is struck by him" (the pupil), *no line drawn, no motion 
regulated by mechanical habit, The only habit ‚acquired is 
that of thinking. The quality of his every act springs from 
the conscious will, accompanied by a definite act of judgment." 
Let us test the book before us by this standard, remembering 
that its object is to teach the pupil “what the shop problems . 
are"] and “how to apply mathematical principles, rules, "i 
formulas to the solution.of such problems" and tha 
attempt is made to teach mathematical theory or E ` 
Consider the following problem (Problem 17, page 28).. 
"What length of bar will be required to raise a building of 
100 tons weight with 10 Ibs. pull each on 100, 14 in. lead jack- 
Screws?" Result (page 191), 7.957 inches. If the reader, or 
better, the author, will try a simple experiment with a spring 
balance he will find that a force.of ten pounds can easily be 
exerted by merely bending the little finger. The length found 
for the bar is about an inch more-than that of an ordinary 
penholder. Now just picture a hundred laborers at work raising 
& building, each pulling with the little finger of one hand on a 
bar an inch longer than a penholder. Then picture what 
happens to the “shop: foreman of twelve years’ experience" 
when the contractor who is paying the gang of one hundred 
laborers, comes. around and sees what they are doing! Again, ~ 
consider the computed result: seven and nine hundred fifty-. 
‘seven thousandths inches. Remember this is a problem on the ` 
HIntoduetion, p. vi This introduction ia by Dr. O P Warden 


rincipal of the Springield, Mass., Technical High School and of the 
Event School of ` 
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jack-screw, and the power is applied, not by means of a knife 
edge, but by the hand. The author gives the length of the bar 
to the thousandth of an inch! 

This is not an'isolated but a typical example of the “definite 
act of judgment” which accompanies the author’s ‘consider- 
ation of the data and results of his problems. For example, 
in problem 12, page 51, the pupil is asked to find the weight 
` which can be raised by a force of 60 lbs. applied to a somewhat 
complex combination of screw and gears. "The answer is given 
(page 195) as 203,575.68 lbs., i. e., to one part in twenty million. 
If the given force of 60 Ibs. be altered by an amount equal to 
the weight of a single drop of water the computed result will be * 
affected by. more than the 0.68 lbs. appearing in the answer. 
This sort of thing is not a result of mere inadvertence in writing 
down the answers; it appears in the illustrative examples which 
are intended to serve the pupil as models. For example, in a 
problem concerning the friction of a lathe (page 54), where the 
; poene of friction is given as .08, we have the following work: 





400 x 08 = 32, FR, 
1 L 12 
DX = 50 X 6.2832 = 314.16, 
' 281410 X 4 1256.64 eas’ 
33000 ^ 33000 "^ 


The GG of friction is known here only to.one part in 8 but 
v is used to five significant figures, i. e., to one part in tkirty 
thousand. 

The pupil accustomed to books “written almost entirely 
from the point of view of the teacher of pure mathematics with^ 
little reference to concrete problems of life and having no refer- 
ence whatever to the actual problems of the drafting room and 
the shop "e may be pardoned if he asks for information con- 
cerning the concreteness and actuality of problems, results, 
and methods of which the above are samples. With ‚such i 

„models before him is the pupil likely to acquire the habit of 
thinking? 

' The author seems not to have realized that the standards 

of efficiency governing the mathematical work of the shop are 


* Cf. Introduotion, p. vi. 
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entirely analogous to those by which the mechanical work is 
judged. 

In a little Handbook for Apprenticed Machinists issued by & 
prominent firm of manufacturers primarily for the use of their 
own apprentices the following statement appears: “He” (the 
apprentice) “should know: the parts that are to be accurate; 
if a part is machined only to make it smooth, there is no need 
to take time to size it accurately.” Had the author caught 
the spirit of this and applied it to the construction of his 
book, he would not have given the length of a jack-screw bar 
to the thousandth of an inch or a weight of a hundred tons to j 
the hundredth of a pound. 

- The author's mathematical methods exhibit the same lack 
of appreciation of the essential features of a problem as is dis- ` 
played in.his data and results. For example, a problem in 
spiral gearing. (page 45) involves the following relations: 

T P 1 xD 
Put pe Pos pt. EK 
The data are P = 16, D = 134, Y = 60°; the required quantity, 
N. The author's solution is 


3.1416 
Pı= l6 ~” .19635, 
.19635  .19635 
P= = cos 60° ` 5 = .3937. 


Then 
^ 1 
No di teeth ne eme dos 


~ 3037 3987 


Could a better example be found of how not “to apply mathe- 
matical . . . formule in the solution of such problems”?* In 
the three pages of explanation of the principles of spiral gearing 
which the author has prefixed to this solution it has not occurred 
to him to collect the formulas bearing upon it and to deduce the 
simple relation N= DP cos Y, which gives at once, on inserting 
the data, N = $-16-4 = 12- 

This particular performance is especially provoking in that 
. it violates the ‘cardinal principles both of efficient, and of accu- 
rate shop practice. Efficiency calls for the avoidance of un- 


* Introduction, p. viii, 


= 12. 
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necessary operations, accuracy, the restriction as far as possible 
of the number of operations of adjustment, e. g., the centering 
of & piece of work in the lathe. In the example quoted the 
&uthor has violated the first principle by executing processes 
which are equivalent to multiplication followed by division by 
7; he has violated the second in that both these operations are 
necessarily effected with approximate numerical values and are 
consequently unnecessary operations of adjustment. 

The mathematical content of the book consists largely in 
the statement of formulas and the substitution of numerical 
data therein. As indicated in the problem on spiral gearing, 
the author does not make efficient use of even the small amount 
of elementary mathematical knowledge which may reasonably 
be supposed to be in the pupil's possession. The notation 
used is frequently made unnecessarily cumbersome by the use 
of two or more letters where one would be sufficient, e. g., Wa 
for weight arm (pages 8, 10), CP for circular pitch (page 33). 
This last notation seems a wholly unnecessary and undesirable 
complication. Not only do both C and P appear in the problem, 
but their product is not the circular pitch which the author 
calls CP. Moreover the notation used in practice, in so far 
as the reviewer ean judge from the publications of the manu- 
facturers, and from a widely used Mechanical Engineers’ Pocket- 
Book, to both of which the author acknowledges obligation, is 
not that adopted by him. 

The introduction contains the following statement* “What 
is needed is to purge the old books of useless material and put 
in place of it practical mathematical work distinctly planned to 
make up for the shortcomings of the old methods when meas- 
ured by the practical demands of modern times.” It would be 
impossible to state more accurately the process to which this 
book should be subjected. 

The vocational schools have already attained a prominent 
position in our system of education. For the interest of these 
schools themselves as well as ‘for that of the other secondary 
and the higher schools it is important that their mathematical 
instruction shall be of a high standard. As to the precise 
content of the curriculum there is room for much honest differ- 


ence of opinion. When however we consider that the problems , 


of the shop demand besides the elementary operations such 
things as geometric progression (cone pulleys and hoisting 
* Introduction, p. viii. 
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tackle), cube root (belting problems), Euclid's algorithm of the 
greatest common divisor and continued fractions* (gearing 
and screw problems), it would appear that if the course in’ 
mathematics is to do nothing more than provide a secure foun- 
dation for the work in the shop its abstract content is not likely 
to be much less extensive than has been usual in secondary 
schools. The nature of the concrete problems will naturally 
vary with the.requirements of the different schools. But 
whatever their nature they must be real shop problems, that is 
they must be such that in solving them the pupil is compelled 
to consider not only the purely mathematical element but 
also the significance and reasonableness of the numerical data 
and results and the appropriateness of the algebraic and arith- 
metic processes used in their solution. Excessive formalism 
has been the bane of the teaching of abstract mathematics. 
It is just as common and just as pernicious in the shop as in 
the class-room. 
' CHARLES N. HASKINS. 


Die Mathematil: in den physikalischen Lehrbüchern. Von H. E. 
Timerpinc. Band III, Heft 2. Leipzig, Teubner, 1910. 
vi + 112 pp. ' : 
In the systematic study of the teaching of mathematics in 

Germany which is being made under the auspices of the 

International commission of the teaching of mathematics, the 

present volume covers the field of the mathematics required 

and used in the physics of the “Höhere Lehranstalten" and 

“Hochschulen.” The principles of mathematics found in the 

text-books on physics in use in Germany to-day form the basis 

. of the discussion. 

While the author states that the mathematics of physics i is 
mainly of a geometric nature, it is easily seen that he considers 
the main problem to be concerned with the amount and quality 
of the infinitesimal analysis used in the texts investigated. 
Fundamentally, the problem may be stated as follows: The 
exact theory of most physieal phenomena in its development 
requires a use of the principles cf infinitesimal analysis. A 
scientific attitude toward these problems on the part of the 
instructor will not allow him to be satisfied with mere formulas 
or even à confused word picture, or the skillful manipulatión 
of a “near calculus" which may interest but not convince the 


' * Practical Treatise on Gearing. Brown & Sharpe Mfg. Co., pp. 130-134. 
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student. The instructor ih physics may not count on a thor- 
ough training on the part of all his students in the rigid proofs 
` ‚of these fundamental principles, What ought to be his attitude 
concerning the use of these principles? 

' As illustrations we present the cases of faling bodies and 
moment of inertia. They áre both included in a course in 
physies. The former requires either two differentiations or 
two integrations; while the exact theory of the latter requires 
fundamentally the principles of integration. 'The former is 
usually handled by the aid of the notions of average velocities; 
while, in the case of the latter, in the expression > mr? the size 
` of the m is — in some cases — carried down to the molecule. 
Most texts do not go to the limit. Hence the author's, state- 
ment that the important thing is not what is said but what is 
left unsaid and that the instructor, if honest, must clearly 
. recognize the necessity of the principles of the infinitesimal 
analysis. The statement is further made that one reason why 
so many -subterfuges, instead of the.symbols'of the calculus, 
&re used is because the authors wish their books to sell. The 
notions of the infinitesimal analysis would not confuse the 
subject but clear it up. Calculus symbols should not be used 
as loosely as they are. It is an evidence not of good pedagogy 
but rather of downright deceit not to use them. 

An excellent chapter on the history of physics and its prob-: 
lems, from the beginning of the seventeenth century when it 
was & branch of the Aristotelian philosophy, to the present with 
its wondrous development, is’ included. The correlation of. 
mathematics and physics is discussed, the influence of physics 
` in enriching the mathematics and of the latter in putting physics 
on a safe foundation of rigorous proofs. | 

t is pointed out that Germany has lagged behind both 


England and the United States in the use of such aids as graphs, - 


accurate drawings and illustrations, and others suggested by 
technology, which help to give the student clear and definite 
notions of mathematical or physical problems. | 

* The problem' of the requisite instructions in mathematics 
presented from the viewpoint of the teacher of physics is clearly 
stated and &.scientific attitude is called for. What the nature 


'. of the correlation of instruction shoüld be the author but 


slightly suggests. ` It would seem to call for a training at an 
earlier period in the principles of the infinitesimal analysis. 
This correlation is being worked out today. . 
EE = , Ernest W. Ponzer. 


ES 
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Practical Measurements. By A. W. SxnpoNs and A. VASSALL. 
Cambridge, The University Press, 1910. xiv + 60 pp. 

- Tug defnite purpose of this little note-book is to furnish 

for the boys at Harrow a series of elementary experiments in 

measuring and weighing, conforming with the recommendations 

embodied in the recent report on “The correlation of mathe- 


‘matical and science teaching" drawn up by a joint committée 


of the mathematics and science teachers of England. 

` On the mathematical side the experiments deal with the 
measurements, correct to three significant figures, and the 
necessary computations — of lengths, areas, and volumes — & 
practical checking up on the theorems of geometry. 

- The experiments emphasizing the.side of physics deal with 
the weighing of liquids and solids and the determination of their 
specific gravities. Experiments with the hydrometer, barom- 
eter, pendulum, the U tube, and on Boyle'slaw are included. 
In the appendix experiments with the vernier, micrometer ' 
screw-gauge, and spherometer are added. 

The methods used throughout the book are its strongest 
feature. Boys thoroughly grounded. in the fundamental 
prineiples emphasized throughout will be able to do their future 
work with greater efficiency. Accuracy in estimating, meas- 
uring, computing, laying out to scale, and orderly arrangement 
are required. Concrete results, which should check up with 


` theory, are required throughout. The practice of requiring 


such definite results, correct to a certain number of significant 
figures, is well worth while. 
| ‚ Ernest W. Ponzer. 


Azimuth. By G. L. Hosmer. New York, John Wiley and 
Sons, 1900. v + 73 pp. 
IN ordinary engineering practice the determination of the 
azimuth of some line of a survey by astronomical means is not - 
necessary; and in the cases where it is necessary, or at least 


advisable, the determination is likely to be a serious matter 


for many a practical surveyor—not because of any inherent 
difficulty in making or reducing the observations with all the 
accuracy that is needed in the field, but because the available. 
methods are scattered in books which stay at hóme. Hence 
the utility of Hosmer’s Azimuth, wherein are collected and 
explained with all simplicity various practicable field methods 
of fixing the true bearing of a line to minutes (or even to within 
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a few seconds). In so short space may ample descriptive 
matter and illustrated examples be put that only about half 
the book, small as it is, is used for the purpose; the other half 
consists of the requisite astronomical, physical, and mathe- 
matical tables. The surveyor who is no astronome» need have 
nofear. The author requires of him no knowledge of theoretical 
or practical astronomy or of uranography—except that the 
totally ignorant might have difficulty in picking out Markab 
(æ Pegasi) from the chart on which there are two a’s in the great 
square of Pegasus. 
E. B. Wirsow. 





EISENHART'S DIFFERENTIAL GEOMETRY. 


Iw reviewing Professor L. P. Eisenhart’s book on Differential 
Geometry in the June number of the Buzzer, I criticized 
four equations which occur at the bottom of page 313 without 
notieing that the arc is supposed to be the parameter along 
the locus of the centers of the spheres, as is stated in the last 
paragraph of page 310. The equations are correct as they stand 
with the exception of a plus sign between the parentheses in 
the third, which should be minus. ' 

Professor Eisenhart has sent me the following list of errata, 
the publication of which may be of convenience to readers of the 
book: 

P. 51, Ex. 24 is incorrect. 

P. 87, omit the last line. 


| d'a ox dn | dx do 
P. 117, to the expression for d$ add au dg? + : 


P. 123, last paragraph is incorrect. "The position of the sur- 
face relative to the tangent plane depends upon the character of 
the terms of third and higher orders. 

P. 179, in (86) the signs + should be —, and in the next 
equation the signs — should be +. 

P. 180, line 27, change S to S;. 

P. 221, line 24, the upper limit of the second integral should 
be us instead of u. 

P. 241, in (52) change 71 to yo’. 

P. 259, line 3, in place of "congruent" read "superposable 
by a translation.” 
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P. 268, Ex. 7, change the last clause to “determine the two 
lines of striction.” i 

P. 278, line 8, insert after “equations” the phrase “and 
88 77, 82.” 

P. 280, line 10, after “values” insert “ (cf. 88 77, 82). 
P. 313, in the expression for t change + before (u? — 14) 
to —. ` 


P. 400, line 9, change «i, w to wı + 2 ame S | 


P. 412, Ex. 6, change + before de: to —. 
P. 418, line 19, remove the sign È after m2. 
P. 423, Ex. 9, in the equation change ^ to M. 
. P. 441, line 27, after “zero” insert “in fact L vanishes 
identically." f 
P. 444, Ex. 15, in last term of the equation change + to 
— and p to Pi. 


G. A. Buss. 


NOTE ON COLLINEATION GROUPS. 


SINCE the publication of my paper on collineation groups 
in the Transactions (volume 12, No. 2, April, 1911) my at- 
` tention has been called to a similarity which exists between 
my determination of the collineation groups in the ordinary 
plane and that given by Valentiner (“De endelige transforma- 
tions-gruppers theori," Videnskabsselskabets Skrifter, 6 Raekka, 
Copenhagen, 1889). 

The general outlines of the first parts of the two papers are 
the same, as in both the groups which contain homologies of 
higher period than 2 are first discussed. A determination of 
those groups leaving a line invariant which must contain an 
homology of period 2 having that line for axis is given in both 
papers. The proofs that no group can contain homologies of 


‘ higher period than 5 or homologies of period 5 are essentially 


the same. The proofs that no group can contain homologies 
of period 4 are somewhat different. Valentiner’s discussion of 
groups containing homologies of period 3 is inaccurate and as & 
consequence he overlooks the existence of the Gas, although 
he considers the possibility of a group of this order. 
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The rest of the discussion is in the main quite different. .I 
proved a theorem concerning the order of abelian groups con- 
tained by non-abelian groups of three times their otder which 
is similar to his, but made.no use of it in the determination of 
the groups in the ordinary plane. He arrived at the Gig and 
the Gss as the result of the solution of a diophantine equation 
(the same, in fact, as was used by Jordan in his attack on the * 
problem, Crelle, 1878), whereas I arrived at them from the ' 
consideration of groups which left conics invariant. I however 
made use of a special type of this equation in two or three 
places. 


H. H. Mrrcee1ı. 





NOTES. 


THE annual meeting of the AMERICAN MATHEMATICAL 
Socrery will be held in New York on December 27-28. The 
winter meeting of the Chicago Section wil be held at the - 
University of Chicago on December 29-30. "Titles and ab- 


' Stracts of papers to be presented at these meetings should be 


in the hands of the respective secretaries by December 9. 
Abstracts intended to be printed in advance of the meeting 
should be sent in as early as possible. 


Tue Annual Register of the Society is now in preparation 
and will be issued in January. Blanks for furnishing necessary 
information have been sent to the members. Early noticeof any . 
changes since the issue of the last Register will greatly facilitate 


' the work of the Secretary. The Register is widely circulated 


ri 


and it is desirable that the information which it contains should 
be accurate and reliable. 


Tue concluding (October) number of volume 12 of the 
Transactions of the American Mathematical Society contains the 


following papers: “On the limit of the degree of primitive 


groups," by W. A. MANNING; " Isomorphisms of a group whose 
order is a power of a prime," by G. A. Mmes: “On minimal 
lines and congruences in four-dimensional space," by J. Ers- 
LAND; “Volterra’s integral equation of the second kind, with 
discontinuous kernel. Second paper," by G. C. Evans; “One- 
parameter families and nets of plane curves," by E. J. Wrrc- 


'ZYNSKI; Notes and errata, volumes 10 and 11. 


- 4 
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THE opening (September) number of volume 13 of the Annals 
of Mathematics contains: "A method of solving linear differ- | 
“ential equations.” Second paper, by P. A. LAMBERT; “Duality 
in projective geometry,” by N. J. LENNES; “A fundamental par- 
ametric ‘representation of space curves,” by L. P. -EISENHART; 
* Generalization in the theory of numbers and theory of linear 
groups,” by MILDRED SANDERSON; “Transformations of series ` 
by means of functions admitting a recurrent relation,” by 
W. C. Brenxe; “A theorem on (m, n) correspondences,” by 
L. I. Nemmg, With the present volume, thé Annals appears in 
a new dress, with narrower margins and a-change in style of 
type. The editors are Ormond Stone, Maxime Bócher, G. D. 
Birkhoff, L. P. Eisenhart, Elijah Swift, Oswald Veblen, and 
J. H. Maclagan-Wedderburn. 


Tue first number has appeared of the Tóhoku Mathematical 
Journal, edited by: Professor T. Hayasut of the Imperial Uni- 
versity, Sendai, Japan, with the cooperation of M. Fujiwara, 
F. Ishiwara, T. Kubota, and K. Ogura. : 


Tur Italian society for the advancement of science held its 
annual session in Rome during the week October 12-18. As 
this is the fiftieth year of Italian independence, it seemed 
appropriate to give a summary of the progress made in science ` 
by Italians during the last fifty years. The following reports 
were made in pure and applied mathematics: “Astronomy,” 
by E. Bancar; “Geodesy,” by V. REINA; “Theory of functions 
and integral equations" by G. LAURICELLA; "Geometry," 
by U. Awam: “Mathematical physics,” by T. Levi-Crvira; 
“Electricity,” by M. O. Corsmo. The following general 
lectures were also delivered: “Evolution of the measurement of 
space and time," by G. CagrzrNvovo; “The new physics," by 
A. Dron: “Science in the far east,” by G. Vacca; “On algebra 
of logic and some transcendants," by G. ANDREOLI; “ Historical 
and critical note on the principles of mechanics,” by R. Grac- 
OMELLI. / ‘ 


Tue sum of 20,000 rupees (nearly $7000.00) was recently ` 
appropriated by the University of Calcutta for the purpose of 
publishing certain ancient Indian mathematical manuscripts 
with an English translation. 


Ginn and Company announce the early appearance of a 
work on Advanced Calculus, by Professor E. B. WirsoN; of 
the Massachusetts Institute of Technology. f 
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TH reports of the American committees and subcommittees 
of the International commission on the teaching of mathematics 
are being published by the U. S. Bureau of Education, from 
which copies may be obtained gratis on application. * The fol- 
lowing reports have already appeared: Graduate work in 
mathematics in universities and in other institutions of like 
grade in the United States. Undergraduate work in mathema- 
tics in colleges of liberal arts and universities. Examinations 
in mathematics other than those set by the teacher for his own 
classes. Mathematics in the technological schools of collegiate 
grade in the United States. Training of teachers of elementary 
and secondary mathematics. 


University op Panis. The following mathematical courses 
are announced for the semester beginning November 3, 1911:— 
By Professor G. Darsoux: Differential geometry, quadratic 
differential forms, applications of the calculus of variations, 
two hours.—By Professor E. Goursat: Differential and integral 
calculus, elements of the theory of analytic functions, two 
hours.—By Professor E. Borez: Elliptic functions, one hour.— 
By Professor P. AePELL and M. Cr. GuicHARD: General laws of 
equilibrium and motion, two hours.—By MM. E. CARTAN and 
MONTEL: General mathematics, first part, two hours.—By 
Professor H. PorxcARÉ: Theory of newtonian potential and its 
applications to the figure of planets, two hours.—By Professor 
J. BovssmesQ: Mathematical theory of elasticity of solid bodies, 
two hours.—By M. A. Canen: Indeterminate analysis of the 
- ` second degree with two unknowns, quadratic forms and algebraic 
numbers, two hours. 

Conferences will be conducted by MM. LEBESGUE, GUICHARD, 
CARTAN, MONTEL, SERVANT, and ROUBAUDI. 

In the Ecole Normale. By Professor E. Vessiot: Differ- 
ential and integral calculus.—By Professor E. Boren: Theory 
of functions. 

In the second semester, beginning March 1, the following 
courses are announced:—By Professor E. Prcarp: Fourier’s 
series and its generalizations.—By Professor E. GOURSAT: 
Ordinary and partial differential equations.—By Professor P. 
APPELL: General laws of motion of systems, analytic mechanics, 
hydrostatics and hydrodynamics.—By M. E. Carran: Analysis 
and mechanics.—By : Indeterminate analysis of the 
second degree. 





! 
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In the Ecole Normale the courses of Professors Vessiot and 
Borel are continued from the first semester and there is added: 
By Professor J. Hapamarp: Mathematics. 


THE following courses in mathematics are announced at the 
German tethnical schools (and at Delft, Holland) during the 
present winter semester. The course designated as “higher 
mathematics” refers to .a combination of algebra, analytic 
geometry, differential and integral calculus, continuing for 
from two to four semesters I, II, etc. 


AacHEN.—By Professor O. BruwENTHAL: Higher mathe- 
matics, II, six hours; Theory of aviation, four hours.—By 
Professor E. Kôrrer: Descriptive geometry, six hours; Graphic- 
. al statics, three hours.—By Professor K. Rerssner: Mechanics, 
I and II, four hours; Aerodynamics, four hours. 


Brruin.—By Professor G. HETTNER: Differential and integral 
calculus, six hours; with exercises, two hours; Differential 
equations, two hours.—By Professor F. HaENTZzsCHEL: Ele- 
ments of the calculus, with exercises, six hours; Elements of 
‚mechanics, four hours.—By Professor O. KRIGAR-MENZEL: 
. General mechanics, four hours; Advanced mechanics, four hours. 
-—By Professor E. Joss. Descriptive geometry, I, six hours; 
Descriptive geometry, II, six hours.—By Professor E. LAMPE: 
Caleulus, with exercises, six hours.; Definite integrals, four 
hours.—By Professor G. ScHEFrERs: Descriptive geometry, 
LI end II, each six hours.—By Professor G. WALLENBERG: 
Selected chapters of elementary mathematics, two hours; Theory 
of functions, two hours; Theory of potential, two hours.—By 
Professor E. SALKowskY: Descriptive geometry, six hours.— 
By Dr. L. Licnrenstem: Integral equations, six hours.—By 
Dr. R. Fucus: Differential equations, two hours.—By Dr. K. v. 
Ianatowsky: Vector analysis, two hours. 


BRESLAU.—By Professor C. CanATHÉODORY: Higher mathe- 
matics, four hours; Selected chapters in analysis, two hours; . 
Mathematics for chemists and mining engineers, three hours.— 
By Professor G. HxsseNBERa: Descriptive geometry, with ex- 
ercises, eight hours; Selected chapters in geometry, three hours. 
—By Professor E. Sremnrrz: Higher mathematics, III, with 
exercises, eight hours. 


Brunswicx.—By Professor R. Depexınp: Elements of the 
theory of numbers, four hours; Introduction to.the theory of 
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probabilities. _By Professor R. Furcks: naive geometry end 
algebra, five hours; Differential and integral calculus, four 
` hours; Selected chapters i in the theory of functions, three hours. 
—By Professor H. E. .TrwERDING: Descriptive geometry, six 
hours; Introduction to higher analysis, four hours; Theory of 
surfaces and space, curves, three hours.—By Dr. K. WrrrE: 
Analytic mechanics, four hours. 


Danzic.—By Professor H. Lorenz: Dynamics of a rigid 
body, four hours: Elasticity, two hours.—By Professor H. v. 
Mancorpt: Higher mathematics, five hours; Seminar, two 
hours.—By Professor F. ScHILLInG: Descriptive geometry, with 
` exercises, eight hours; Perspective and photogrammetry, one 
hour.—By Professor J. Sommer: Higher mathematics, six 
' hours; Seminar (with Professor v. Mangoldt) two hours. 


© Darmsrapt.—By Professor F. DrNaELDEY: Higher mathe- 
. maties, six hours; Theory of attraction, two hours.—By Pro- 
fessor F. GRAEFE: Repetitorium 'of elementary mathematics, 
_ three hours; Higher mathematics, five hours; History of mathe- 
matics, one hour.—By Professor J. Horn: Higher mathematics, 
Iand II, each five hours.—By Professor R. MÜLLER: Descriptiye 
geometry, eight hours.—By Professor H. Wiener: Descriptive 
- geometry, eight hours; Foundations of elementary geometry, 
two hours. . 


Deurt.—By Professor J. A. Barrau: Determinants and 
introduction to the calculus, three hours; Elements of projection 
two hours; Curved lines and surfaces, two hours; Line geometry, 
one hour.—By Professor W. H. L. Janssen v. Raay: Advanced 
analytics and foundations of the calculus, five hours; Advanced . 
calculus, four hours.—By- Professor W. A. Versiuys: Plane 
. analytic geometry, two hours; Geometry of space, two hours; 
Theory of equilibrium and of motion, two hours.—By Professor - 
J. CARDINAAL: Descriptive geometry, two hours; Application 

to space curves and surfaces, two hours; Kinematics, three 
^ hours.—By Dr. G. SCHouTEN : Geometry of motion, two hours; 
Moments of inertia and dynamics of a particle, two hours; 
"Theory of the gyroscope, one hour. 


Dresprn.—By Professor G. Herm: Higher mathematics, 
five hours; Mathematical physics, three hours; Theory of the 
potential, three hours.—By Professor M. Krause: Higher 
mathematics, five hours; Analytic functions, three hours; 


H 
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Seminar, two hours.—By Professor L. Lupwia: Descriptive 
geometry, six hours; Theory of perspective, two hours; Space 
curves, two hours.—By Professor E. NaeıscH: Analytic geom- 
etry of quadrie surfaces, four hours; Elementary algebra and 
analysis two hours.—By Dr. L. Hearer: Plane cubic curves, 
three hours. 


Hanover.—By Professor L. KrePERT: Higher mathematics, 
I, eight hours; Higher mathematics, III, two hours; Calculus 
of variations, two hours.—By Professor F. Mürzer: Higher 
mathematics, II, eight hours; Vector analysis, two hours —By 
Professor K. Wreananpr: Foundations of higher mathematics, 
four hours; Elasticity, four hours; Differential equations, one 
hour.—By Professor K. RopENBURG: Descriptive geometry, 
nine hours.—By Dr. L. Perzorp: Algebra and trigonometry, 
three hours. 


KanLSRUHE.—By Professor M. Dister: Descriptive ge- 
ometry, four hours; with exercises, four hours; Graphical 


x 


statics, two hours; with exercises, two hours.—By Professor , 


K. Heun: Mechanics, with exercises, six hours; Seminar, three 
hours.—By Professor A. Krazer: Higher mathematics, I 
(algebra and analytic geometry), with exercises, eight hours.— 
By Professor P. StäckeL: Higher mathematics, II. (differential 
and integral calculus), three hours; Partial differential equations, 
two hours.—By Dr. H. Monrmann: Exercises in fundamental 
principles of mathematics, two hours; Arithmetic and algebra, 
with éxercises, three hours; Trigonometry, with exercises three, 
hours.—By Dr. W. Voar: Analytic geometry, with exercises, 
three hours; Projective geometry, three hours.—By ——: 
Elements of mechanics, with exercises, three hours. 


STUTIGART.—By Professor R. MEHMEE: Descriptive ge-. ` 


ometry, six hours; Graphical methods, three hours.—By Pro- 

fessor L. KoMMERELL: Foundations of geometry, four hours.— 

: By Professor E. WórrrING: Theory of functions, I, four hours. 

. —By Professor G. FABER: Higher mathematics, II, six hours; 
Differential and integral calculus, with exercises, four hours.— 
By Dr. F» Harrer: Plane and spherical trigonometry, four 
hours. 


Proressor E. W. Brown, of Yale University, has been elected 
an honorary fellow of Christ's College, Cambridge, England. 


Proressor F. Lonpon, of the University of Bonn, has been 
promoted to a full professorship of mathematics. 


{ 
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Proressor F. ENGEL, of the University of Greifswald, has 
been decorated with the order of the red eagle of the fourth class. 


Proressor E. Srupy, of the University of Bonn, has been 
elected to membership in the Göttingen academy of sciences. 


Prorsssor N. Hatzmaxis, of the University of Athens, 
has been elected a member of the Vienna. academy of sciences. 
Professor D. HıLBERT, of the University of Göttingen, has been 
elected a corresponding member. 


Proressor PH. FURTWÄNGLER, of the agricultural academy 
of Poppelsdorf, has accepted a full professorship of mathema- 
tics at the University of Vienna. d 


Dr. D Boum has been appointed docent in mathematics at 
the University of Munich. 


Dr. J. L. Jones has been appointed instructor in mathe- 
matics at Yale University. 


Proressor L. G. WELD, until recently head of the department 
of mathematics and dean of the faculty of arts of Iowa State 
University, has been appointed director of the Pullman Free 
School of Manual Training to be established at Pullman, Ill. 


Prorsssor GEgonaE W. Jones, of Cornell University, died 
October 29, at the age of 74 years. He retired as professor 
emeritus under the Carnegie foundation in 1907, after 45 years 
of teaching, the last 31 of which were spent at Cornell. 


Recent catalogues of second-hand books:—Heinrich Kerler, 
Ulm a. Donau, Antiquariats-Katalog 397, 2377 titles in pure 
and applied mathematics.—W. Heffer and Sons, Cambridge, 
England, catalogue 83, 2141 titles in mathematics, physics, 
and astronomy; also catalogue 81, 4507 titles of which 927 are 
school apd college text-books in mathematics.—W. Junk, 
Kurfürstendamm 201, Berlin, bulletin 9, 2700 titles in exact 
sciences.—Ferdinand Schöningk, Osnabrück, catalogue 125, 
1865 titles in mathematics and sciences.—J. Schweitzer, Len- 
bachplatz 1, Munich, catalogue 54, insurance, 2337 titles. 
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P I HIGHER MATHEMATICS. ; E us 
BREGGEN (J. Y. D. Vademecum der Wiskunde. Zutphen, 1911. 8vo. 
81 pp. x M. 1.00 
Cauzer (C. Sur les notion de courbure et sur quelques points de 
dci infinitésimale non-euclidienne. Paris, Fischbacher 1911. 

dto. 60 pp. Rr. 5.00 


CnuaAMBRÉ (À.). Darstell von Faktoren ganzer Funktionen durch , 


Kovarianten. (Diss.) Giessen, 1910. 8vo. 36 pp. . 


DaHLHAUS (G.) und RrmwANN (A). Mathematisches Formelbuch. 2 
‚Teile. lin, Günther, 1911. 107 pp. M. 4.00 


ENCYCLOPÉDIE des sciences a purek et appliquées., Edition 
française. Tome III, 8me volume: métrie ébrique plane. 
Fascicule 1: Les coniques, par F. Dingeldey et E. Fabry. Leipzig 
Teubner, 1911. 8vo. pp. 1-100. \ M. 6.00 

Ever (L.). Opera omnia. Sub auspiciis Societatis Scientiarum Natur- 

i Bus? edenda curaverunt F. Rudio, A. Krazer et P. St&ckel. 
45 Bände in 3 Serien.) Serie ps 1: Vollstándige Anleitung zur 
bra, mit dem Zusätzen von J. L. ge. Hera ben von 

H. Weber, mit Vorwort zur Euler-A und der Lobrede von N. 
Fuss. Leipzig, 1911. 4to. M. 28.50 


Fee, (A 1. Die Lehre vom Flächeninhalt in der allgemeinen Geometrie. 
(Diss. Strassburg, 1911. 8vo. 46 pp. CF 

Gaxsrzg (G.). Le mathématicien François Viète. Généalogie de sa 
famille. La Rochelle, Texier, 1911. 8vo. 31pp. - 


INTERNATIONAL catalogue of scientific literature. Ninth annual issue. 
A: Mathematics. London, Harrison, 1911. 8vo. 228 pp. 15s. 


Kırrar (A). Die Einführung der hómogenen Koordinaten durch K. Ñ. 
Feuerbach. (Diss.) Strassburg, 1910. 8vo. 55 pp. 


Kr (P.). Beiträge zum Fundamentalproblem der Flächentheorie. 
(Diss.) Strassburg, 1910. 8vo. 49 pp. 


LUKJANTSCHENKO (8.). Integrirung der Differentialgleich . Mit 
: Doppelte und dreifache Integrale. 2te Auflage. ussien.) 

Charkow, 1911: Svo. 226451 pp. 
MaNcoLpT (H.) Einführung in die höhere Mathematik für Studierende 
und zum Selbststudium. ter Band: Anfangggründe der Infinitesimel- 
: rechnung und der analytischen Geometrie. Leipzig, Hirzel, 1011. 
8vo. 144477 pp. M. 18.00 


MacMánoN (P. A). Memoir on the theory of the partition of numbers. 


Part 6. yal Society.) London, Dulau, 1911. 4to: Sewed. 13.61. , 


MATHEMATICAL QUESTIONS and solutions from the Educational Times, new 


series. Volume 19. London, Hodgson, 1911. 8vo. 68. 6d. 
Mine (W. P.). Projective geometry for use in colleges and schools. 
London, Macmilldn, 1911. 8vo. 164 pp. 28. 63. 


ment. Volume 2: The period 1841 to 1860. London, Macmillan, 
1911. 8vo. 492 pp. . 173. 


Mure (T.). The theory of determinants in the historical order of develop- 


1 
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` Dreck (W. v.). Enseignement des sciences mathématiques 
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Proxmer (E.). | Verallgemeinerung der Untersuchungen von Gauss über 
^ das arithmetisch-geometrische Mittel. (Diss.) Leipzig, 1911. 8vo. 


67 pp. 

Rısmann (A.). See DagngauB (G.). . ^ ^ . A 

SALTYKOV. l'évolution de théorie des équations partielles du 
TRE ordre d'une fonction inconnue. (Russian.) St. Petersburg, 

. 8vo. ^ 

SEEMAN (H.). Projektive Verallgemeinerung metrischer Begriffe. (Diss.) 
Giessen, 1910. 8vo. 24 pp. KR 

‚THARR -(F Analytische Beiträge zur Lehre vom Kegelschnittsystem 


-(F.). 
(8p, 11. (Dis) Giessen, 1911. 28 pp. 

Nana (M.). Zur Transformation der vielfachen Integrale. (Diss.) 
‚Giessen, 1910. 8vo. 24 pp. ; . M 
WôLrr ‚(G.). Ueber Kollineationen in der Ebene. (Diss. Giessen, | 

. 1910. 8vo. 60 pp. eo 
Zrreommn (H.). Philosophische Untersuchungen über die Zahl. (Diss.) 
Greifswald, 1010. 8vo. 80 pp. xi 


` 


I. ELEMENTARY MATHEMATICS, 


Búcsú (A.). See Dussaux (E.). : 
Biocare (C.). Enseignement secondaire. (Rapports de la sous-commis- 
sion française, volume IL.), Paris, Hachette, 1911. 8vo. LM 


Boncnanpr (W. G.) and PERROTT (A. D.). Geometry for schools. Volume 
2 Stage 3. Section 1. London, Bell, 1911. 8vo. 118 pp. Is, 6d. 

_Bérraer (A.). See Tmamm (A.). ` 

BRANDENBERGER (K.). Der mathematische Unterricht an den Schweizer- 


ischen Gymnasien und Realschulen. Genève, Geo 1911. 8vo. 
163 pp. "S CU Fr 3.50 


. Bryan (G. H.) and Dgaxiw (R.). The text-book of algebra. Part Il: 


Senior. London, Clive, 1911. 8vo. 356 pp. 


Deakin (R.). A text-book of algebra. Part I: Junior. London, Clive, 
1011. 8vo. 872 pp. ` 3s. 


——. See Bryan (G. H.). 


' Dussaux (E.) et BÉcHÉ (A.). Nouveau cours de géométrie. 3e année 


'd'écoles primaires supérieures; préparation aux écoles nhtionales 
d'arts et métiers. Paris, Colin, 1011. 16mo. 391 pp. Fr. 3.00 
à naturelles 
` ét techniques dans les écoles supérieures. Ixelles-Bruxelles, Bothy, 
| 1911. 8vo. 67 pp. 


GrEvrHER (N.). See THAER (A.). . 
GROSSMANN (M.). Der mathematische Unterricht an der Eidgendssischen 
Technischen Hochschule. Genève, Georg, 1911. 52 pp. Fr. 2.00 


g. G.) and Maclnnes (C. R.). Logarithmic, trigonometric, and 


other tables. New York, Macmillan, 1911. 8vo. 2+104 pp. 


—. The elements of plane and spherical trigonometry; with tables. 
New York, Macmillan, 1911. 8vo. 7-+205 pp. 31.35 
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+—x._ The elements of plane and spherical trigonometry; without tables.’ 
New York, M ‚1911. Soo, 74-101 pp. $0.90 


INTERMEDIA NAP papers, from 1900 to 1911. (University Tu- 
i torial $ Series.) London, ve, 1011. 8vo. 100 pp. Sewed. 2s. 


urras ZE Repetitorium des Rechenstoffes, der Arithmetik und 
Algebra. Berlin, Ulrich, 1011. 8vo. 32 pp. «M. 1.30 


LimrzuwANN (W.). See BonusrER (M.). 
LüssEN (H. B). Ausführliches Lehrbuch der Arithmetik und Algebra 
zum Selbstunterricht und mit Rücksicht auf-die Zwecke des prak- 


tischen Lebens. 27te Auflage. Neubearbeitet von A. Dornadt. 
Leipzig, Brandstetter, 1011. 8vo. 4+283 pp. Cloth. M. 4.50 


' MacInnes (C. R.). -See Hun (J. G.). 
MAHLER eh Leitfaden für den Anfangsunterricht indder bra. 
2te Auflage. Stuttgart, Bons, 1911. '8vo. 6+127 pp. M. 1.50 


Marsu (C. A.) and Parrs (H. J.). College entrance examination papers 
in plane geometry. New York, Merrill, 1911. 12mo. '178 PP- on 


Purrorr (A). See Boromanor (W. G.). 
Purers CH. J.). See Marsa (C. A.). = 


Renarp (J.) La pédagogie à l'Université, Formation des professeurs 
d'athénée et sp ement des professeurs de mathématiques. Lidge, ` 
'Dessain, 1911. 8vo. 102 pp. 


dit .). Geometrische Aufgaben und Lehrbuch der Geometrie 
onstruktiv-analytischer Methode. Nach dem .Tode des 

e heraus ben von W. Lietzmann. Ausgabe A: Für 
Vollanstalten. 2ter Teil: Trigonometrie. 2te, vermehrte und verbes- 
serte Auflage. Leipzig, Teubner, 1911. 8vo. 8+118 pp. M. 1.80 


_ THAER (A), GaurHER (N.) und Borrame (A.). Der mathematische 


Unterricht in den G asien und Realanstalten der Hansestádte, 
Mecklenb und Oldenburgs. (Abhandlungen über den mathe- 
matischen Unterricht in Deutschland. "Vera t durch die inter- 
nationale Unterrichtskommision. Herausgegeben von F. Klein. 
lter Band, 4tes Heft.) Leipzig, Teubner, 1 1911. 8vo. 6-93 Bed 


Zusogmnaa (H.). Planimetrie. Fur die Schtler der Quarta bis Oberprima 
und fur Abiturienten. 2te Auflage. (Bibliothek Schüler-Versetzung. 
Tur Band.) Berlin-Schoneberg, Mentor-Verlag, 1911. In Tw 


—— Planimetrische Konstruktionsaufgaben (I). 2te ue Bib- 
liothek Schüler-Versetzung. 8ter Band.) a Mee 
tor-Verlag, 1911. 69 pp. 1.00 


———. Stereometrie. Anf kursus. 2te Auflage. (Bibliothek Schüler- ` 
Versetzung. 18ter Band.) Berlin-Schoneberg, Mentor-Verlag, 1911. 
‚12+64 pp: yi . 1.00 
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‚Barron (E. H.). ‘Analytical mechanics, comprising kinetics and statics 


of ‘solids and fluids: London, Longmans, 1911.’ 8vo. 556 
N 108. 


H 


1911.] l NEW PUBLICATIONS. | 157 


Baux (F) and Prımcn (C. A.) DE ee Babe Vi pore 
with directions for testing, and a discussion of the theo of electrical 
apparatus. 2nd edition, enlarged. New York, en N and? 1911. 
8vo. 184-360 pp. $2.00 


BLANOARNOUX (P.) Toute la mécanique ae et appliques à la 
rtée de tous ‚Panorama méthodique et complet en 12 volumes. 
ome 3: Cinétique. Paris, Geisler, 1911. 8vo. 156 pp. 

Boıster (E.). See Thompson (8. P.). 


Brogar (H.). "Versicherungsmathematik. Deutsche Ausgabe. Leipzig, 


Teubner, 1911. 8vo. 8-+360 pp. Cloth. M. 8.00 
Dusem (P... Traité d'én se ou de thermodynamique générale, 
Tome 2: Dynamique gén Conductibilité de Ja chs c pum Stabil- 
ité de l'équilibre. Paris, Gauthier-Villars, 1911. 8vo. d PP 00 


Ferguson (O. J.). The elements of electrical transmission; a text-book 
for ‘colleges and technical schools. New York, Macmillan, 1011. 
8vo. 7-+457 pp. ; $3.50. 


Guten (R.. Die Wärme. (Bücher der Neturwissenschaft, heraus- 
gegeben von 8. Günther.) Leipzig, Reclam, SIE 16mo. iM 1 Pe. 


Huanss (H. J.) and Sarronp (A. T.). A treatise on hydraulics. Sg 
Macmillan, 1911. 8vo. 144-505 pp. 


. Kina (W. BA 'The elementa of the mechanics of at and of power 
transmission New York, Wiley, 1911. Svo. 5+266 pp. $2.50 


LawpREÁ (C. LA. Mathematisch-technische Kapitel sur Lebensversi- 
$ cherung. 4te Auflage, verbessert und verm von H. F. Landré. 
Jena, 1911. 8vo. 26-+528 pp. : M. 11.50 


Mart (L.) Text-book of mechanics. Volume 3: Mechanics of mate- 
rials New York, Wiley, 1911 12mo 229 pp. $1.50 


Mosnocg (H. E... Strength of materials. New York, Wiley 1911. 
. 12mo. 144-308 pp. $2.00 ` 
Orry (C. NA EE mechanics. Annapolis, United States 
Nava Institute, 10 $3.50 
Parrmeson (G WA. N vectors with special application to 
alternati current phenomens, New York, Mobiles $106 


8vo. 64-890 pp. ! 
Pzmwpmg (H.). Principles of electrical engineering. New York, ee 
x DH. 1911. 8vo. 184-438 pp. $4.00 


Puro (C. A.). See Bomi (F.). 
Sarrorp (A. T. See Hvamss (H. J.). 


Smotıx-Hsııer. Raumlehre und darstellende Geometrie fur die Ate 
bis 7te Klasse der Realschulen. Bearbeitet von K. Hahndel. 4te 
Auflage. Wien, Tempsky, 1911. K. 3.60 


Sporrorp (C. M.) Theory of structures. New York, McGraw-Hill, 
1911. 8vo. 432 pp. $4.00 


. SsussLow (G. K.). Elements of anal mechanics. Russian.) 
Volume 1, Part 2: Dynamics of a particle And. edition. ew, 1911. 
8vo. 168 pp. ` | $0.75 
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Txompgon (8. Pi Traité théori et ‘pratique des machines dynamo- 

électriques. Traduit par Boistel” ‘Courant continu. 4e édition 
Paris, Bind 1011. See, 184-1060 pp. 

Tum (W. H.). Elements of electricity for technical students. New 
York, Wiley, 1911. 12mo. 114-556 pp. ' Cloth. $2.00 ' 

VrrALE (A.). Trattato elementare di geometria descrittiva. Avellino,- 
Pergola, 1911. 8vo. 65 pp. - 

, Voar ) Geometrie und Ökonomie der Bienenzelle. (Festschrift sur 
Jahrhundertfeier der Universität Breslau.) Breslau, Trewendt & 

; Granier, 1011. 8vo. 63 pp. M. 3.00 

Wonn (A.). Thermodynamik der Atmosphäre. Leipzig, Barth 

- 1911. 8+881pp. Cloth. M. 12.00 

Zöruxe (DA. Der Unterricht im Linearzeichnen und in der darstellenden 
Geometrie an den deutschen Realanstalten. (Abhandlungen fiber 
den mathematischen Unterricht in Deutschland. 3ter Band, 3tes 
Heft.) Leipzig, Teubner, 1911. 8vo. 4-92 pp. M. 2.60 


DH 


The Fe Colloquium ' 
Lectures on Mathematics 


Delivered from Aug. 28 to Bept. 9, 1893, before members of 
the Congress of Mathematics held in connection with the World's 
Fair in Chicago at Northwestern University, Evanston, Ill. 


By FELIX KLEIN 


Reported by Alexander Ziwet. Republished by the American 
Mathematical Society, New York, 1911. 

Professor Klein’s Evanston Colloquium Lectures on Mathe- 
matics, which have for some years been out of print, have been 
republished by the American Mathematical Society and are now 
on sale at the nominal price of seventy-five cents per copy. 
The new edition is printed from the original plates, with correc- 
tion of a few misprints. A brief preface by Professor W. F. 
Osgood has been added. The volumes are bound like the orig- 
inal. Orders should be addressed to the 


AMERI CAN MATHEMATICAL SOCIETY 


501 West 116th Street, New York, N. Y. 





Vig 

















































SEX] Eisenhart: A Treatise on P. da 


=| the Differential Geometry Sam 


of Curves and Surfaces 


Ly LorBER P. EISENHART, Professor of Mathematics in 
Princeton University. 474 pages, with diagrams, $4.50 , 


: This Treatise introduces the student to the methods of 
differential geometry and to the theory of curves and 
Burfaces developed thereby, thus preparing him for more ex- 
tensive reading on the subject. A knowledge of the cal- 
culus, elementary differential equations, and the elemente 
of coordinate geometry of three dimensions is presupposed. 
Hence the first half of the book may be used with seniors, 
and the remainder will constitute a full-year course for 
graduate students. 
The method generally used is that of Gauss, common 
among German and Italian writers, but the kinematical 
method, frequently adopted in France, has been developed 
and applied where more feasible. Several hundred prob- 
lems are included. 

I 


Hedrick: Goursat's Course in Mathe- 

matical Analysis—Volume I 

By Evovarp Goursar, Professor of Mathematics in the Uni- 

| versity of Paris. Authorized Translation by E. R. 

Hxpaiock, Professor of Mathematics in the. Univer- 

sity of Missouri. 548 pages, illustrated 
with diagrams, $4 00 


'The French edition of this work attracted wide-spread 
attention, both because of the reputation of the author and 
on account of the clearness of its style, its wealth of 
material, and the rigor with which the subject matter was 
presented. The book is broad in scope. It commends itself 
to the undergraduate student in college because. of its ad: 
mirable clearness and simplicity, and thoroughly prepares 
for the study of the higher branches of analysis—notably, 
differential equations and the theory of functions. 


E d | Ginn and Company, Publishers 
U Boston New York Chicago London 
ml Atlanta Dallas Columbus San Francisco [X 
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"or 


THE OCTOBER MEETING OF THE AMERICAN 
` MATHEMATICAL SOCIETY. ° 


THE one hundred and fifty-fifth regular meeting of the 
Society was held in New York City on.Saturday, October 28, 
extending through the usual morning and afternoon sessions. 
The attendance included the following thirty-five members: 

Professor W. J. Berry, Professor G. D. Birkhoff, Professor 
G. A. Bliss, Professor E. W. Brown, Professor B. H. Camp,’ 
Professor F. N. Cole, Dr. G. M. Conwell, Dr. H. B. Curtis, 
Dr. L. L. Dines, Professor L. P. Eisenhart, Professor H. B. 
Fine, Professor T. S. Fiske, Professor W. B. Fite, Professor 
W. A. Garrison, Professor C. C. Grove, Professor E. V. Hunt- 
ington, Mr. S. A. Joffe, Professor Edward Kasner, Professor 
C. J: Keyser, Dr. N. J. Lennes, Professor James Maclay, 
‘Dr. Emilie N. Martin; Dr. H. H. Mitchell, Dr. Anna J. Pell, 
Dr. H. W. Reddick, Professor R. G. D. Richardson, Miss 
‘§. F. Richardson, Professor Paul Saurel, Mr. L. P. Siceloff, 
Professor P. F. Smith, Professor H. D. Thompson, Dr. M. O. 
Tripp, Professor Oswald Veblen, Mr. H. E. Webb, Miss E. C. 

President Fine occupied the chair at the two sessions. The ` 
Council announced the election of the following persons to 
membership in the Society: Professor "D. "D. Ashcraft, Colby 
College; Professor Clara L. Bacon, Goucher College; Professor 
- J. M. Davis, State University of Kentucky: Professor W. C. 
Eells, Whitworth College; Dr..J. L. Jones, Yale University; 
Professor F. C. Kent, University of Oklahoma; Professor L. C.. 
Plant, University of Montana; Mr. R. E. Powers, Denver, 
Colo.; Mr. T. M. Simpson, ‚University of Wisconsin; Professor 
Evan Thomas, University of Vermont; Professor H. C. Wolff, 
Unive of Wisconsin; Mr. W. A. Zehring, Purdue University. 
Nine applications for membership in the Society were received. 

A list ‘of nominations for officers and other members of the 
Council, to be placed on the official ballot for the annual meeting, 
was adopted. Committees were appointed to make arrange- 
ments for the summer meeting of the Society at the University 
of Pennsylvania, in 1912, and to audit the Treasurer’s accounts. 
The invitation of the University of Wisconsin to hold the summer 
meeting and colloquium at that University in 1913 was accepted. 
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A committee consisting of President Fine as chairman and 
Professors E. W. Brown, C. J. Keyser, E. H. Moore, W. F. 
Osgood, and E. B. Van Vleck was appointed to consider and 
report to, the Council a plan for placing the business of the 
Society on a permanent basis. It was decided to change the 
form of the Annual Register by omitting in the personal entries 
all mention of membership in other organizations. 


The following papers were read at this meeting: 

(1) Mr. A. R. SCHWEITZER: “On a functional equation.” _ 

(2) Professor E. V. HuwrINGTON: “A new approach to the 
theory of relativity." 

(3) Mr. L. P. Srcgrorr: “Simple groups from order 2,001 
to order 3,640." 

(4) Dr. H. H. MrrcBELL: “Determination of the quaternary 
linear groups by geometrical methods.” 

(B) Professor G. A. Buiss: “A new proof of the existence 
theorem for implicit functions." 

(6) Mr. R. E. Powers: “The terth perfect number." 

(7) Professor E. W. Brown: “On the summation of a certain 
triply infinite series.’ 

(8) Dr. L. L. Drives: “On the highest common factor of a 
system of polynomials.” 

` (9) Professor R. D. CARMICHAEL: “Fundamental properties 
of a reduced residue system mod m.” 

(10) Professor R. D. CARMICHAEL: “A generalization of , 
Cauchy’s functional equation.” 

(11) Professor R. D. CARMICHAEL: “On composite numbers 
P which satisfy the Fermat congruence a^^ = 1 mod P.” 

(12) Professor Epwarp Kasner: “Differential invariants 
of infinite order.” 

(13) Professor B. H. Camp: “Series of Laplace's functions.” 

(14) Dr. N. J. LENNES: “A new proof that a Jordan curve 
separates a plane.” 

In the absence of the authors the papers of Mr. Schweitzer, 
Mr. Powers, and Professor Carmichael were read by title. 
Abstracts of the papers follow below. The abstracts are num- 
bered to correspond to the titles in the list above. P 

1. Mr. Schweitzer proves the following theorem: er 

Let u = $(z,2), v= (z, y) and w= $(y, z); then if 
plu, v) = w, there exists a function x such that x(v) = x(a) 
—x(y). A similar result is valid in case of the relation $(u, 17) — v. 
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The method of proof is analogous to that of Abel * and Stickel }' 
who show (in effect) that if at, u) = (z, v) = (x, w), then 
there exists a function x such that x(v) = x(4) + vil 


2. The theory of relativity as developed, by Einstein f is 
usually supposed to involve a‘radical modification, not only 
of our conception of the ether, but also of our fundamental 
notions concerning space and time; and the discussion of ‘the 
so-called “paradoxes of relativity” has often led beyond the 
safe ground of mathematical deduction into the realm of meta- 
physical speculation. 

The purpose of Professor . Huntington’ s article is to show that 
the famous "transformation equations," which stand at tlte 
center of the theory, can be easily deduced from simple con- 
ventions in regard to the setting of clocks and the laying out of 
coordinate systems, without any conflict with our ordinary 
conception of the ether, or with our ordinary notions of space 


| . and time, thereby freeing the theory from the least appearance 


of paradox. Ù 

The method pursued is in some sense a return to the point of 
view of Lorentz,§ who retained the concept of the ether as his 
starting point, and never abandoned our ordinary notions of 
time and space; and the transformation equations here ob- 
tained resemble the equations of Lorentz in being slightly more 
general than those of Einstein. . Lorentz's method of deducing 
these equations, however, involves a large and difficult part of 
the modern electromagnetic theory, while the method here 
adopted depends only on the most elementary, considerations. 

The present article is purely expository, and does not attempt 
any critical or historical discussion. || 


3. In this paper Mr. Siceloff continues the search for new 
simple groups of low order. He finds that-the only orders of 
‚simple groups between 2,001 and 3,640 are those already well- 


* Crélle's Journal, vol. 1 (1: ah und Ph 
| Zeitschrift fur Mathematik Physik, vol. 42 (1897), p. 323. 
A. Einstein, bewegter órper," Annalen der 
Physik, ser. 4, vol. 1 en pp. 891-921. 
$ H. A A. Lorentz, Versuch: einer Theorie der elektrischen und o tischen 
Erscheinungen i in bewegten Kö Leiden, 1895. Neudruck, Leipzig, 
.1906. Also, The Theory of Electrons (Columbia University: lectures, 
M Leipzi, Ce bibli hy of the th relati the read. 
or an extensive ography of the theo vıty, the 
ea: J. Laub, inthe Jahrbuch der p re A 
Elektronik, vol. 7 (1910 à, December, p. 
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known, viz., 2,520 and 3,420. Whether there is a second simple 
group of order 2,520 has not been determined. "The results are 
` based chiefly on the study of the Sylow subgroups. 

4. À complete enumeration of all primitive collineation 
groups in ordinary.space of three dimensions has been given by 
Blichfeldt (Mathematische Annalen, 1905). This was done 
primarily by algebraic methods and involved the use of theorems 
concerning the irreducibility of equations containing roots of 
unity. It is the purpose of Dr. Mitchell’s paper to determine - 
these groups by geometrical methods and in such a way as to 
determine also the quaternary groups where the coefficients , 

“of the transformations are marks of the @F(pr), but the order 
of the group is not divisible by the prime modulus p. Properties 
of the linear complex are found to be of much service in the 
solution of the problem. 


5. The paper of Professor Bliss has to do with the solution 
of a system of equations of the form 


fin, Vy eae , Im; Yı, Yrs ws, Ya) = Q (à Tos 1, 2, D 2, 7). 


The theorem stating the existence of a set of solutions of the 
form 

y. = ys $2,777, Lm) (= 1, 2, VIS n) 
for these equations is an old one, but in the well-known proofs 
of it a single equation is usually considered first, and then the 
proof is made for a system of equations by applying the prin- 
ciple of mathematical induction. In the present paper a proof 
is given which seems relatively simple, and which applies with 
equal convenience to either one or more equations. 


6. The composition of Mersenne's numbers 2? — 1, p a prime, 
is known for all values of p not exceeding 100 with the exception 
of p — 89. E. Lucas, in volume 1 (1878) of the American 
Journal of Mathematics, proved the following theorem: “If 
CON = 24 — 1, and if we form the series of residues (modulo! 
N) 4, 14, 194, ---, each of which is equal to the square of the 
preceding, diminished by two units, the number N is prime if 
the first residue 0 lies between the 2gth and the (4q + (tb: 
term." Mr. Powers shows that for 4g + 1 = 89 the 88th term 
of the foregoing series is 0 (first 0); hence 29''— 1 is a prime 
number, and 25 (29 — 1) is the tenth perfect number. 
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7. In ‘the expansion of Hill’s infinite determinant there 
' occurs a term which is equivalent to 


Basi) H1) it E EHI HH HE CHE HAT 


. where each of the six factors is obtained by giving j the proper 

value in 1/[j] — o* — ?. Here a is unequal to any integer, 

i takes all integral palue from + o» to —œ , and k, k’ all 

integral values from 2 to ©. Hill gives the value with but 

slight indication of the method by which he obtained it.. Pro- 

fessor Brown shows how it may be obtained without great labor, 
and i is thus able to verify Hill's result. 


8. In a paper before the Chicago meeting of the Society in 
April, Dr. Dines considered the conditions characterizing the 
existence of a common factor of first or higher degree of a system 
of n polynomials in one variable. Itwas-found that, if a certain 
restriction be made upon the coefficients, then necessary and 
sufficient conditions can be stated in terms of the vanishing of 
n — 1 determinants. 

In the present paper, a matrix is constructed whose elements 
are the coefficients of the given polynomials arranged according 
to & simple rule, and which for n —.2 reduces to the matrix 
of the well known Sylvester resultant of two polynomials. 
This matrix possesses the following properties: 

(1) The vanishing of the matrix constitutes necessary and 
sufficient conditions for the existence of & common factor of 
first or higher degree. (A matrix of u rows and y columns, 
y, is said to vanish when every ‘determinant of order u of 
the matrix vanishes.) 

(2) The degree of the highest common factor of the system 
of polynomials can be stated in, terms of the rank of the matrix: 
» (8) The coefficients of the highest common factor are deter- 
minants of the matrix, easily characterized. 

(4) There are always n — 1 determinants of the matrix 
whose vanishing is equivalent to the vanishing of the matrix. 


` 9. The most important example of an abelian group is 
furnished by the e(m) integers of a reduced residue system mod 
m, the operation of combination being multiplication and re- 
'duetion mod m. In the present paper Professor Carmichael 
determines the invariants of such a group and gives a method 
for constructing all groups of this class having the same in- 


H 
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variants as & given group of the class. In this way all groups 
of the class, simply isomorphic with a given one, are determined. 
Let us define \(m) as the greatest exponent to which any ele- 
ment of the reduced residue system mod m belongs. A method 
is given for finding every x such that A(x) = A(m), and in- 
cidentally for finding every x such that (x) = (m). The 
paper closes with a table giving all possible solutions of \(z) = a 
for every possible value of a up to a = 24. The solutions are 
separated into sets according to the type of group defined by 
the corresponding reduced residue system. In each case the 
invariants of the group are given. 


10. The nature of the generalization of Cauchy’s functional 
equations effected in Professor Carmichael’s second paper - 
is indicated by the following theorem: If œ is any positive 
or negative quantity and u, is any function of z capable ‘of 
assuming at least once each value in the set 


2 na (n,s = 0, 1,2, we nz», 


then the most general function f(x) which is continuous on 
the interval (0, a) and satisfies the functional equation 


et us) = f(x) + flu) 


is f(x) = ax, where a is an arbitrary constant. 

11. In his note on the Fermat congruence aP-!= 1 mod P 
Professor Carmichael gives a method of finding composite 
numbers P which satisfy the congruence for every a which is 
prime to P. ^ 


12. When an analytic curve is referred to the tangent and 
normal at one of its points, its equation takes the form 


\ . y = ax + ag + +... 


The coefficients are differential invariants of the curve, the first 
being half the curvature. Every combination of the coefficients 
is an invariant, that is, intrinsically related to the curve. Pro- 
fessor Kasner considers combinations involving an infinitude of 
coefficients. An important example is the radius of convergence 
of series y. Another invariant is the quantity J defined as the 
first non-vanishing term in the sequence a», as, ser. This 
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vanishes only when the curve is a straight line, and is applied 
to certain questions concerning geodésics and trajectories. The 
even and odd components of à curve at a given point, introduced 


by the authorin an earlier paper, are examples of covariants of 
infinite order. 


13. The most important theorem concerning the validity of 
the expansion of an arbitrary function in & series of Laplace's 
functions has been proved by Jordan in his Cours d'Analyse, 
second edition, volume 2, page 252. The conditions stated 
there are that the given function be continuous on the surface 
of the sphere within some small circle about the point at which 
the expansion is made, and that it have limited variation along 
every great circle through the point. 

The object of Professor Camp's paper is to correct an error 
in Jordan’s theorem, and to furnish new sufficient conditions 
for the validity of these expansions. To the conditions an- 
nounced by Jordan should be added the requirements that 
the values of the variations be all less than some fixed number, 
and that these variations be uniform with respect to all great 
circles through the point. Furthermore, the conditions of 
continuity of the function and of uniformity of the variations 
may be replaced by the different condition that there exist 
a small circle about the point considered such that within it 
the given function is, along all great circles through the point, 
an indefinite integral of another function which has an absolutely 
convergent double Lebesgue integral in its domain of definition. 
Any or all of these conditions may fail on a null set of great 
circles through the point. 


14. In a paper presented to the Society at the April meeting 
‘ Dr. Lennes proved that a closed continuous surface separates 
a three-space in which it lies into two connected sets. The 
present paper is an adaptation of the methods used in that 
paper to the case of the curve in the plane. 
F. N. Cour, 
Secretary. 


t 
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THE OCTOBER MEETING OF: THE SAN FRANCISCO 
^ SECTION. 


‘‘ THE twentieth regular meeting of the San Francisco Section 
of the American Mathematical Society was held at the Uni- 
versity of California on Saturday, October 28, 1911. The : 
following seventeen members of the society were present: 

Professor R. E. Allardice, Mr. B. A. Bernstein, Professor 
H. F. Blichfeldt, Dr. Thomas Buck, Professor G. C. Edwards, 
Professor M. W. Haskell, Professor L. M. Hoskins, Dr. Frank 

^ Irwin, Mr. C. G. P. Kuschke, Professor A. O. Leuschner, 
Professor J. H. McDonald, Professor W. A. Manning, Professor 
H. C. Moreno, Professor C. A. Noble, Professor E. W. Ponzer, 
Professor T. M. Putnam, Professor A. W. Whitney. 

In the absence of Professor Lehmer, chairman of the section, 
Professor Haskell presided oyer the morning „session and . 
Professor Allardice over the afternoon session. 

The following officers ur elected for the ensuing year: 

‘ president, Professor L. M. Hosking; secretary, Professor 
T. M. Putnam; program committee, Professors Blichfeldt, 
McDonald, and Putnam. 

The dates for the meetings for 1912 were fixed at April 6 
and October 26. 5 


The following papers were presented: 
rs ‘(1) Professor W. A. Mannina: “The primitive groups 5 of 

- class twelve.” 

(2) Professor G. A. Men: “ Note on the | cyclic 
subgroups of a group of order p^."  * 

(3) Dr. H. W. Sracer: “A Sylow factor table of the first 
twelve thousand numbers." 

(4) Professor A. W. WHITNEY: "Theory of schedule rating 
in fire insurance." 

(5) Professor H. F. BrircHrELDT: “On a basis of plane 
geometry” (preliminary communication). f 

(6) Professor A. O. LrUscHneEr and Mr. B. A. Bien: | 
“Graphical solutions of the fundamental equations in the short 
methods of determining orbits.” — . . 

In the absence of the authors the papers of Professor Miller 
and Dr. Stager were read by title. Abstracts of the papers 
follow below. 


{ 
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. 1. In addition to the 25 known primitive groups of class 12. 

on not more than 17 letters, Professór Manning has found that 
there are four others, one of degree 27, two of degree 28, and one 
of degree 36. Of these, only one is doubly transitive.» It, and 
its maximal subgroup, which is primitive of degree 27 and of 
` order 27-1920, seem not to have been noticed before. 


2. It is known that every subgroup of order p* in a group G 
of order p*, m > «and p a prime number, is transformed into 
itself by at least p*** operators of G. Professor Miller calla & 
cyclic subgroup which is not contained in & larger cyclic sub- 
group of G a maximal cyclic subgroup of G, and proves the 
following related theorems: 

A necessary and sufficient condition that every maximal cyclic 
subgroup of order p*in a group G of order p", m>3, is trans- 
formed into itself by no more than p**! operators of Gis that G 
‘contains one and only one cyclic subgroup of order p" !. Every 
non-cyclic group of order p”, with the exception of the three of . 

' order 2" which involve one and only one cyclic subgroup, of 
order Ze"), contains at least one maximal cyclic subgroup of 
order p* which i is transformed. into itself by more than mi) 
operators of the group. 


8. The main purpose of the table described in detail in Dr. 

Stager’s paper is to furnish directly information as to the possible 
number of subgroups of a group of given order under Sylow's well 
known theorem. Each number is expressed as the product of 
' powers of primes, and for each prime factor greater than 2 
there is given the values of #, other than zero, of all divisors 
of the number of the form p(kp + 1). Those values of k, 
other than zero, such that the number is identically equal to 
p(kp + 1) are specifically indicated. The table is so arranged 
that all of the above information appears for any number as 
‘one entry. In the case of primes, their rank is indicated by 
the symbol p,. The desired possible number of subgroups is 
obtained by substituting the listed values of p and k in the 
formula kp + 1. 

‘In addition, a list of those numbers which contain no factors 
of the form p(kp + 1), k> 0, is given, so arranged that the 
number of such numbers between any two limits less than 
12,000 is easily obtained. The table was constructed inde- 
pendently by two different methods and the results compared 
for errors. The one method used is new and was probably 
applied for the first time in the construction of this table. 
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4, Since in fire insurance it is impossible to restrict the 
selection of risks to those that are standard, as is for the most 
part the case in life insurance, it becomes necessary to make an 
analysis of the hazard. A rate built up in this way is called a 
schedule rate. Mathematically the rate is a function of the 
various elements of construction, exposure, occupancy, etc., 
and the schedule is the expression of this relation. Existing 
‘schedules, while formed upon no real mathematical analysis, 
are as a matter of fact in the form of a Maclaurin expansion; 
a base rate is assumed and the departures from this are pro- . 
duced by additions. While this method works fairly well 
within a restricted field, it breaks down entirely, as might be 
expected, when the schedule is extended to a great variety of 
risks, and the consequence is that a great number of different 
schedules must be employed. 

In the present paper Professor Whitney attempts by means 
of simplifying assumptions to make an analysis of the structure 
of this function. The result is a schedule no more complicated 
but radically different in structure. It is believed that a 
schedule of this form possesses a flexibility that makes it capable 
of universal application. The paper was originally given 
before the Actuarial Society of America and was published in 
the Transactions of that Society for May, 1911; rewritten in 
unmathematical form, it was published in the Weekly Under- 
writer of September 30. 


5. In a paper published in the Transactions for 1902, pages 
467—481, Professor Blichfeldt gave certain postulates which 
were sufficient to determine, for space of n dimensions, the 
typical forms for the distance between two points. In the 
present paper it is shown how for n — 2 a simpler set of postu- 
lates can be substituted. The existence of distance relations 
for four points is assumed only if one or two of the four points 
are one or both of two fixed points in the “plane.” It is not 
assumed that the number of points of the plane is infinite. 


6. In the preliminary determination of an orbit, the geo- 
centric distance of the body can be obtained by solving the 
equation 

h i 
(1) qeu ue Tee a 
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if the orbit is assumed to be a Sata: and by i 
` (2) (= 28 + .1)%(a — m)? — m? = 0 


if no assumption is made regarding the orbit. One of the chief 
aims of Professor Leuschner’s short methods for computing 
an orbit is to shorten the time taken for the calculation. The 
semi-graphical solution of the above equations used in the 
` short methods contributes largely to this end, as well as to 
the lessening of tedious computational work; but this method 
still requires the use of tables. , It is to eliminate entirely all 
: computations in the solution of equation (1) above that Pro- 
fessor Leuschner and Mr. Bernstein devised methods of con- 
structing geometrically the curve given by the equation 


_ h 
IR 


whose intersections with the parabola y= (s — p^? give the 
required roots. By finding a geometric construction of the 
curve 

* & ^ m ` 


| OT een 


whose intersections with the line my = x + c — m give the 
roots of equation (2), Mr. Bernstein derived a purely graphical 
solution of the ‚problem for the general orbit. 
T. M. PurNAM, 
Secretary of the Section. 


THE CARLSRUHE MEETING OF THE GERMAN 
MATHEMATICAL SOCIETY. 


Tue annual meeting of the Deutsche Mathematiker-Verein- 
igung was held in affiliation with the eighty-third convention. 
of the society of naturalists and physicians at Karlsruhe during 
the week of September 24-28, under the presidency of Professor 
F. Schur; of the University of Strassburg. Under the stimulus - 
of the pleasure and profit derived from preceding meetings a 

new record in attendance was established, over one hundred 
- persons being present. The people of Karlsruhe generously 
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provided for the social part of the meeting by arranging an 
excellent program for'every evening, one being devpted to an 
excursion to Heidelberg to witness the illumination of the 
castle, and to hear a well-rendered concert. The general session 
of Monday morning was opened with an address of welcome 
` by the Grand Duke of Baden. Sectional meetings were held 
during the next four days, and the business meeting on Thurs- 
‘day morning. The membership of the society is 765 and the re- 
. serve fund consists of over M. 23,000. The bibliographie com- 
mission has been discontinued, and new members have been 
added to the committee to provide for the further pub- 
lication of the papers of E. Schröder. Two finished volumes 
of the works of Euler were presented, and a detailed report 
of the German subcommittee of the international commission ! 
of mathematical instruction was read. Professors Rohn and 
Sommerfeld succeed Professors Engel and Schur as members 
of the council. The official representatives to the fifth congress : 
of mathematicians are the new chairman, Professor W. von 
Dyck, and the secretary, Professor M. Krazer. The next meet- 
ing of the Vereinigung will be held at Münster in September, 
1912, under the presidency of Professor von Dyck.* 

The following papers were read at this meeting. ` 

(1) Professor C. Cana THÉODORY, Breslau: “On the depiction 
of the boundary in the conformal representation of a general 
region." 

(2) Professor O. BLUMENTHAL, Aachen: “Meromorphic : 
functions of several variables. ” | 

(3) Professor G. FABER, Stuttgart: “On interpolation." 

(4) Professor L. G. Du Pasquier, Neuenburg: “On com- 
plex tettarions." 

(5) Dr. L. Lichtenstem, Berlin: “On Poisson’s integral and 
the behavior of analytic functions on the boundary of the 
circle of convergence.” 

(6) Professor L. SCHLESINGER, Giessen: “On early work of 
Gauss on the arithmetic-geometric mean.” : 

(7) Professor K. HEUN, Karlsruhe: “Outlines for the ex- 
tension of classical mechanics” (report). 

(8) Professor P. Voronerz, Kieff: “On the equations of. 
motion of a rigid body." : 

* For this part of the report the editors are indebted to Dr. H. Momk- 
MANN, of Karlsruhe; for that of the social activities, to Dr. CLARA A. 


Surrx. The abstracts of the paper were kindly furnished by the authors 
in reply to a request sent by the editors. 





^ 
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` (9) Professor R. v. Mises, Strassburg: “On the problems of 
oscillation and the Sommerfeld theorem of turbulence." 

(10) Professor G. Hane, Brünn: “On the stiffness of ropes.” 

(11) Professor V. VARICAK, Agram: “ On the e e 

interpretation of the theory of relativity.” 

- (12) Professor E. Papprrirz, Freiberg: ^ Exhibition of the 
completed kinodiaphragmatic projepuon apparatus for geo- 
metric illustrations.” 

(13) Professor H. WIENER, Darmstadt: * Determination of a 
root of an equation by means of a convergent (or divergent) 
series.’ 

(14) Professor E. SALKOWSKI, Charlottenburg: “ Theory of 
curves in elliptic. space." 

(15) Professor C. JUEL, Copenhagen: “Concerning the 
straight lines which lie on an gius non-algebraic surface of 
order three.” 

(16) Professors F. Kıem, Göttingen, E. Brouwer, Amster- 
dam, and P. KoEBE, Leipzig: “Report on automorphic func- 
tions and the problem of uniformization." 

(17) Professor E. Dun, Würzburg: “Connection between 
fundamental regions and linear differential equations." - 
. (18) Dr. L. BxesEgRBACH, Königsberg: “Remarks on auto- 
morphie functions." 

(19) Professor J. WELLSTEIN, Strassburg: “On motion in 
space and the principle of relativity." 

(20) Professor L. Herrrer, Freiburg:. ^ On the introduction 
of the four-dimensional world of Minkowski." 

' (21) Professor F. BznwerEIN, Göttingen: "On Lagrange's 
problem of mean motion in the theory of secular perturbations.” 

_ (22) Professor H. Wiener, Darmstadt: " Exhibition and 
explanation of some new models." 

Abstracts of several of the papers follow; the numbers cor- 
respond to those in the list above. 


2. As an extension of memoirs by E. E. Levi, Professor Blu- 
menthal discussed the natural boundaries of functions of two 
complex variables. He showed by means of the principle of 
condensation that the natural boundaries approach certain 
, three-dimensional manifolds, many of the properties of which 
can be ascertained. The memoir is to appear in the Jahres- 
bericht. 


3. Professor Faber spoke of his investigations concerning 


\ 


172 THE GERMAN MATHEMATICAL SOCIETY. - [Jan., 


the accuracy of the best formulas of interpolation, and pointed 
out that they were less applicable to the representation of a 
function than to obtaining numerical approximations in 
mechanical quadrature. At the conclusion of the discussion 
the methods of Tchébichef and of Cauchy were compared. 


4. The tettarions discussed by Professor Du Pasquier are 
defined as matrices of numbers having the same number of 
rows as of columns. "They are added or subtracted by adding ` 
or subtracting corresponding components. Multiplication fol- 
lows the same laws as the composition of linear substitutions. 
As subgroups, the complex numbers of Gauss and the quater- 
nions of Hamilton are included. If» = 4 and all the compo- 
nents are real rational numbers, a tettarion field is defined. 
Division into integral and fractional forms can be made in an 
unlimited number of ways. Thus an infinite number of realms 
of rationality exist. A rational basis of classification is into 
integral, conditionally -fractional, unconditionally fractional, 
and finally forms having both characters. 


5. In the paper of Dr. Lichtenstein a number of properties : 
of the partial derivatives of the Poisson integral, taken on the 
circumference, are derived. It is then shown that if u(z, y) 
is a Poisson integral. with integrable boundary function and 


v(z, y) its complementary potential function; then the latter .. 


is integrable. The most important regult concerns the partial 
. derivatives of the second order of the logarithmic potential 


way) = q; ff low te — + (0 — m) PC n) deda 


in which P(£, o) is an integrable function and T any finite region. 
It is shown that except for a set of points of content zero, the 
derivatives d*u/dx?, 9%u/9y° exist, are integrable, and satisfy. 
the equation 


"ou 
8. The differential equatious of motion of a rigid body are 
usually referred to a fixed system Ou of rectangular 
coordinates, or to a system Oo: moving rigidly with 
the body. In the few cases in which-a system M-£st is 
employed which is movable as to both, M is either supposed 
fixed, or is taken as the center of gravity of the moving body. 


u, u 
Ke = P(x, y). 


DX 
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In Professor Voronetz’s paper, the first part is concerned with 


the equations of motion in Af Eat coordinates, the position of 
M being unrestricted; the second part develops the case of : 
rolling motion further, and contains a number of new results. 


"LL. Professor Varicak showed in: his paper that the Loba- 
chevsky geometry furnishes adequate means for the treatment 
of the theory of relativity; all of the investigations operate in a 
Lobachevsky space. ‚By means of simple considerations, 
the addition theory for velocities is developed, ag. well as the 
laws of aberration, of reflection in moving mirrors, and certain 
other laws. 


12. Professor Papperitz presented an TU complete 
form of his apparatus for geometric illustrations.‘ For the 
principle of the procedure and its applicability for producing 
figures in space for the purposes of instruction, reference may 


` be made to two short reports (“ Ueber das Zeichnen in Raume,” . 


Jahresbericht, volume 19 (1911), page 307, and “Die kinodia- 
phragmatische Projection . . . ," Hoffmann’s Zeitschrift, vol- 
ume 11 (1911), page 465). This method of illustration promises 
to be particularly: expedient; it represents not only figures in & 
plane, but also stereometric ones by means of virtual images 
of space curves and surfaces. "The apparatus has been patented, 
and is provided with a number of models for representation. 
A detailed prospectus is furnished with the machine. 


14. The principle of correspondence introduced by Study , 
(American Journal, volume 29, pages 116 ff.) by means of which 
the speers of elliptic space are associated with the point-spheres 
of two spheres of unit radius in euclidean space is applied by 
Professor Salkowski to the theory of space curves. If zu 
Zi Zi Xn, Tr Try are the speer coordinates of the directed 
tangent of a space curve, Yu Jr; Zip Z4 D = 1, 2, 3) those of 
its principal normal and binormal pepe. K,T the curvature 


and torsion, then the SE exist 


dzu = Kee AE Ü 
ds Kyu, da ry 
d dys ^. 
dec cmo De y m m ems OF D 


dz de, 5; 
= Due = ot Dim 


D 
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These equations determine a curve of elliptic space, and, except 
as to a simple transformation, associate two curves e, c, of 
euclidean, space. A number of consequences of this theorem 
were pointed out. 


16. The report on automorphie functions was presented 
by Professor Koebe. 'The most emphasis was put on the 
problem of uniformization, aüd a statement of recent progress 
made was given. After discussing his own publications (Jahres- 
bericht, for 1906, 1907, 1910; Göttinger Nachrichten, 1907-1911; 
Mathematische Annalen, volumes 67, 69; Crelle’s Journal, 
volumes 188, 139), the speaker pointed out the significance of 
recent memoirs of Poincaré, Hilbert, and others. 


17. If four singular (real) points and their corresponding 
exponents of a linear differential equation of the second order 
are known, there are co real values of the parameter, so that 
the circular quadrilateral has an orthogonal circle. In case 
of complex’ parameters, an infinite number of new theorems 
can be stated, one associated with each characteristic oscillation 
number. To generalize the above conditions, Professor Hilb 
uses the relations established by Klein for the triangle and by- 
Ihlenberg for the quadrilateral. It is shown that the method 
developed by the latter becomes too complicated to be further. 
extended. The author showed how to pass from polygons of 
n sides to those of n + 1 sides-by a new method. The corre- 
sponding extension in the complex field is much more compli- 
cated, but can be made. By means of the Fricke normal 
polygons, it is possible to overcome the difficulty imposed by 
the Stieltjes boundary, making the transformation of y' (or 
higher derivative) for y, then taking the auxiliary points into 
&ccount. 


18. Dr. Bieberbach reported on the contents of the third 
installment of Fricke-Klein, Vorlesungen über automorphe 
Funktionen, and made some remarks concerning the proof by 
means of continuity of the theorem of the closed section. 

VIRGIL SNYDER. 
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A NEW PROOF OF THE EXISTENCE THEOREM 
- -` FOR IMPLICIT. FUNCTIONS. 


BY PROFESSOR GILBHRT AMES BLISS. 
(Read before the American Mathematical Society-October 28, 1911.) 


Tux theorem with which this paper has to do is the one 
-> which states the existence of a set of functions 


S Yr = Yılzı, Te, y Em) (2 = 1, 2, ---,m) 
which satisfy a system of equations of the form’ 
Q0) ua dns Yu Ynys) =O (= 1,2,--+, 0). 


For the case in which the functions f are only assumed to be 
‘continuous and to have continuous first derivatives, the proof 
seems to have been originally given by Dini.* His method is 
to show the existence of a solution of a single equation, and then 
to extend his result by mathematical induction to a system of 
the form given above, a plan which has been followed, with 
only slight alterations and improvements in form, by most 

~ writers on the theory of functions of a real variable. In a more 
recent paperf Goursat has applied a method of successive 
approximation which enabled him to do away with the assump- 
tion of the existence of the derivatives of the functions f with 
respect to the independent variables z. 

One can hardly be dissatisfied with either of these methods 
of attack. It is true that when the theorem is stated as pre- 
cisely as in the following paragraphs, the determination of the 
neighborhoods at the stage when the induction must be made 
is rather inelegant, but the difficulties encountered are not 
serious. The introduction of successive approximations is an 
interesting step, though it does not simplify the situation and 
indeed does not add generality with regard to the assumptions 
on the functions f. The method of Dini can in fact, by only 
a slight modification, be made to apply to cases where the 

“functions do not have derivatives with respect to the variables x. 

* Lezioni di Analisi infinitesimale, vol 1,-chap. 13. For historical 

3 ood, Encyclopádie der mathematischen Wissenschaften, 


remarks, see Osg 
IL B 1, § 44 and footnote 30. . 
t Bulletin de la Société mathématique, vol. 31 (1903), page 185. 
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The SE which is given in the following paragraphs seems. 
to have advantages in the matter of simplicity over either of 
the others. It applies equally well, without induction, to one 
or a system of equations, and requires only the initial assump- 
tions which Goursat mentions in his paper. 

Where it is possible without sacrificing clearness, the row 
letters f, x, y, p, a, b will be used to denote the systems 


r fe (fs fa, tt fa, c= Lo, Ta, aL i 


Y= (syn Ya) a = (an Gt", Om), 
b = (bbb), Pp = (ai, Qas ++ Geib Da, +++, On). 
In this notation the equations (1) have the form 
fe; y) = 0, 


the interpretation being that every element of f is a function 
of 21, 2s, °* Tmj Yu Vas ^0, Ya and every fi is to be set equal. 
to zero. The notations Pe Qe b, represent respectively the 
neighborhoods 


laca e pb ees I2-al< ei Iy-b|« e 


' . of the points p, a, b. 


With these notations in iind the fundamental theorem which 
_ is to be proved may be stated as follows: 
i Hypotheses: 

1) the functions f(x; y) are continuous, and have first partial 
derivatives with respect to the variables y RER: are also continuous, 
in a neighborhood of the point p; 

2) f(a; b) — 0; 

vi) the functional determinant D = (fi, n s || Yr 

-, Yn) 18 different dee zero at p. 

Conclusions: 

1).a neighborhood. p, can be found in which there sirerpanids 
to a given value x at most one solution (x;y) of E equations 
fas y) = 0; 

2) for any neighborhood p, with the property Le described a 

‘constant à = e can be found such that every x in a, has associated 
‘with it a point (x; y) which satisfies the equations f(x; y) = 0; 

3) the functions y(x1, s, *'7, tm) 80 found are continuous in 

the region. as. 


^ 


\ 
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For thé neighborhood p, let one be chosen in which the 
continuity properties of the functions f are preserved. ‘If 
(x; y) and (x; y’) are two points in pa it follows by applying 
Taylor’s formula to the differences f(x; y) — f(x; y) that 


hey) —filesa) = C ME ze ARES 


flay) AD = 7 (qu — m) 
where the arguments of A derivatives "ma have the form 
x;y + &(y' — y) and 0 « 0; «1. ‘The determinant of these 
derivatives is different from zero when (x; y) = (z; y) = 
(a; b), and hence must remain different from zero if De is re- 
stricted so that in it the functional determinant D remains dif- 
ferent from zero. It is then impossible that (x; y) and (x; y) 
ghould both be solutions of the equations f(z; y = 0 if y 
is distinct from y’. 

In the corresponding region b, the function 


g(a; y) = fia; y) + fa; y) + +++ + fai y) 


' has a minimum for y = b, since for that value it vanishes and 
for every other it is positive. In particular 


pla; al — e(a; b) > m» 0 
for the closed set of points n forming the boundary of b., on ac- 
‚count of the continuity of e, and the inequality 
plz; ai — plz; b) > m 


remains true for all values + in a suitably chosen domain ay. 
Hence for a fixed x in a, the minimum of e(z; y) is attained , 
at a point y interior to b.. At such a point, however, 


ER a HI =) SECH 


EE th. 
2 a P at^ HE fg 0, 
La d ^ 
2a. T" nw 


and this can happen only when all the elements of f are zero, 


M 
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since the functional determinant D is different from zero in p.. 
It follows that to every point z in a, there corresponds in p, 
a solution (x; y) of the equations f(x: y) = 0. f 
` The functions y(z;, 22, +++, £m) defined in this way over the - 
region a, are all continuous. For consider the values y and 
' y + Ay corresponding to two points x and + + Az. By apply- 
ing Taylor's formula it follows from the relations y 


J (z; y ¥ Ay) — F(z; y) = fæ; y + Ay) — f(z + Az; y + Ay), 


which are true because (z; y) and (a+ Az; y+ Ay) both 
make f = 0, that 


fi afi afi | | à l 


A Ayt A +2 AW 
dy nr ya + T. A 
| ` = file; y + Ay) — filz + Ar; y + Ay), 
(joe Zei E d RT A ; ; | oe 
8f. fa f. 
I Aud A tay, . 
Su nT ay, Yat E Sy. V 


wo day + Ay) — fale + Avi y + Ay), 
where the arguments of the derivatives df;/dy, have the form 
x;y + 6,Ay (0<6,< 1). The determinant of these deriv- 
atives is different from zero on account of the way in which p, 
was chosen, and the second members of the equations approach 
zero with Az. Hence the same must be true of the quantities 
Ay, and the functions y(21, £2, +++, Zm) are seen to be continuous. 
A similar application of Taylor's formula leads to the con- 
clusion that 
If the functions f have derivatives of the first order with respect 
to zy which are continuous in-the neighborhood of p, so have also 
` the functions at, va, +++, 2m) in the region a4; and if the fs‘ 
have all derivatives of the nth order continuous, so have the functions - 
(zi, de, t5, Im). 2 ‘ 
For suppose \ 
Am + 0, Az, = A = ss% = At. = 0. 


S 


Then by applying Taylor’s formula to the second members of 
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'equations (2) it follows that 


afr Ayı , oft Aye dfi An di _ 


y Adi Rm sa Azı. AR E Kids Ati AOT Oxy 4, 


On A „A n Ayn , Ob 
fa Ay: a ny.. ad "TENA 
ðyı Am dye Az Oy, Am ` Ay 





where the arguments of the derivatives óf;/óx; have the form 
z--0/Az;y + Ay. Hence as Az; approaches zero the quotients 
Ay.[Azi approach limits dy,/da, which satisfy the equations 


C Gon, fany, ym, ii, 
di dn  Oy40zi Yn 0x1 | Op 
(3) ; : | > i 3 
n n d n n d a 
8f. 99 Ay... N ah QUE ds A =0, 
| OY1 dy ` Oys O21 Oy. 021 


where the arguments of the derivatives. of f are now (x; y). 
A similar consideration shows the-existence of the first deriv- . 
atives with respect to the variables za, za, :::, Ze The ex- 
istence of.the higher derivatives follows from the observation 
that the solutions of equations (8) are differentiable n — 1 
times with respect to the variables z on account of the as- 
sumption that the functions f are differentiable n times. 


ON A SET OF KERNELS WHOSE DETERMINANTS, 
- FORM. A STURMIAN SEQUENCE. ` 


BY MR. H. BATEMAN, M.A. 


Werz * has recently given a theorem which states that if a 
kernel - ' 


We, D= D BDD ra= ka) 


is formed from n functions &,(s) whose squares are integrable 
in, the interval (0, 1), then the smallest positive root of the 


* Gütlinger Nachrichten, 1911; Heft 2, p. 110. 
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kernel 
, hle, t) = k(s, i) =e EIS t) 
| is not gréater than the (n + 1)th positive root of k(s, i). 


It has occurred to me that this theorem is & particular case 
of the following general theorem: ; | 


' Let k(s, t) be a symmetric function such that 


| Í | f TG, t)Pdsdt 


de convergent, pa = aq» (p, q = 1,2, ---,n) a set of constants: 
such that the symmetrical determinant ' 


Gi Au cct Am 
A = Q21 Gan : An 
Dal Un "rr Gna]. 


is not zero, fils), fals), «++, fale) a set of integrable functions 
such that 


| 60 [more 
is convergent. Then if 
kls, t fils) fa(s) ani Lisi 
Kë, i) = ~ fi) „au O33 t am | — xt 
DONE tele UN 


, and if hy (s, 0) is derived from Lie, t) by omitting the last row and 
column in each of the determinants E and A, the roots of the 
symmetric kernel h,_1 (s, t) will be separated by those of ha(s, t). 

Let DA), D, an), DNA) be the determinants of k(s, t), 
In-1(8, t), big, t) respectively; then by a known formula * 


DY = 22 y y, 





* Messenger of Mathematics, 1908, p. 179. 


H 


1912.] ON A SET OF KERNELS, 181 


ait ru e amt Arie 
x Va CA) = D " . . e " 


3 








Qal + ATni 7t Onn + Are 


roe ze [Lo = f, arte, 


and #,(s) is the solution of the equation 


L i 
felt) = dale) — à | Bode. 
Now let Ape denote the cofactor of the constituent Ang + Atze 
in the determinant GA): then by a property of determinants 
Akon = Ata = Va (A) VA), 


where fu is derived from GA) by omitting the last two 
rows and columns, ' 
Now Aan = Va1(N), hence when V4, 4(À) vanishes V-a) 
and v,(A) have opposite signs. The functions 
VO Ve), ts Vala) 


therefore form a Sturmian series and it will be seen presently 


2 


that the roots of V,(X) separate those of V, 4(3), the roots of. 


Va (3) separate those of V,-2(A), and so on. 
. Now the roots of v,(A) = 0 dre the same as those of D,(A)=0 
and I have shown in a former paper* that the roots of Di(X) 
separate those of DQ); hence the functions ` 


DO, DV, DJ, +, D.A) 


form á sequence such that the roots of any function in the 
sequence Separate tbe roots of the preceding function. 

Tf X, X, +, Anpa are the positive roots of D(A) arranged in 
order of magnitude, there will be n roots of Di(X) arranged 
singly between the gaps, n — 1 roots of D;(X) arranged between 
the gaps in this second set, and so on. `. Itis clear then that there 
is at least one root of D,(A) between À and X41; this includes 
‚Weyl’s theorem. We have’ supposed that the roots of D(a) 
are all distinct, but the necessary modification for the case of 
multiple roots is easily introduced. ; i 


* Cambr. Phil. Trans., vol. 20 (1908), p. 374. The theorem is used 
again on p. 182. ` 
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If the constants a,, are chosen so that the determinants An 
are all positive, D,_s(X) and D.D will have opposite signs 
when D,_ı(X) vanishes, and so the functions x 


Dd), Di), DA), +, DM u 


will form a Sturmian sequence. 

It has been stated that the roots of the functions v„(A) in the | 
Sturmian sequence separate one another. This is not always 
true for a Sturmian sequence when the functions are not poly- 
‘nomials, but it can be shown to be true in the present case, \ 
as follows. Let g,(s), g.(1) be the cofactors of the constituents 
f. (0, fale) in the determinant F,; then from the properties. of 
determinants . ` 

Pr * À, — 9n(8) gn (0) = F, * Ant. 


` Dividing out by An_ıA,, we have 


hs, 9 = has D — en 


We can now apply the theorem mentioned before to this equation: 
and deduce that the roots of A, (s, t) are separated by those 
of A. (s, t), there being one root of Lis, t) between each consecu- 
tive pair of roots of À, (s, 0. 


Bern Mawr Corrzax, 
November, 1911. 


ON THE CUBES OF DETERMINANTS OF THE 
SECOND, THIRD, AND.HIGHER ORDERS. 


BY PROFESSOR ROBERT E. MORITZ. 


(Read before the San Francisco Section of the American Mathematical 
. . Society, April 8, 1911.) 


. Wann the square of a determinant of any order may be 
readily expressed as a determinant of the same order, I am not 
aware of the existence of a correspondingly simple method by 
means of which the' cube of any determinant may be expressed 
in determinant form. For a determinant of the fourth order, 
_ As we have indeed from a well-known property of determinants 


Ags Ad, 
_ where A,’ is the determinant whose constituents are the co-- 
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factors of the "C constituents of. ES Another 

“isolated case may be derived from the following general theorem 
due to Faà di Bruno: 

The determinant which has for its first rów the constituents 


CN era, a By ao eur", y" 


and whose other rows are obtained by operating on the con- 
stituents of the first row successively by the symbolic operators 


, 05 d 1 d 
TV AG atra) EE 


lf ,d d \® 
aetra) 


is a power, namely the $n(n + 1)th power, of the determinant 
zy — xy. For n= 2, this theorem yields a determinant 
expression for (zy/ — 2’y)*. ` 





I 


On multiplying each constituent of the determinant of the 
second order 


a, |" 
u b1 be 








by As, we obtain | 
| ai(a1b2 — azb1) as(aibs — abı) 
bi(aibz — azbı) ba(aibs — agb) |? 
and this 3 in turn is equivalent to the bordered determinant 


AP = Alab — a4b,)? = 








aiba —, daby Gabe | 
g 


a(a3bs — abı) a»(dibs — asb1) |. 
al, 0° HÉICH ES gab be (aide = gab) 


-Now subtract a, times the first row from thé second, and add 
bı times the first row to the third, then 





Ad E 





abı abe — abı azb: 
— ajb, — 2ayasb, Em db}, 
ab 2abibs. ail 


A 3 = — 
abı 


“¢ 


(D! | Ag = 


' 
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or, after interchanging the first ad second TOWS and removing’ 
` factors, : 4 


aj Ai gei 





aıbı abs + abı abs . 
bà EL b. 


` By ue the first and third column to the second and 
putting ' 
ds = 01 ds, bs = bi + ba, 


we may Ste (1) in the form 





a? a," ag ` 
- (2) Ad =—|aib1 abe. ab. 


^ 


Jr dg bé 


[s 


We have then the following 
Rule for the cube of any determinant of the second das 
Mis down two lines of elements 


Qi Ge, gel = ay ge ta), 
bi, be, bt = bi + bs), 


composed respectively of the constituents of the first row 
(or column) and their sum; the constituents of the second row 
(or column) and their sum, of any determinant of the second 
order. Its cube is the negative of the determinant of the third 
order the constituents of whose rows (or columns) are respec- 
tively the squares of the elements of the first line, the products 
of the elements of the first line by the corresponding elements , 


of the second line, the squares of the elements of the second Bue 


\ ? 
a LI. ; 
Next consider the determinant of the third order 
‚ja o as d oa ag 
Ag = |b, bg bs | = eyeacg| bi! - be’ bei, 


C1 Ce 0 T. ZE: 2 


t 
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where 
é- à 


e 


ay’ = Ge, dy! = ases, as = gelos, by’ = bie, . ete. 


Expressed as a determinant of the second order, 


D LA , $ 
az — ag a3 — ar’ | 


Ag = Cap 
mi 17278 be! = bz bs! PES b, 


H 





- from which by the use of (2) 


2 


Ti 5 


Fe e 


Ad = — (eoa) | ët Tay days |, 


A 


where 
ti = a — aj, x. Oe — aj, x. = ay’ — ay’, 
y= b, — bs’, Y= by — by, ys = by’ — by. 











But 
j a a fg Q3 — dà — By 
tı = da — a = —— = = ` 
| Ce Cg C203 C303 
and similarly 
da = = Bı 8 — — zd 
^ C31 C103 
Ai _ Ar pr As 
y= Cats’ y= gen’ = p 


where the A’s and B's are the cofactors of the corresponding 
constituents of As. Substituting these values, we obtain after 
& slight reduction 


Aj Ay! Ag 
A,B, ER Asb; D 
Bé Ba Be 


(3) | Aÿ=— 


Cato 





A case of special interest is that in which the c’s are unity. 
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Thus \ 
o a dp 
b b ba 
1 E 1 i 
(a1— as)? ' (a@s—ay)* (a1—a4)* 
e (0-0) (bb) (as—ax)(ba—bx) (aa) (bis) - 
(0| echt Gb (b; — bay 


II. 


Before-considering the cubes of determinants of orders higher 
than the third, we will establish the following 


THEoREM]J. Let A, = (abs -- - n4) represent any determinant 
of the nth order, and let S denote the substitution which replaces 
a; by (aeui) = aua = Gy ili, 


b, by Ci) = cm E fak Cone aep 


“a n, is o = nisus u 
then | 
| SA, = = kir iAn = Es (abs -- ` Tees i), 


where Anis is the determinant of the (n+ Dé order, ne E 
bordering A, on the right by' 


„Qaj Ont coy Matty 
and on the bottom by | | 
ky ko, ++ E ka | 
PT MEDIE the substitution indicated, we have to show . 
R | 


(aikny1— Gn+1kı) (asks 1a ala) es (Ankn+ı —Anzıka) 
SA, VU MOM akar basaka) . EL 


se Rn) u N * M ue S 
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Qj As SAS On An+1 
bi bz 5 ba ba | ‘ 
mA o or on el. e 
\ Mm Ns ttt Na Na 
kı kı o kh. ba 


\ 


But this is merely the well-known identity which results from , 
the reduction of any determinant of the (n+ l)th order to 
one of order n. 

Definition.—Let us call the substitution S which transforms 
any determinant A, = (ajbs -++ na) into Anıı = (0303 - Hits 1) 
the substitution belonging to An ` | 

Taeorem II. If any cofactor H belonging to A, is trans- 
formed by the substitution belonging to An, the result of the oper- 
ation is the corresponding cofactor H+" belonging to Ani 
multiplied by kr. . i . 

This theorem is an immediate consequence of Theorem I, 
since-the cofactor H, of As, when bordered on the right by 
Anti, 0543, etc., and at the bottom by kı, ke, ete., becomes the 
cofactor HAS" of A,,1 Similar conclusions may be arrived 
at with regard to the transformation of the minors of any order. 

Theorems I and II, though they appear here as immediate 
consequences of well-known results, enable us to derive from 
certain.given forms and relations other forms and relations. 
For any identity between & determinant'and its minors will, 
when operated on by the substitution belonging to the given 
determinant, give rise to another identity between a deter- 
 minant of the next higher order and its minors. These the- 
orems, therefore, permit us to proceed from relations holding 
for determinants of the second or third orders to corresponding 
relations between determinants of any order. 


a IV. D 


We now apply the theorems of the preceding section to each 


member of equation (3). As being of the third order, the sub- 
stitution belonging to A; is : r 


Qi b; Ci 
s=] l (à = I, 2, 3), 
(adi), (bda), (c,d, 


t 
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consequently 
SA; = d, 
where: , ' 
A, = (aibrsda), . 


"Bäss G44, SB.= dB, Bt da (i= 1,2, 8) 
where A (4, B (9, Ci, are the oo of the corresponding small 
letters in A4. Finally Sc; = (cida). Hence 


| A Age? AA 
di "eg B® A49 BY A PD B QD 


IT OE ATC AYCE A 


Bi p, p, . 


[4 


which, on nidis the common factor dé and SEET the 
indices, becomes 


An Ag? As? 
AB; Bs AB]. 
B? Ba HA ! 


—1 
zen (cida) (cada) (cada) 


E 





(4) 





V. 


The general case now offers no further difficulty. The sub- 
stitution belonging to A, is 


in lem, Qm. a), dm] 6-22. 
Operating on both members of (4) with 8 we obtain 
Ar At Aè 
A,B: AB AsBs|, 
Bi Bè Bè 


` —1 
(5) "He | 


and hence by induction 

Ar At Ar 
AB; Ae: AsBi|, 
Bà Bè Bè 


—1 


CO M Ped, ny esa m) (ode ad 


3 o 
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- where the large letters are the cofactors of. the corresponding 
. small letters in A,. It will be noticed that each member of 
(6) is of degree 3n, as it should be. 


UNIVERSITY OF WASHINGTON, ES 
March, 1911. 


NOTE ON THE MAXIMAL CYCLIC SUBGROUPS OF A 
GROUP OF ORDER pr. 


Pn BY PROFESSOR G. A. MILLER. 


n 


(Read before the San Francisco Section of the American Mathematical 
i i Society, October 28, 1911.) ` 


Ir H is any non-invariant subgroup of a group G of order p", 
p being any prime number, it is well known that H is transformed 
into itself by at least one of its conjugates under G and hence 
by operators which are not contained in H.* If H is cyclic 
and not contained'in a larger cyclic subgroup of @, it is said to 
` be a maximal cyclic subgroup of G. In we follows we shall 
establish the 

THEOREM: A necessary and Sufficient iun that every maxi- 
mal cyclic subgroup of order p* in a group G of order p", m > 3, , 
is transformed into itself by no more than ze) operators of G is 
that G contains one and only one cyclic subgroup of order p=, 

If we combine with this theorem some well-known properties 
of the groups of order. p* which contain operators of order 
p" 1, it results that there are only three non-cyclic groups of 
order p” which have the property that each of their maximal 
cyclic subgroups of order p* is transformed into itself by only 
p°*! operators of the group. These three groups are the three 
non-cyclic groups of order 2* which involve one and only one 
cyclic subgroup of order Ze"). 

To prove the theorem in question, we shall assume that G 
does not involve any operator of order ms"), since the groups 
of order p* which contain operators of order p"! are so well 
known. We shall-also assume in what follows that G satisfies 
the condition that each one of its maximal cyclic subgroups of 
order p* is transformed into itself by exactly p*t! operators of 
G, p* being the order of any one of the maximal cyclic subgroup 


' of G. 


^ 


* Cf. American Journal of Mathematics, vol. 23 (1001), p. 173. 
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If H is & maximal cyclic subgroup of order p* contained in 

, G,it must have p™/p°™ conjugates under G and these con- 
jugates must involve 


iu 
— mal) — 
den d pe) p(z- p) | 
distinct operators of order p*. Since any complete set of 
conjugates of a^non-cyclie group of order p" is contained in , 


a subgroup of order mec"), it results that these p" (;- = 


operators of order p* in G must generate a subgroup of order 
p". This subgroup includes a subgroup K of order pr? 
which does not involve any generator of the cyclic subgroups 
which are conjugate with H, but it is composed of all the other 
` operators of the given subgroup of order p* 1. Since G involves 
p" — p™ operators which are generators of maximal cyclic 
subgroups but are not found in the given subgroup of order 
p", it results that G contains exactly p + 1 distinct conjugate 
sets of maximal cyclic subgroups. 

As each of these distinct sets generates a subgroup of order 
p" which involyes K, it results that K is a characteristic 
subgroup of G which gives rise to an abelian quotient group 
of order p? and of type (1, 1). As all the operators of K are 
powers of larger operators which are not in K, it results that K 
cannot be cyclic. In fact, if K were cyclic, G would involve 
operators of order p" !, which is contrary to the assumption 
made above. 

As K is non-cyclie it must involve more than one subgroup 
of- order p" #, and the operators which are common to all of 
its subgroups of this order must constitute & characteristic 
subgroup with respect to which its quotient group is abelian 
and of type (1, 1, 1, ---). Hence it results that G must have 
an invariant subgroup of index pt which gives rise to a' 
quotient group such that the operators of K correspond to 
one of its non-cyclic subgroups of order p*. - 

The operators of K which correspond to operators of order 
p in this quotient group cannot be powers of operators of higher 
order in K and hence they must all be pth powers of operators 
of G which are not in K. That is, this quotient group of order , 
p* must be such that each of its operators of order p correspond- 
ing to K is a power of an operator of order p? in the rest of 


sv 
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this quotient group. This implies that this quotient group is 
abelian and of type (2, 2) when p — 2, and when p > 2it must 
contain at least p invariant cyclic subgroups of order p?. As 
this is contrary to the fact that G contains p+ 1 conjugate 
sets wbich involve génerating operators of its maximal cyclic 
subgroups, we have proved that we arrive at an absurdity by 
assuming that G does not involve any operator of order pri, 
m> 3. ` 

When p > 2 there are only two non-cyclio groups of order 
"- which involve operators of order zc), m > 3, and each of 
these clearly contains maximal cyclic subgroups of order p* 
which are transformed into themselves by more than pu 
operators of G. Hence it results that the. three non-cyclic 
groups of order. Ze which were considered above in the second 
paragraph are the only non-cyclic groups of order p" in which 
every maximal cyclic subgroup is transformed into itself by 
at most p times as many operators of the group as there are 
operators in this maximal subgroup. This completes the proof 
of the theorem in question, and hence we can assume that 
every non-cyclic group of order pr, with the exception ‚of the three 
- Gf order 2" which involve one and only one cyclic subgroup of order 
2*1, contains at least one maximal cyclic subgroup of order p* 
which is transformed into itself by more than pt! operators of 
the group. 

University op ILLINOIS. 


AN. EXPRESSION FOR THE GENERAL TERM OF A 
e RECURRING SERIES. 


BY PROFESSOR TSURUICHI HAYASHI. 


Proressor Arthur Ranum has given in the BULLETIN, 
volume 17, No. 9, June, 1911, pages 457—461, an explicit form 
of the general term of a recurring series rationally in terms of the 
first few terms and the constants of the scale of relation. I will 
give here another more explicit and more convenient form 
without demonstration. 

Let uot ur turt... Hunt... be any recurring 
` series of order n, and let i 


Um = Arlim-ı + Arm + +++ + auus (mn) 
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be its scale of relation. Then for any value of m not less than n, 


van-i 


er Um = > u,d,, 


yoo 


where 





E VR NA tat tn — 1)! 
A,= "a; An“ ae . 


(antant s Fan)» 3 


the summation extending over all the positive integral and zero 
values of on os,- - an, for which 


ay + 2ag + 8a3 + + Nan = m — v. 


Since the formula is true when m = n, and assuming it to be 
true for the values n + 1,n-+1—1,---,n+1, nof m, we can 
prove it by mathematical induction to be true for the next 
value n + l + 1, without much difficulty, unless | < n. Even 
for the case I<n, a slight attention leads us to the same result. 

More generally, it may also be shown that for any value of 
m greater than À 


vad 


ti È duds 


v=A—n+l 

where ; 
= Bie trie tat tan — 1I 

A, = 3 o az An” ailal NS ml = 


(os + ani + rt Rec 


the summation extending over all the positive integral and zero 
values of a1, os, *::, en for which 





Vay 2a: + 8a3 + + Nan = M — y. 


Ténoxu IMPERIAL UNIVERSITY, 
SENDAL, JAPAN, 
July, 19 1. 
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Emile Picard. Biographie, Bibliographie analytique des Ecrits. 
By Ernest LxBow. Paris, Gauthier-Villars, 1910. vii+ 
80 pp. à | 

Paul Appell. Biographie, Bibliographie analytique des Ecrits. 

„By Ernest Leson. Paris, Gauthier-Villars, 1910. opt 
71 pp. | 
THESE two new volumes of the Savants du Jour are entirely 
similar in plan and arrangement to their two predecessors, 
which were devoted to Henri Poincaré and Gaston Darboux 
respectively. They contain, besides the brief biographical 
sketches of Picard and Appell by M. Lebon, a complete classi- 
fied list of their publications. The titles and references to 
the place of publication are in’ many cases followed by a brief 
synopsis of the content of the corresponding ‘paper. The 
following notes taken from these volumes may be of some 
interest to readers of the BULLETIN. ` 
Charles Émile Picard was born in Paris on July 24, 1856. 

He entered the École Normale in 1874 and received his doctorate 

in 1877. During his three years at the École Normale he was 

inspired by Darboux; under the guidance of the latter he pro- 
duced his first memoir (presented to the Academy of Sciences, 

January, 1877) and his doctor's dissertation. Nearly all of his 

subsequent publications, however, relate closely to pure analysis; 

even his famous researches on algebraic surfaces are properly 

. classified as pure analysis. In 1879, at the early age of 23 years, 

he published the two important theorems on integral functions 

that bear his name. These investigations attracted the attention 
of Hermite and led to a long and intimate friendship which 
resulted in 1881 in the marriage of Picard and the daughter of 

Hermite. After a short experience in teaching at Toulouse he 

was recalled to Paris in 1881, where he has remained ever since. 

He was elected to the Academy of Sciences in 1889, and was its 

president in 1910. He was awarded the Prix Poncelet in 1886 

and the Grand Prix des Sciences mathématiques in 1888 for 

his work on the theory of algebraic functions of two variables. 

His published work numbers 341 titles. 

Paul Émile Appell was born in Strasbourg, September 27, 
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1855. He entered the École Normale in 1873 and obtained 
his doctorate in 1876. His first published work relates to 
projective geometry and shows the influence of his teacher, 
, Chasles. His dissertation falls into this period. But beginning 
with 1877 he, like Picard, devoted himself almost exclusively 
to the field of analysis. After a brief experience in the prov- 
inces, he was recalled to Paris in 1881, where he has remained. 
He was elected to the Academy of Sciences in 1892. The list 
of his publications contains 306 titles. 
J. W. Youna. 


` Vermeintliche Beweise des Fermatschen Satzes. Besprochen von 
A. Freck, Pm. MAENNSCHEN, O. PERRON. Archie der 
„Mathematik und Physik, Bände 14-18. 

Uber das letzte Fermatsche Theorem. Von BxwNo LD. 
Abhandlungen zur Geschichte der mathematischen Wissen- 
‚schaften, Heft X XVIs, pp. 21-65, 1910. 


THE age of circle squarers had hardly come to an end 
(one still'meets sporadic cases here and there) when a new 
period, the age of the “Fermatists,” arose. This genus suddenly 
received a tremendous boom through the “ Wolfskehlsche 
Preisstiftung" by which a prize of 100,000 Marks is offered to 
‘him who first proves the great theorem of Fermat. And in 


its wake there have come a host who do not have the least. 


ambition to add anything to mathematical knowledge but 
merely lust after the prize money. Their number will doubt- 


lessly reach many thousands within the 99 years for which ' 


the prize is established. 


The editors ofthe Archiv have opened their pages to a dis- | 


cussion of the proofs that might be submitted; and it is the 
pleasant (?) duty of Messrs. Fleck, Maennschen, and Perron to 
peruse these and point out to each writer the errors which lurk 
in his work. Of the 111 attempts at a proof that are discussed 
to date in the Archiv, none is successful and not one adds any- 


. thing which may be of value in bringing the solution of the | 


problem nearer completion. Fermat stated in a marginal note 
that the equation 


(1) per 


has no solution in integers, for all values of n which are greater 
than 2, and that he possessed a most wonderful proof of this 


H 


, 
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theorem; but his proof, if such existed, has never been dis- 
covered. Each of these latter-day Fermatists believes that 
‘he has found a like remarkable proof, and is ready to grasp 
the prize, only to have his hopes shattered by an exposure 
of his errors. Some of them, nothing daunted, have made a 
second and even a third attempt, only to fail each time. What, 
besides the prize, has driven these engineers, teachers, cap- 
tains of artillery, building inspectors, doctors, book-keepers, 
preachers, apothecaries, judges, merchants, cabinet ministers, ` 
and representatives of many other vocations and of many 
nationalities, to waste time, paper, and ink on the worthless 
stüff they have turned out? The reviewer almost believes it 
is because they consider the problem.as a sort of challenge 
to their intelligence — it is stated so clearly and in such 
‚few words — it sounds, so familiar — just a little extension of 
e Pythagorean theorem — and it asks for a solution in inte- 
` gers, the kind óf-numbers we played with in our childhood. 
days. Carried away by these impulses, they forget that such 
mathematicians as Abel, Cauchy, Euler, Legendre, Kummer, 
and a score of others have attempted the problem before thém; 
they do not consider that they lack the subtlety of mind, the 
“Scharfsinn” which the. subject requires; they do not even 
think it worth while to find out what progress has been made 
along this line by previous writers, but each one starts afresh 
and attempts, by mighty path-breaking methods, to arrive 
at the goal within, the compass of 50 pages or of 2 pages or . 
‚even on a post-card. ` 
And wherein do these Fermatists fail — what is the nature 
of their errors? Disregarding completely such puerile algebraic 
blunders as are usually attributed to our college freshmen, 
almost all the errors may be classified under one of the following 
types: 1) Assumption of the converse of a theorem where only 
the direct theorem has been proved; 2) omission of steps in 
the proof of a theorem whose proof in turn is either impossible 
, or as difficult as the original theorem; 3) assumption that 
because certain expressions satisfy'an equation, these are neces- 
sarily the only ones that do so; 4) reasoning in a circle; 5) drawing 
conclusions for general values from theorems which have only 
been proven for a particular value; 6) confusion of algebraic 
and numerical factoring; 7) ignorance of simple factor theorems ' 
or divisibility of numbers; 8) errors in elementary theory of 
congruences; 9) assumption of particular forms of the unknown 


4 
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quantities; 10)-assumption without proof that a certain com- 
plicated expression of fractional form which has been set up 
must be an integer. These types of errors are about equally 
numerous — the first five are errors in logic, the last five are 
more closely related to the theory of numbers. May the 
Archiv continue its good work in the exposure of these pseudo- 
proofs. Let us hope that the editors will not grow tired, 
within the next 96 years, of their self-imposed task, which does 
‘have its compensations on the, humorous side if on no other. ` 


*. Lind, in his monograph, does not attempt to prove Fermat’s 
theorem. It is his aim to give a complete algebraic survey in ` 
simplified form of everything that has been done by elementary 
methods towards a solution of the problem, to point out the 
` directions which might lead to further developments, and to 
give a historical review of the problem since the time of Fermat. 
Though not complete, still his collection of the material from 
so many varied sources and its presentation as a whole is very 
noteworthy. His work is divided into four parts. Part 1 gives 
the algebraic analysis of the problem by elementary methods. 
It contains a host of theorems, with their proof, which have been 
deduced concerning the relations that must exist between 
æ, y, 2, and n if the equation (1) is to hold. We first'have the 
well-known Abel equations expressing x, y, s and the three 
very important functions of the form — . 

` ar + y” z” — y" en — g. 
aty’ z—y' 2-x 








in terms of the nth powers of 6 quantities a,b,c, o, B, y. These 
relations are the starting point of all the later investigations. ` 

Lind includes some original work in this part and in part 4, 
and here he comes to grief. Fleck discusses this portion of the 
monograph in the Archiv, volume 16, Ist Heft (1910), and in . 
reply to Lind's objections to some of Fleck's criticisms, the: 
latter goes into more detail in volume 18, Ist Heft (1911). 
And so we have another exhibit in the Archiv’s gallery of ex- 
posures. Several of the theorems which Lind gives as his own 
in part 1 are false in themselves or their proofs are false. In 
part 4, he attempts to make a most important addition to the 
development of the problem, viz., that the equation (1) has 
no solution in integers x, y, z prime to n, and that in case 
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n = 6m + 1 one of these must be divisible by 3n?. Unfor- 
tunately, he bases his proof upon two of his theorems dealing 
-~ only with the most elementary theory of congruences (m par- 
ticular, if z =a (mod 3), then z^ = a*(mod 3?) for all odd 
primes n), which Fleck points out are both false, and thus 
Lind's original work is mostly worthless. 

Part 2 contains a bibliography of the subject, citing 183 
articles. Part 3 is the historical review. The first attempt to 
treat Fermat’s theorem in general is due to Claude Jaquemets 
(1651-1729), but he did not advance very far. The very 
important Abel equations were first set up by Barlow (1811), 
&nd then independently by Abel, Kummer, Legendre, Linde- 
mann, F. Lucas, and Stickel. These men also established a 
large number of other formulas and theorems. One of the most 
important theorems that Abel stated without proof was, that 
if equation (1) is to have integral solutions, then none of the 
quantities z, y, 2, £ + y, 2 — Y; ete., can be a prime. In 
regard to this theorem, Talbot, in 1857, proved that the two 
larger of the unknowns cannot be primes. It was not until 
1905 that Sauer showed that.the smallest'of the unknowns can- 
not be a prime. We should add here that Cauchy, Lebesgue, 
Liouville, and Gruenert have also arrived 'at very many in- 

teresting results. 

As far as the proof of the impossibility of equation (1) in 
integers for special values of n is concerned, Euler in 1738 gave ` 
a proof for n — 4, and 22 years later for n — 3. The case 
n = 5 is an interesting one,.for in 1825 Dirichlet showed that 
if equation (1) has solutions, then one of the unknowns must be 
divisible by 5, and that this unknown cannot be odd; Legendre 
followed this by showing (by the same, method) that this 
unknown cannot be even, and thus completed the case for 
nz In 1840 Lamé proved the case n,— 7. Many others 
“have given proofs covering these cases. In 1823 Legendre 
showed that if (1) has solutions, then for all n < 100 one of the 
unknowns must be divisible by n; but it remained for Dickson 

(Quarterly Journal, volume 40 (1908)) to prove-that (1) has no 
integral solutions all prime to n for every n « 6,857, and for the 
larger primes « 7,000. But the year 1847 brought the richest ' 
harvest for the problem, for then Kummer, with the help of 
the theory of prime ideals proved that (1) has no integral solü- 
tions for all values.of n which are odd primes and which are 
contained as factors in the numerators of the first $(n — 3) 
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Bernoulli numbers — this includes all odd primes « 100, with 
the exception of 37, 59, 67. Ten years later he extended this 
to another series of exponents including these three excep- 
tional numbers, so that the Fermat theorem was proven for 
all values of n > 2 and 5100. Kummer received the Paris 
prize of 1850 for his beautiful work. 

In 1909, an award of 1000 Marks was made from the Wolf- 
skehl foundation to G. Wieferich for his proof that Fermat’s 
equation has no solutions all prime to n unless 2-1 = 1 mod n°. 
And here the problem rests. 

JOSEPH LIPKE. 


Solid Geometry. By H. E. StAuGHT and N. J. LENNES. 
Allyn and Bacon, Boston, 1911. vi+190 pp. | 
Tuis book follows the plane geometry of the textbook series 

ofthe authors. It is divided into seven chapters entitled lines 

` and planes in space, prisms and cylinders, pyramids and cones, 
regular and similar polyhedrons, the sphere, variable geo- 
metric magnitudes, and theory of limits. 

The logical phase of the development of solid geometry, as here 
treated, is a great improvement over that usually found in our 
textbooks. Many of the more fundamental principles are 
formally stated as axioms. The first striking example of this 
is Axiom III: “If two planes have a point in common, then they 
have at least another point in common." ‘This fundamental 
theorem of three-dimensional geometry has usually been kept 
as obscure as possible. In all, ten axioms are thus stated. | 

A brief treatment of sines, cosines, and tangents, and a few 
theorems on the projection of lines and of areas are introduced. 
Some of the theorems on trihedral angles are deferred to the 
chapter on the sphere, where they are related to the theory of 
spherical triangles. Euler’s theorem is stated without proof, 

‚ the usual faulty proof being inserted as an exercise in which the 

error in the proof is to be shown. "The definition of polar 
spherical triangles is made completely. The proof of the 
theorem that the shortest path between two points on a sphere 
is the arc of a great circle joining the points is made to depend 
on the concept of the length of a curve on a sphere as the limit 
of the sum of the lengths of small arcs of great circles — & 
somewhat different notion from the limit of the sum of lengths 
of the chords, which has been previously used in the book for 
the length of & curve. In the chapter on variable geometric 
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scitis graphs are used to show the relation between 
volume, surface, and edge of a regular tetrahedron, cube, etc. 
The final chapter on limits is excellent, and introduces many new 
ideas not usually presented. 

The usual faulty proof of the theorem on the volume of an 
oblique prism is retained. The minor errors are not numer- 
ous, but the following have been noticed: On page 51, line 
16, the word cylinder is used where prism is meant. On page 
85, line 8 from the bottom, d is used in place of sd. 

The book is very teachable, and taken altogether is & marked 
improvement over the usual text. 


: F. W. Owens. 


First Course in Algebra. By H. E. HAwkzs, W. A. LUBY, and 

F. C. Touron. Ginn and Company. vii+-334 pp. 

THE purpose of the authors as stated in the preface, namely, 
“to build up a text book thoroughly modern, scientifically 
exact, teachable and suited to the needs and to the ability of 
the boy and girl of fourteen," has been in a large measure ac- 
complished. The topics and problems, with a few exceptions 


* whieh will be noted later, seem to have been chosen with ex- 


cellent judgment. The idea of reasoning with symbols instead 
of numbers is introduced gradually but insistently; transposition 
is explained by means of addition and subtraction and the 
student is taught the actual use of equations before the term 
equation is defined at all. 'The lists of examples in factor- 
ing, in linear and quàdratic equations, and several other topics, 
are sufficiently varied and extensive to give the student 
a thorough dril in elementary mathematical reasoning and 
manipulation. 'The authors have made good their intention 
as stated in the preface to use clear and exact English through- 
out the book. Typographical errors are few, but we have noted 
the following: on page 139,line 5, read fraction instead of 
fractions; replace 3 by 13 in the answer to example 1, page 321. 


: We would suggest the use of the word may instead of should in 


| line 7, page 211. The sentence beginning in line 6, page 262, 


is spoiled somewhat by the presence of the two words graph 
and figure. It would seem better to use:a capital G in the last 
word on page 263, and similarly in example 18, page 264. One 
might question the value of asking in example 21, page 322, 
for a proof that the product of conjugate imaginary numbers is 
real, àfter conjugates have been defined on the preceding page 
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as imaginaries whose. product is real. Well-founded objection 
might be made to examples 9, 10, and HL on page 212. "They 
involve a principle of physies with which the first-year algebra 
student will quite certainly be unfamiliar. The force of this 


objection depends of course on the degree to which we wish to. 


encourage the student to accept principles or facts on & merely 
plausible explanation, which is probably all that would.ever be 
given in class. "The authors have in a number of cases intro- 
duced principles quite beyond the province of the book to 
discuss and have then built problems on these principles. 
While this is a matter on which there may be room for argu- 
ment, it is the reviewer's opinion that there is no such dearth 
of desirable material for problems for the first year's work in 
algebra that one need bring in totally strange ideas from physies 
and geometry in order to have plenty, The subject of graphs 
is emphasized to a degree that makes certain parts of the book 
resemble an intuitional analytic geometry. The proof that 
a straight line may be defined by an equation of the first degree 
is not too difficult for the student after a very brief study of 
plane geometry. Until he is prepared for some such proof 
would it not be wiser to let the graph alone? We feel that 
: when the student is beginning a subject that is essentially logic- 
al all unnecessary appeals to his intuition should be avoided. 
J. V. McKzrvrx. 





CORRECTIONS. 


On page 66 of the current volume of the BCE the writer 
gave the following theorem: 


If on the interval ab . 
È Un(e) = f). 


U.(2) (i = 0, Fe +, 00) and f(x) being continuous on the interval 
ab, then in order that > U„(z) shall be uniformly convergent 


on the interval ab it is TO and sufficient that for any 
x, on ab, any arbitrary number à (however small), and any 
arbitrary integer N there is an integer N’(i,.6, N) greater than 
N, which satisfies the following condition: 


D 
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On: the interval z; — ô, x; + à there is a value z, of z such 
that for every Ni’ > N’G, 5, N) 


AM, 8, N) N” 
E vey — f'n =| no — f". 


for every value of x on the interval 2; — 5, x, F ô which also 
lies on ab. ‘ | 

In its present form this theorem is incorrect so far as it re- 
lates to a sufficient condition. 'The error consists in making 
N; depend on à. Instead wé must require that an N, exists 
~ such that for any à subsequently chosen the conditions given 
shall hold. In giving the proof of the sufficiency of the con- 
dition this is the form in which the hypothesis was used. 

However the condition as modified ja mot necessary. 
Hence we have failed to obtain & necessary and sufficient con- 
dition. The,theorem as stated in its original form gives a 
necessary condition, while the amended form gives a sufficient - 
condition. Professor Osgood very kindly called the writer's 
attention to this error. ; 








N. J. LENNES. 


. IN my paper on “Invariant conditions that a p-ary form 
may have multiple linear factors" in the BULLETIN, volume 17, 
No. 9 (June, 1911) the condition R;=0 in equations (7), page 
455, should be replaced by Re’ =0, where Bd is the resultant of 
die, and the greatest common divisor (linear) of donz 
and zoo air 


O. E. GLENN. 


Tuk following typographical corrections should be made in 
‘my review of Holton's Shop Mathematics, in the December 
number of the BULLETIN: : 
Page 138, footnote. For Warnier read Warner. 
Page 140. In the formulas P, —z/P, P=16, N=DP cos Y, 
for P read p. 
C. N. Haskins. 
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NOTES. 


AT the annual meeting of the London mathematical society 
‚held on November 9 the following papers were read: By J. E. 
CAMPBELL, “The invariants of the linear partial differential 
equation of the second order, having two independent vari- 
ables”; by H. Huron, "On invariants of a canonical substi- 
tution”; by C. T. BENNETT, “The system of lines on a cubic 
surface”; by G. H. Harpy and J. E. Lrrrtewoop, “The re- 
lations between Borel’s and Cesaro’s methods of summation"; 
by W. P. Muxe, “A method of establishing the 27-line con- 
figuration on a cubic surface”; by H. BATEMAN, “ Mathematical 
analogues of mental phenomena." . 


Ar the, meeting of the Edinburgh Mathematical Society on 
November 10, the following papers were read: By W. P. Mang, 
“The system of cubic curves circumscribing two triangles and 
apolar to them”; by W. P. Minz, “An easy geometrical 
representation of the sextic covariant of a binary quartic”; 
by T. Hues Miss, “On the numerical calculation of natural 
logarithms.” 

At the meeting of December 8 the following papers were read: 
By Wurm Denn: “The mechanical solution of an n-ic equa- 
tion, and exhibition of & model for the determination of the 
roots of a cubic; by D. M. Y. SowwEnviLLE: “ Einstein’s prin- 
ciple of relativity ‘in its kinematical aspect" and “Note on 
Legendre’s and Bertrand’s proofs of the parallel postulate by 
infinite areas." 

The officers of the society for the year 1911-1912 are: pres- 
ident, D. M. Y. SOMMERVILLE; vice-president, A. G. BURGESS; 
secretary, PETER COWRIE. | 


M 


. TRE first congress of Russian professors of mathematics will 
be held at St. Petersburg January 9-16, 1912. 


A NEw journal, entitled the “Vector,” has been established 
at Warsaw. It will be devoted to mathematical and, physical 
science in general and especially to questions of method and 


pedagogy. 


Tux publishing house of Gauthier-Villars in Paris announces 
the following mathematical works in press: Works of Hermite, 
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n 
volume 3; Works of Laplace, volume 14; Stoffaes, Course 
in higher mathematics, volume 2, curves and surfaces and dif- 
feréntial equations. Five further volumes in the Borel series 
of monographs on the theory of functions, volume 3 of Goursat’s 
Cour d'analyse and volume 4 of Picard's Traité are nearly 


: ‚ready for the press. 


THE seventh edition of the catalogue of mathematical models 
has just appeared from the firm of Martin Schilling, Leipzig. 
Tt is arranged i in two parts, the first giving descriptions of the 
several series of models and a scientific explanation of,each, the 
second containing an illustrated price catalogue arranged ac- 
cording to subject matter. The catalogue occupies 172 pages, 
and contains descriptions of 377 models in stock. 

The two latest additions are an apparatus for generating a 
hyperboloid of revolution by turning one line about another 
skew to it, by Professor K. DoEHLEMANN, of the University of 
Munich, and a plaster model of a surface of constant latitude, 
by Dr. E. Meissner of the technical school at Zürich. ~- 


Tee publication of an Introduction to the Lie theory of one-: 
parameter groups, with applications to the solution of differen- 
tial equations, by Dr. A. Comen, of Jobn Hopkins University, 
is announced by D. C. Heath and Company. 


Tur Jean Reynaud prize of ten thousand francs, awarded 
by.the Paris academy of sciences every five years, has been 
‚bestowed this year on Professor Emre Pricarp, for his con- 
‘tributions to mathematics. 


Ar the annual meeting of the Royal d of London held 
in November a royal medal was awarded to Professor GEORGE 
CHRYSTAL, of the University of Edinburgh, for his researches 


` in mathematics and physics, and a Copley medal was awarded 


to Professor Sir G. H. Darwin, of the University of Cambridge, 


‘for his contributions to the theory of astronomical evolution. 


ProrEssor E. W. Hosson, of the University of Cambridge, ' 
“has been elected a member of the academy of sciences of Halle. 

Ar the University of Liège M. J. Deruyrs has been 
appointed professor of analysis and M. E. Farron professor of 
geometry, algebra, and methodology. . 

Dr. Traynarp, of the University of Lille, has been 
appointed professor of differential and integral calculus at the 
University of Besançon. 


» b 
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Dr. Maner has been appointed professor of mathematics 
and mechanics at the Ecole.des ponts et chaussées at Paris. 


THE College entrance examination board has appointed two 
groups of examiners in mathematics for 1912. The first will 
prepare the questions in algebra, and is composed of H. E. 
Hawkes, chairman, C. R. MacInnes, and W. A. Francis; 
the second, ‘composed of V. SNYDER, chairman, P. F. Surrg, 
and J. T. RonzR, is to prepare the questions in geometry and 
trigonometry. 


Ar the University of Washington, Mr. G. I. Gaverr has 
been promoted to an assistant professorship of mathematics. 
Miss A. D. BioprE and Mr. Joan WaurrMoRE have been ap- 
pointed instructors in mathematics. 


Mr. J. S. LOCKNER, of Lehigh University, has been appointed 
instructor in mathematics at the Case school of applied science 
at Cleveland, Ohio. 


, 
! 


NEW PUBLICATIONS. 
l HIGHER MATHEMATICS. 


ARMBRECHT (A.). Zum grossen Fermatschen Satz! 2te, verbesserte 
Auflage. Dresden, Kohler, 1911. 8vo. 4 pp. M. 0.50 


Bonora (R.). Non-Euclidean geometry. A critical and historical study. 
of its development. Authorized English translation, with additional 
appendices, by H. S. Carslaw. Chicago, Open Court Pub. Co., 1911. 
104-258 pp. 


BondurNo (G. N.). Metodo generale di estrazione delle radici e di 80- ; 
luzione delle equamoni, con numerose tavole per l'estrazióne delle 
radici e la soluzione Aone delle equazion: fino al 10? grado. Introduzione 
alla logica matematica. Torino, Paravia, i911 8vo. 192 pp. dud 

. 2.5 


Borro (A.). Soluzione geometrica del problema relativo alla duplicazione 
del cubo Torino, Paravia, 1911. Svo. 13 pp 


Bromwica (T. J. I'a). Elementary integrals. London, Macmillan, 1911. 
8vo. Sewed. Is. 


` Burau-Fort: (C.). Sopra una formola generale per la trasformazione di 
integrali di omografie vettoriali. (Nota.) Torino, Bona, 1911. 
8vo. 23 pp. 


Canmaari (A.). Brevi nozioni di calcolo EAN Livorno, Giusti 
1911. 16mo. 139 pp. L. 2.00 


CansLnaw (H. 8.) See BoNOLA (R.). 
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EwcxoLoPÉprg des sciences mathématiques pures et appliquées. Edition 
francaise. Tome I, volume 4: Statistique, assurances, économie 
politique. Fascicule 4. Leipzig, Teubner T 1911. 8vo. pp. WR. 


' ENpER (A.) Diekonformen ER lter Teil. (Progr.) 
Waidhofen, 1911. , " 


Evzænrr (L). Opera omnia. Sub auspiciis societatis scientarium natura- 
lium helveticæ edenda curaverunt F. Rudio, A. Krazer, P. Stäckel. 
Series IM: "eai Ch miscellanea, epistole. Vol. IT, Pars 1: 
Dioptrica. Cherbuliez. Vol. 1: Continens librum. primum, 
, libri secundi sectionem- primam et secundam. ‘Leipzig, Teubner, 1911. 
' 8vo. 610 pp. » M. 24.00 


Frangi (M. W.). Der Verhältniskalkül. Ein Beitrag zur logischen 
un und zur Gegenstandstheorie. (Progr. 1911. 8vo. 
‚PP | 
Fucas (C. A.). Die Aehnliehkeitsbeziehungen sweier und mehrerer 
Kreise. (Progr) Komotan, 1011. 8vo. 23 pp. 


GripÁLy (R.) Die Hauptmethoden der Konstruktion einer Fläche zweiter 
Ordnung aus neun gegebenen Punkten. (Progr.) Wiener-Neustadt, 
1911. 8vo. 40 pp. s 


Gräser (K.). Ebene Katakausten. (Progr.) Lins, 1011. 8vo. 7 pp. 


GaüNsmRamR (E.). Das Schnittwinkelproblem dreier Kreise. (Progr.) 
Plan, 1911. 8vo. 9 pp. 


GRUNERT (W.). Beiträge zur Theorie der Bewegungen und Umlegungen 
; im Raum. (Diss) Königsberg, 1911. 8vo. 46 pp. 


Hire (H.). Die Stirlingsche Formel (Progr) Krems, 1911. 
8vo. 20 pp. í 


Havpr (O.). Untersuchungen über Ossillations-thooreme. (Diss.) Würsz- 
burg, 1911. 8vo. 50 pp. \ 


Hsckat (J.). Über trigonometrische Reihen; (Progr.) Reichenberg, 
1911. 8vo. 31 pp. 


‘Henpenson (A.). The twenty-seven lines upon the cubic surface. Lon- 


don, Cambridge University Press, 1911. 8vo. 108 pp. 48. 6d. 


Harz (N.). Philosophische Konseption und mathematische Analyse in 
der Weltbetrachtung. Bologna, Zanichelli, 1911. 8vo. 32 pp. 


Horz (R.) Über die Bestimmung der Schnittpunkte von Geraden und 
^ Kegelschnitten. (Zyklographische Grundgedanken.) (Progr. Tep- 
litz-Schónau, 1911. &vo. 8 pp. 


Jankcurz (L.). Über die in zwei Kegelschnitte zerfallende Durchdring- 
ungskurve de Flächen zweiten Grades. (Progr. Klagenfurt, 
1911. 8vo. pp. 


x LINDBORG (G.). Elementerna af derivatkalkylen jämte problemisamiling. 


' Uppsala, Appelberg, 1910. 8vo. 44-68 pp. Kr. 2.00 


Lussan (E.). Essai de démonstration générale du théoràme de Fermat. 
Paris, Gauthier-Villars, 1911. 
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Mrucaar (P. J.). Určeni geom. místa pólu řezu svazku plochy 2 st. 
vzhledem ku svasku paprskovému. (Progr) Kroměčřiži, 1911. , 
8vo. 6 pp. 


Mics Œ. ). Condizioni di divisibilità di un numero N per un numero a, 
a Ser sistema di numerazione indo-arabica. Matera, Conti, 1911. 
vo. 8 pp. 


Murar (W. J.). "bes differential- och in! len med 
exempel på dess anvendning inom makaniken. ersat frän 8e en- 
ess upplaga av E. Johnson. Stoekholm, N 1911. 8vo. 

71 pp. i Kr. 1.90 
Mam (J. J.). An elementary treatise on cross ratio geometry, with 
ee notes. London, Cambridge University Press, 1911. 8vo. 
12 pp 68. 


Müazenpycx (O.). Klassifikation der: regelmässig symmetrischen 
d SE Ordnung. (Diss.) Göttingen, 1011. 8vo. 60 pp. 


Onpraczek (H.). Der Dirichlet’sche Satz über die linearen Funktionen im 
zone De der Determinante “+5.” (Progr.) Wien, 1911. 
vo. 4b'pp. ; 


PzmssoN.(K.). Die invarianten Gebilde erster Ordnung bei projektiven 
Transformationen der Ebene und des Raumes mit Anwendung auf die 
Klassifikation der eee ARTE en, projektiven Gruppen der Ebene und 
des Raumes. (Diss. Heidelberg, A911. 8vo. 45 pp. 


Pazzo (P. Dur). Principi di geometria proiettiva: lezioni dettate nell’ 
. università di Napoli nell’ anno 1910-1911. Napoli, Alvano, 1011. 
8vo. :860 pp. 


Pomcas& (H.): Calcul des probabilités. Rédaction de A. Quiquet. ` 
2e édition. Paris, Gauthier-Villars, 1912. 8vo. 840 pp. Fr. 12.00 


Rasaxowrrech (J.). Elemente der Funktionenlèhre., (Fortsetzung.) 
Geschrieben für Schüler. (Progr. Triest, 1911. 8vo. 13 pp. 


Rawvoor (D. N.) Risoluzione dell equasione z*— Au = +1, con una 
nuova dimostrazione dell’ ultimo' teorema di Fermat. Roma, Ponti- 


ficia, 1911. ‚8vo. 22 pp. L. 2.00 
Rurr (F.). Pluckerschen Konoides auf "Grund einer 
neuen Danton. ird ) Wien, 1911. '8vo. 18 pp. 


SR (J.). Der Infinitesimalkalkül. (Progr) Wien, 1011. 8vo. 
pP. 


SCHWACHA' (P. BJ). Über die Existens und Anzahl der Wurzeln der 


Kongruenz Yor=o, (mod m). ` (Progr. Wilhering, 1911.. 8vo. 
(—0 
80 pp. 


Sramu (H.). Abriss einer Theorie der algebraischen Funktionen einer 
Veränderlichen in neuer Fassung. Nachgelassene Schrift in Ver- 
bindung mit E. Löffler herausgegeben von M. Noether. Leipzig, 
Teubner, 1911. 8vo. 44-103 pp. M. 5.00 
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Sropy (E.) Vorlesungen’ über ausgewählte Gegenitände ie Geometrie. 
Erstes Heft: Ebene analytische Kurven und zu ihnen gehörige Abbild- 
ungen. Leipzig, Teubner, 1911. 8vo. 44126 pp. M. 4.80 


Tıersch (W.). Ein elementarer Beweis des Fermatechen Sataes. Butt- 
städt i. , 1911. 


Torsour (J.). “Particularités utiles et, intéressantes sur les nombres et 
leurs combinaisons. Namur, Lambert-DeRoisin, 1911.  16mo. 
108 pp. Fr. 1.20 


‚I. ELEMENTARY MATHEMATICS. 


ANDbovER (H.). Nouvelles tables trigonométriques fondamentales contenant 
les logarithmes des lignea trigonométriques de centième en centième du 
quadrant aveo dix-sept décimales, de neuf en neuf minutes aveo quinze 

. décimales, et de dix en dix secondes avec qu&torze décimales. Paris, 
Hermann, 1911. 4to. 32 + 604 pp. . Fr. 80.00 


Bares (E. L.) and CmanneswoRTH (F.). Practical mathematics and’ 
red . Part III: Advanced Course. London, Bataford, un 


vo. 338 pp. 
Bruxey (A. G.). Key to elemen practical metry. (Normal 
Tutorial series.) London, Normal 1911. 8vo. Sewed. 1s. 


Caronr (F.). Notes on the history of geometry and algebra. Boston, 


Heath, 1911. 8vo. 25 pp. 


Casanr (F.). Aritmetica, geometria, computisteria: esercizi, problemi e 

nozioni, il corso popolare delle scuole elementari, classe sesta. 
o, Bigno mo. pp. 
Milan Big relli, 1911. 16 187 L. 1.00. 


Crampion (E. H.) and Lane (J. A. C.). A school Semen London, 
Rivingtons, 1911. 8vo. 296 pp. 3s. 6d. 


CHARLESWORTH (F.). See Bares (E. L.). ` 


CnuxNARD (H:). Géométrie. Pour les écoles pratiques d'industrie et sec- 
tions industrielles (1re année). Paris, Delagrave, 1910. 18mo. 308 pp. 


COMBEROUSSE (C. DE). Cours de mathématiques à l'usage des candidats 
à l'Ecole polytechnique, eto. 5e édition, revue et augmentée. "Tome 
ler, 2e partie; algèbre élémentaire. Paris,-Gauthier-Villars, 1911. 
8vo. '295 pp. Fr. 6.00 


SOMMER (H.). Leçons d'algbbre et de trigonométrie conformes 
pernan du 27 juillet 1906. (Classes de mathématiques A 
et et BJ Masson, 1911. 8vo. 6+590+9 pp. . 4.00 


Crantz (P). Arithmetik und Algebra zum Selbstunterricht. 2ter 
Teil. 2te Auflage. (Aus Natur und Geisteswelt. Sammlung wis- 
senschaftlich-gemeinverständliche Darstellungen. Nr. 205.) Leipzig, 
Teubner, 1911. 8vo. 4-+124 pp. Cloth. 1.25 


Crosara (L.). Trattato di geometrias ad uso delle scuole tecniche 
e normali, 2a edizione. 8vo. 160 pp. L. 2.00 


Denim (A.). Eléments de géométrie. ren et problömes pro- 


p comme exercices d'application dans les ments de endre 

revus par A. Cambier. onstrations et solutions par Delille. 

4e partie: Géométrie solide. Livres V à VIII. Deuxième édition 
corrigée et augmentée. Bruxelles, De Boeck, 1911. 8vo. m 1 Pp. 
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DxzNis-GursgRT (H.). - Etude sur les cinquante pas géométriques dans 
nos colonies. Mayenne, Colin, 1911. 8vo. 140 pp. 


DIETSCH CA See Sızverrt (H.). 


(E.. Eléments de trigonométrie rectiligne. Hoogstraeten, 
Van Hoof-Roelaus, 1904. 8vo. 35 pp. Fr. 0.50 


Fock und Kratz (M.). Lehrbuch der ebenen Trigonometrie nebst den 
pug ee en der ee Trigonometrie zum Gebrauche an Gym- 
nasien, ulen, und anderen hoheren Lehr- - 
anstalten. ` (ite, SE Auflage, besorgt von: I. Linneborn. 
Munster, Universit&te-Bu Sen 1911. 8vo. 44-90 Pp, 

. 1. 


“Fossarı i (E): Piccola guida p pratica di aritmetica, geometria e com- 
pauses ria, ad uso delle classi 3a, 4a, 5a e 6a elementari. Palermo, 
dron, 1911. 16mo. 


206 pp. - L. 1.25 
Frartronı (G.). Lezioni di algebra, geometria e trigonometria, con molti 
` esempi, ad uso degli istituti tecnici. 8vo. 207 pp. L. 4.00 


Garrez (G.) und Hecnr (C.). Mathematisches Lehrbuch für hohere 
weibliche Bildungsanstalten. Lehrbuch der Mathematik und Auf- 
- gabensammlung. Bearbeitet von G. Geipel. Bielefeld, Velhagen 
und Klasing, 1911. Bro, 44-187 pp. Cloth. M. 1.80 


"Genau (A) und Safe (J.. Geomerrie für das Lyzeum und die 
en Kurse der Mádchenbild talten. Im Anschluss 

an die Raumlehre fur Lehrerinnenbildungsanstalten und höhere 
Madchenschulen von A. Genau. Leipzig, Reisland, 1911. 8vo. 
8+167 pp. Cloth. M. 2.00 


Grenpt (M.). Raumlehre, I. er Unterricht an Baugewerkschulen, 
20.) Ate, neu bearbeitete A: . Leipzig, Teubner, 1011. M. 1.80 


. Grivy (A.). Géométrie plane, conforme au programme du 27 juillét 
1905 à l'usage des élèves du ler cycle A (c de quatriàme A et 
troisième A.) Paris, Vuibert, 1912. 18mo. 84-283 pp. 


Haastrom (K.L.). Matematiska uppgifter i studentexamen för latingym- 
nasiet med anvisningar och svar. Linköping, Carlson, 1911. 8vo. 
16 pp. Kr. 0.25 


HarsrEgD (G. B.) Géométrie rationelle. Traité élémentaire de la science 
`  del'espaee. Traduction française par P. Barbarin. Paris, Gauthier- 
Villars, 1911. 8vo. 34-301 pp. ` Fr. 6.50 


' Hmomr (C.). See Geen, (G.). 


Hmermöu (J. S.) och Renpauu (C.). Trigonometri for Kan 
‚Stockholm, Bonnier, 1911. 8vo. 6+121 pp. 2.50 


KOMMERELL (B. und KowwznzrL (K.). Analytische Geometrie. Für 
den Schulgebrauch bearbeitet. 1ter Teil. Tubingen, Laupp, 1911. 
8vo. 84-102 pp. . M. 2.40 


Kratz (M.). Seo Focxe. . 
Knowzckm (J.). See Gnau (A.). 


LÄROBOK i rakning och geometri för armen. II: Algebra och geometri. 
Stockholm, Norstedt, 1910. . 8vo. 62-61 pp. Kr. 1.25 
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Lava (J. A. C.). : See Cæawpion (E. H.). 
Lussme (O.). See Scuwas (K.). 
Liwx (T... See VoLLxommmr (M.). ' : s. 


MaNuxr d’algebre et de trigonométrie, par une réunion de professeurs. 
' Paris, Poussielgue, 1911. 18mo. 84-216 pp. 


MARTELLO (D.). Esercizt di aritmetica e geometria, per la quarta class 
elementare. Milano, Nugoli 1911. 16mo. 160 pp. L. 0.8 


Masur (W.) Losungen zu Aufgaben aus der algebraischen Analysis, 
` nach J. Lieblein bearbeitet., (Fortsetzung.)" Nurnberg, Korn. 1911. 
8vo. 34-59.pp. M. 2.00 


Mônkemeyer (K.) und Rüsswarp (K.). Lehr- und Ubungsbuch der 
Mathematik hohere Madchenschulen. Auf Grund der neuen 
Lehrpläne bearbeitet. 4tes Heft. Klasse 1. Leipzig, Quelle und 
Meyer, 1911. 8vo. 4-80 pp. M. 1.00 


Mozawzrz (J.). Vierstellige logarithmische und trigonometrische Tafeln, 
D einigen Hilfstafeln. Zum Schulgebrauch herausgegeben. 
Leipzig, Freytag, 1911. 8vo. 52 pp. . 0.80 


Orro (F.), Perri (W.) and ZrecLar (J.). Mathematik fur Lyzeen. 
2ter Teil. Leipzig, Hirt und Sohn, 1911, 8vo. 6+167 pp. , Cloth. 
i . 2.25 


Paastanı (O.). Elementi di geometria, compilati ad uso della quarta 
poaae Terza edizione, con notevoli aggiunte e modificazioni. 
ma, Pontificia, 1911. 16mo. 102 pp. - L. 0.80 


Paren (W.). See Orro (F.). 


Porta (F.). I complementi di matematica per l'ammissione alla reale 
accademia militare e alla reale accademia navale. 5a edizione. 8vo. 
295 pp. , L 5.00 


Renpaxz (C.) See Hannah (J. 8.). S 


RuwNquisr (N. F.). Repetitionskurs i analytisk geometri. Malmo, 
Envall, 1911. 8vo. 44-86 pp. Kr. 1.50 


ScHMEHL (C.) Lehrbuch der ebenen Trigonometrie fur hohere Lehran- 
stalten. Giessen, Roth, 1911. 8vo. 6+152 pp. M. 2.50 


Sonnmpze (J.). Geometrie leicht gemacht! Ein Lehr- und Ub buch 
der Geometrie. Bamberg, Buchner, 1911. 8vo. 113 pp. . 1.80 


w \ 

Scuwas (K.) and Lesser (O.). -Mathematisches Unterrichtswerk zum 
Gebrauche an den hoheren Lehranstalten für die weibliche Jugend. 
Bearbeitet von M. Linnich. Leipzig, Freytag, 1011. 8vo. e pp. 

o ' . 3.00 


SIBVERT .) und Diersca (C.). Lehrbuch der Elementar-Geometrie 
zum rauche an Mittelschulen und beim Selbstunterrichte. Iter 
‚Teil. lte Abteilung: Geometrie der Ebene. bte Auflage. Leipzig, 
Diechert, 1912. 8vo. 6+183 pp. , M. 2.40 
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Lehrbuch der Elementar-Geometrie zum Gebrauche an Mittel- - 
schulen und beim Selbstunterrichte. iter Teil. 2te Abteilung: 
‚Geometrie des Raumes. 3te Auflage. Leipzig, Diechert, 1912. > 
Svo. .6+183 pp. M. 240 


Srmon (M.). Raumlehre für Mittelschulen. 7te Auflage, neu bearbeitet 
Mun W. Wilke. Leipzig, Hirt und Sohn, 1011. 8vo. 190 PP. Half ois 
oth. f m" 


SOLUTIONS des exercices et problèmes du cours supérieur de géométrie; 
par une réunion de professeurs. Paris, Poussielgue, 1911. -16mo. 
64-438 pp. b : 


SrERNEOK (R. v.). Der mathematische Unterricht an den Universitäten. 
(Berichte fiber den mathematischen Unterricht in Österreich. Veran- 
lasst durch die internationale mathematische .Unterrichtskommission. 
7tes, Heft.) Wien, Holder, 1911. 8vo. 6+50 pp. M. 1.20 . 


'BvuwssoN (E. B.). Fuldständiga lösningar och svar till de algebraiska 
' studentuppgifterna på reallinjen. 1896-1910. Stockholm, Bergvall, 
1910. 8vo. 168 pp. Kr. 3.00 


UNTERRICHT, Der mathematische, in Schweden. Berichte der schwedi- 
: schen ne der internationalen mathematischen Unterrichts- 
` kommission. erausgegeben 'von 'H. v. Koch und E. Goransson. 
Stockholm, Fritze, 1911. 8vo. 74-216 pp. . M.8.40 


VoLLEKOMMER (M.) and Lg (T.). Geometrie für höhere Madchen- 
schulen. 1ter Teil, Nürnberg, F. Korn, 1911. 8vo. SUM DE 





Was (w .). Complete trigonometry. Revised edition. With tables. 
Boston, Heath, 1911. 6-+163+9-+23 pp. $1.08 


ZAREMBA (S.) Bericht über die speziellen Verhältnisse des öffentlichen 
,  Mathematik-Unterrichtes an den Volks- und Mittelschulen Galiziens. 
Unter Mitwirkung einer Reihe von Fachgenossen (Berichte uber 
den mathematischen Unterricht in Österreich. Veranlasst durch 
die internationale mathematische -Unterrichtskommission.  8tes 
Heft.) Wien, Holder, 1911. 8vo. 5-+25 pp. M. 1.20 


ZIBGLER (J.). See Orro (F.). 


` OI. APPLIED MATHEMATICS. 


Bach (C.) Elastizitat und Festigkeit. 6te, vermehrte Áuflage. Unter 
Mitwirkung von R. Baumann. Berlin, Springer, mus omm 
. - ,M.20. 


BIRVEN (H.). ı Calcul et construction des alternateurs mono- et polyphasés. 
Traduit de l'Allemand par P. Dufour. Paris, Gauthier-Villars, 1011; 
8vo. 184 pp. ; Fr. 6.00 


. BorHEzAT (G. pg). Etude de la stabilité de l'aéroplane. (Thése.) Avec 


une préface de P. Painlevé. Paris, Gauthier-Villars, 1911. 8vo. 
198 pp. ' Fr. 10.00 


Darwin (Sin G.'H.). Scientific papers. Volume IV: Periodic orbits and 
miscellaneous papers. . London, Cambridge University Press, 1011. 
15s. 
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Daenicoum (V. E.). Della meccanica celeste. (Memoria.) Alessandria, 
Società poligrafica, 1911, 8vo. 87 pp. 


ERT (R. J.). Kinematics of machines. London, Chapman & HS 
i ) . ' B. 


Fourquer (J.). Eléments de géométrie descriptive appliquée au dessin 
et'à la construction. Tome ‘ler: Modèlerie, forge, njustage. A 
l'usage des écoles pratiques d’industrie, des écoles nationales profes- 
sionelles, des cours d’apprentisage, des ócoles primaires, superieures, 

, ete. Lille, Janny, 1012. 8vo. 148 pp. s 


Freytag (L.). Gesetzmassigkeiten in der Statik des Vierendeelträgers. 
Munchen, Oldenbourg, 1911. 1 i M. 1.60 


Foxmsmg. See Mier (E.). ` 
GuznBY (E.). See Rovsme (G.). |, 
Harpr (W.). See Hussan (J.). " 


HusBAND (J.).and Harpy (W.). Structural engineering. New York, 
Longmans, 1911. 8vo. 11+396 pp. $2.60 


INTERMEDIATE applied mathematics papers. From 1902 to 1911. niv- 
ersity Tutorial Series. London, Clive, 1911. 8vo. 84 pp. s 


Jeans (J. Hi The mathematical theory of electricity and magnetism. 
2d edition. London, Cambridge University Press, 1911. ve 
592 pp. 58. 


KanaPETOrP (V.). The magnetic circuit; a treatise on the theoretical 
~ elements necess to & correot understanding of the performances 
of dynamo-electrie machinery. New York, McGraw-Hill, 1911. 

` 8vo. 272 pp. $2.00 


^. Lanza (G.). Dynamics of machinery. New York, Wiley, 1011. 8vo. 
54-246 pp. , $2.50 


Lovs (A. E H.). Some problems of geodynamics. London, Cambridge 
University Press, 1911. 8vo. 208 pp. , 12s. 


Mannund (E.). Frame structures and girders. Volume I: Stresses. 
Part I. New York, McGraw-Hill, 1011. 8vo. 540 pp. $4.00 


Marrer (P. E.). Die Symmetrie der gerichteten Grössen, besonders der 

' ^ Kristalle. (Fortsetzung.) Progr.) Seitenstetten, 1011. 8vo. 656+6 
pp. - 

Mrana (M.). Die Unterrichtspraxis der Fortbildungschule. 11: Pro- 
jektionslehre und Linearzeichnen, bearbeitet von H. Dillman. Leip- 
zig, A. Hahn, 1911. 8vo. 116 pp. Cloth. M. 1.20 

Menars CEA. Drehende Schwingungen eines Hohlzylinders in einer 
zahen Flussigkeit. (Diss. Giessen, 1911. 8vo. 23 pp. N 


Mmrrman (M.). American civil engineers’ pocketbook. New York 
Van Nostrand, 1911. 1388 pp. ther. ; $5.00 


Moer (Ë.), Fursmr, and others, Problems in thermodynamics and 
heat engineering. New York, Wiley, 1911. 8vo. 72 pp. Pa = 
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NzumunRu (8.. Uber die Stroiming von Gasen durch Rohren und den Wider- 
stand kleiner Kugeln und Zylinder in bewegten Gasen. (Diss.) Heidel- 
berg, 1911. 8vo. 70 pp. ; 


Nucent (b. C.. Plane surveying, a text and reference book for the use 
of students in mene and for engineers generally. 3d edition, 
revised. New York, Wiley, 1911. 8vo. 224-599 pp. $3.60 


Povssart (A.). Traité élémentaire de mécanique. Mécanique théorique 
et mécanismes. Parm, Garnier, 1911. 18mo. 34-504 pp. 


PunrarcH(C.). Stereoskopisches Sehen und Messen. Jena, Bueno 1911. 
.100 


RawxiNE (W. J. M.) A manual of civil engineering. 24th edition. 
gees revised by W. J. Millar. London, Griffin, 1911. 8vo., 
pp. 16s. 


Baton (E). Vierendeeltráger mit parallelen Gurtungen, Graphische 
Ermittlung der Einflusslinien mit Hilfe eines einzigen. Seilpolygones, 
Wien, v. Waldheim, 1911. . 1.30 


Rieu (A.). Kometen und Elektronen. Deutsch von M. Iklé. Leipzig, . 
Akademische ~Verlagsgesellschaft, 1011. M. 1.50- . 


Ross (A. ÀJ. Optical geometry of motion. A new view of the theory 
- of relativity. London, Heffer, 1911. Svo. 30 pp. Sewed. 1s. 


RoNDELEUX. ` Stabilité du navire en eau calme et par mer agitée. Theorie 
élémentaire et application pratique. Paris, Challamel, 1911. 8vo. 
064-189 pp. E 


RovsrER (G.) et GuznBYx (E.). Cour de mécanique. Paris, Hatier, 1911. 
12mo. 260 pp. ` 


SoLanver (E.) Mekanik for realgymnasiets fjarde ring. Stockholm, 
Rietz, 1910. 8vo. 61 pp. Kr. 1.25 


Starck (M.). Hydromekanik med byningsexempel och tillampningar 
jümte en kortfattad turbinteori. Till ledning vid undervisningen i 
de tekniska elementarskolorna. 2a upplaga. Stockholm itz, 
1911. 8vo. 72 pp. Kr. 2.00 


Weiss (K.). Kombinatorische Kristallsymbolik II. (Schluss-Teil.) 
(Progr. Urfahr, 1011. 8vo. 74 pp. : 


Wiırıson (F. NI Theoretical and practical graphics. An educational 
course on the theory and practical applications of descriptive geome 
and mechanical drawing. Princeton, N. J., Graphics Press, 1910. 
4to. 7+264+29 pp. $4.00 
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THE EIGHTEENTH ANNUAL MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


Tux eighteenth annual meeting of the Society was held in - 
New York City on Wednesday and Thursday, December 27-28, 
1911, the programme occupying two sessions on each day. 
The total attendance numbered about seventy-five, including. 
the following sixty-four members: 

Dr. C. S. Atchison, Mr. H. Bateman, Professor W. J. Berry, 
Professor G. D. Birkhoff, Professor Joseph Bowden, Professor 
B. H. Camp, Professor W. M. Carruth, Dr. A. S. Chessin, 
Professor C. W. Cobb, Dr. Emily Coddington, Professor F. N. 
Cole, Professor J. L. Coolidge, Dr. L. L. Dines, Mr. E. P. R. 
Duval, Professor L. P. Eisenhart, Professor T. C. Esty, Pro- 
fessor F. C. Ferry, Professor J. C. Fields, President H. B. Fine, 
Professor W. B. Fite, Mr. Meyer Gaba, Professor A. S. Gale, 
Professor O. E. Glenn, Mr. G. H. Graves, Professor C. C. Grove, 
Professor J. G. Hardy, Professor C. N. Haskins, Professor H. 
E. Hawkes, Professor L. A. Howland, Professor L. S. Hulburt, 
Dr. Dunham Jackson, Mr. S. A. Joffe, Professor Edward 
Kasner, Professor C. J. Keyser, Dr. D. D. Leib, Dr. N. J. 
Lennes, Mr. Joseph Lipke, Professor W. R. Longley, Professor 
C. R. MacInnes, Professor J. H. Maclagan-Wedderburn, 
Professor James Maclay, Professor G. A. Miller, Professor 
C. L. E. Moore, Professor Richard Morris, Professor A. D. 
Pitcher, Professor Arthur Ranum, Dr. H. W. Reddick, Pro- 
N fessor R. G. D. Richardson, Dr. J, E. Rowe, Mr. L. P. Sice- 

off, Mr. C. G. Simpson, Professor P. F. Smith, Mr. W. M. 
ith, Professor H. W. Tyler, Professor Anna L. Van Ben- 
schoten, Professor Oswald Veblen, Mr. H. E. Webb, Professor 





E. B. Wil , Professor F. S. Woods, Professor J. W. Young. 
e occupied the chair, being relieved at the 
Wednesday afternoon session by Ex-President White. The 
` Council announced the election of the following new members 
of the Society: Professor Ida Barney, Rollins College; Pro- 
fessor Louis Brand, University of Cincinnati; Professor C. W. 
Cobb, Amherst College; Professor J. “Cx Fitterer, University 
of Wyoming; Mr. G. H. Graves, N Dr. 
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Solomon Lefschetz, University of Nebraska; Mr. G. H. Light, 
Purdue University; Mr. E. S. Palmer, Rutgers College; 
Professor E. R. Smith, Pennsylvania State College. Eight 
applications for membership in the Society were received. 

The annual dinner on Wednesday evening was a very 
pleasant occasion, forty-two members being present. These 
informal gatherings have long been recognized as one of the 
most attractive features of the meetings. 

The reports of the Treasurer, Auditing Committee, and 
Librarian have appeared in the Annual Register. The member- 
ship of the Society has risen to 668, including 62 life members. 
The total attendance of members at meetings during the year 
just passed was 423; the number of papers read was 217. 
At the annual election 197 votes were cast. The Society’s 
library now contains 3,871 volumes, beside some 500 unbound 
dissertations. ‘The Treasurer’s report shows a balance of 
$8,723.89, but the increase is offset by outstanding bills 
amounting to about $550. The income from sales of the : 
Society’s publications during the year was $1,513.66. The 
life membership fund now amounts to $4,137.17. 

With the great growth of the Society’s activities it will 
soon become necessary to make some provision for clerical 
services, the capacity of the several offices being already over- 
strained in this direction. The Society has outgrown the 
stage in which its officers could attend personally to all the 
details of administration. | : 

At the annual election, which closed on Thursday morning, 
the following officers and other members of the Council were 
chosen: | 
Vice-Presidents, Professor H. F. BLicHFELpT, 


Professor HENRY TABER. 
Secretary, Professor F. N. CoLE. 
Treasurer, Professor J. H. TANNER. 


Librarian, - Professor D. E. SMITE. 


Committee of Publication, 
Professor F. N. COLE, 
Professor E. W. BROWN, 
Professor VIRGIL SNYDER. 


Members of the Council to serve until December, 1914. 


Professor A. B. COBLE, p Professor OSWALD VEBLEN, 
Professor E. W. Davis, Professor E. B. Wizsox. 


D 
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The following papers were read at this meeting: 

(1) Mr. W. M. Surrg: “A characterization of isogonal and 
équitangential trajectories," + ; 

(2) Professor C. L. E. Moore: "Surfaces in hyperspace 
which have a tangent line with three-point contact passing 
through each point.” 

. (8) Dr. J. E: Rows: “How to find a set of invariants for 
any rational curve of odd order." 

(4) Dr. J. E. Rowe: “A covariant point of the R4, and a’ 
special canonical form." A . 

(5) Dr. R. L. Moonz: “On sufficient conditions that an 
integral equation of the second kind shall have a continuous 
solution.” 

- (6) Professor E. B. WrrsoN: “Some mathematical aspects 
of relativity." 

(7) Professor Epwarp Kasner: “Families of surfaces 
related to an arbitrary deformation of space." 

(8 Dr. H B. Pars and Professor C. L. E. Moore: 
“ Algebra of plane projective geometry." 

(9) Professor Anna L. Van Benscuoren: “Products of 
quadric inversions and linear transformations in space" 
(preliminary report). 

(10) Professor Artmur Ranum: “N-dimensional spreads 
generated by oo! flats." 

(11) Professor O. E. GLENN: “ Generalizations of a theorem 
` on reducible quantics, due to Eisenstein.” 

(12) Professor F. R. Smarre: “Finite groups of birational 
transformations in the plane." | 

(13) Professor Joan Emsan: “On a flat spread-sphere 
geometry in an odd dimensional n-space.” 

(14) Professor C. N. Moore: “The summability of the 
double Fourier series, with applications." 

(15) Professor S. E. Srocum: “A general formula for tor- 
sional deflection." 

(16) Professor G. A. MILLER: “Groups which contain a 
given number of operators whose orders are powers of the 
same prime." ' MN | 

(17) Professor R. G. D. Rıcmarnson: “Theorems of oscil- 
lation for three self-adjoint linear differential equations of 
the second order with three parameters.” 

(18) Professor L. A. HowrAN»: “Points of undulation of 
algebraic plane curves." 
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(19) Professor C. N. HASEINB: “Note on certain selective 
integrals." l 

(20) Professor L. P. EisENHaRT: “Ruled surfaces with 
isotropic generators.” 

(21) Professor J. W. Young: “On algebras defined by 
groups of transformations.” 

(22) Professor J. W. Youna: “A generalization to 3-space 
and to n-space of the inversion geometry in a plane” (pre- 
liminary communication). , 

(23) Dr. L. L. Sriverman: “On absolute or unconditional 
summability.” 

(24) Dr. L. L. SıLverman: “Tests for Cesàro summa- : 
bility.” : 

(25) Professor W. B. Frre: “Note on a collineation group 
in n variables." 

(26) Professor L. P. EISENHART: “ Congruences of minimal 
lines in a four-space.” 

In the absence of the authors the papers of Dr. Moore, Dr. 
Sharpe, Professor Eiesland, Professor C. N. Moore, Professor : 
Slocum, and Dr. Silverman were read by title. Abstracts 
of the papers follow below. 


1. Cesäro has shown that in any complete isogonal system 
the locus of the centers of curvature of the single infinity of 
trajectories passing through the same point is a straight line. 
Similarly, Scheffers has proved that in any complete equi- 
tangential system those trajectories tangent to the same straight ` ` 
line have their centers of curvature upon a straight line. The 
former is here referred to as the Cesäro property and the latter 
as the Scheffers property. 

In any doubly infinite system of plane curves any one of 
the single infinity of trajectories through a point of the plane 
has & certain curvature y. Let N denote the rate of variation 
of y along the normal, the direction of the consecutive trajectory 
remaining the same, and let yı, Ni denote the corresponding 
quantities for that trajectory which is orthogonal to the first. 
Mr. Smith shows that a doubly infinite system of plane curves 
whose single infinity of trajectories through any point possess 
the property expressed by . 


N+N=Y+yl 
. together with the Cesäro property is a complete isogonal system. | 


1912.] THE ANNUAL MEETING OF THE SOCIETY. 217 


If it possesses this property tögether with the Scheffers property, 
it is a complete equitangential system. 

2. In this paper Professor Moore shows that the coordinates 
of a surface in hyperspace, having through each point a tangent 
line with three-point contact, must satisfy a partial differential 
equation of parabolic type. If the coordinates satisfy such 
an equation, the surface will be of the kind mentioned. Similar 
results are obtained for other spreads in hyperspace. 


3. An algebraically complete system of invariants of the 
rational plane quartic has been found by Dr. Rowe in a previous 
paper presented to the Society September 6, 1910. (See 
Transactions, July, 1911.) This enables us to find a set of 
invariants for any rational plane curve of odd order, which is 
called Bisi). Every Biet? has a covariant rational line quartic 
pt, whose parametric equations may be written down, and 
from these the four fundamental invariants for each p may be 
calculated. This work has been carried out in detail for the, 
BS. , 


4. In Dr. Rowe's second paper & covariant point of the 
R*, not on the R^, is found which possesses the following prop- 
erties: (1) tangents to R* from this point are apolar to the six 
flex parameters and to the q’s each taken three times; (2) the 
line cutting out the q's on R% and the line cutting them out of 
Stahl’s conie N meet in this point; (3) the flex lines of two cubic 
osculants whose parameters are given by a binary quadratic 
meet in this point. The coordinates of the point are of degree 
four in the coefficients of the parametric expressions of the Rt. 

In the second part of the paper a special canonical form of 
the R* is discussed which enables us to express in terms of the 
four fundamental invariants conditions on the R* which are 
rather difficult to attack directly. For instance, the condition 
that two of a set of covariant parameters, cut out of the Rt 
by a covariant curve, form a node is easily handled by means 
of this canonical form. The flecnode and tacnode conditions 
occur a3 special cases of this. 


5. Making use of & theorem on which he reported at the 
April, 1911, meeting of the Society (cf. BULLETIN, volume 
17, No. 10, page 513), Dr. Moore proposes to sbow that 
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if f(z) is continuous throughout the interval 


s I: a=z=b 
and k(z, y) is a limited function of x and y in the square 
S: aSzSb, aSySb, | 


and if the Fredholm determinant D is not 0, and finally if on 
each parallel to the axis of z or of y the points of discontinuity, 
if any, of k(z, y) which lie in S form & point set of linear 
measure 0, then the integral equation of the second kind 


b 
ula) = fle) +f Ae, iputidy 
has a solution w(x) which is continuous throughout I. 


6. Professor Wilson comments on some points of a mathe- 
matical nature in a memoir which he and Professor G. N. 
` Lewis, of the Massachusetts Institute of Technology, are 
writing on the principle of relativity. The occurrence of a 
parabolie non-euclidean geometry and of a corresponding 
non-circular vector analysis, and the possibility of the use of 
potentials in four dimensions are the two chief subjects treated. 
The former was in part set forth and in part implied in Min- 
kowski’s work; the latter has been suggested by Sommerfeld. 


7. Professor Kasner discusses the existence and determi- 
nation of surfaces which are affected conformally, or more 
specially isometrically, by a given deformation of space. 
Unless the transformation of space is conformal there cannot 
be more than six simply infinite families of surfaces affected 
conformally; and unless the deformation is a displacement 
there cannot be more than two families affected isometrically. 


8. From the assumption that the sum .of two points obeys 
the ordinary laws of algebraic addition, Dr. Phillips and Pro- 
fessor Moore show that there are just two kinds of addition 

. possible, depending upon the interpretation given to a number 
times a point. If XA is coincident in position with A, then the 
sum of two points is the harmonic of a fixed line f with respect 
to the two points. If X4 differs in position from A, then the 
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sum of two points becomes similar to the ordinary vector sum. 
This second kind of addition leads to a sort of vector analysis 
in which vector points appear as well as vector lines. e Both 
additions have two fundamental or exceptional elements con- 
sisting of & line and a point. : 

Distance is defined as a scalar quantity uniquely determined 
by two points and such that distances AB along a line are pro- 
portional to the corresponding vectors AB. On these assump- 
tions is built a theory of distance: As a consequence of the 
definition, to each line of the plane is assigned a definite positive 
direction. Angle is taken as the exact dual of distance. In 
the geometry in which distance and angle are defined as above, 
the locus of points equidistant from A is a line. Also it is 
found that any three parts of a triangle determine it. 

It is assumed for the area of a triangle that, holding the vertex , 
fixed and moving the base of constant length along a line, it 
will remain constant. It is then found that the area must be a 
multiple of the sum of the sides. 

The product AB of two unit points is defined as the segment 
connecting the two points. The product of three unit points 
is defined as the area of the triangle having the three points 
as vertices. Similar definitions are given for the products of 
lines. 


` 9. In this report Miss Van Benschoten presents some types 
.of (2, 2), (2, 3), (3, 3), and (8, 4) birational transformations 
which are obtained as products of quadric inversions and linear 
transformations in space of three dimensions. It is proved 
that the (3, 3) transformation in which for each variable its 
reciprocal is substituted can be resolved in jn(n + 1) dif- 
ferent ways into the product of n — 1 inversions and a linear 
transformation in space of n dimensions. 


10. This paper is a continuation of the one read by Professor 
Ranum at the summer meeting of the Society. Taking the 
ith tangent spread of the jth focal spread of the kth tangent 
spread of a given spread S, and letting i, j, k vary, we obtain 
a finite system of spreads determined by S. A number of 

' properties of this system are found. ‚Among thé theorems 
proved is the-following: 
_If S and its 1st, *--, (à — 1)-th tangent spreads are all of 
rank r and its ith tangent spread Sı of rank s, < r, while its 
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1st focal spread S, is of rank o < r (sı + s: =r), and if either 
Tı, the (t + 1)-th focal spread of Si, or T2, the (i + 1)-th tangent 
spreadof So, is of rank s,+s,—r, then the other is also of the 
same rank and 7; is the (¿+ 1)-th focal spread of T}. This 
remarkable case first occurs in 9-dimensional space. 


11. Eisenstein's theorem may be stated as follows: A necessary 
condition that a binary form o," with integral coefficients ao, 
gn, ***, Gm, all of whose coefficients except oa are divisible by 
a prime number q, should be reducible in the absolute field is 
that 


(1) dm = 0 (mod q?). 


Professor Glenn proves corresponding theorems for p-ary 
forms. He finds that the criteria imposed by these theorems 
become sharper as p increases, due to the fact that the number 
of conditions corresponding to (1) is, in the general ease, an 
increasing function of p. A class of theorems on the existence 
. of a factor of a p-ary form whose order lies within limits is 
established. A new method of resolving a reducible p-ary form 
is developed. It is proved for a linearly factorable p-ary 
form that, if a certain related binary form is linearly factorable 
in & given domain, the p-ary form is reducible in the same 
domain, though not necessarily completely (linearly) reducible 
unless the factors of the binary form are all simple. Necessary 
arithmetical conditions that the p-ary form be completely 
reducible in that domain are then developed. "These take the 
form of higher order congruences in one unknown. The last 
section of the paper is devoted to the theory of these congru- 
ences. 


12. Noether * has shown that a single plane can be depicted 
upon a double plane so that the double curve is a sextic with 
two coincident triple points. S. Kantor} has proved that the 
finite group of birational transformations having 8 fundamental 
points in the single plane is isomorphic with the group of linear 
transformations which leave the sextic in the double plane 
invariant. Wiman ł used the Grassmann depiction of the single 
plane upon & cubic surface and thence upon the double plane. 

* Erlangen Berichte, 1878. 


T Acla Math., vol. 19. 
1 Math. Annalen, vol. 48. 
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He also completely enumerated the linear transformations of 
the sextic. In Professor Sharpe's paper a method is developed 
for determining the transformation of the single plane which 
corresponds to a given linear transformation of the double 
plane. It is known that there are 120 tritangent conics to the 
sextic which are also tangent to the sextic at the triple point. 
It is shown that each conic leads to & partial determination 
of the cubic surface and that the cubic surface can then be 
completely determined in 28 ways. In a special case the 120 
conics and the transformations of the single plane are completely 
determined. 


13. Professor Eiesland's paper is in abstract as follows: 
‚A generalization of Lie's sphere geometry becomes possible 
if, instead of using the straight line as space element, we intro- 
duce a flat ‘spread (hyperplane) of 4(m— 1) dimensions. 
In fact, since to spheres that touch must correspond inter- 
secting flats, the condition for such intersection must be 
unique; moreover, i(n — 1) must be an integer, hence, a 
flat spread-sphere geometry is possible only in a space of an 
odd number of dimensions. It is also necessary that the 
number of essential parameters of the flat shall be equal to 
n + 1, which is the number of parameters of the sphere. 

It has been shown that for an odd space Lie's contact trans- 
formation can be generalized and that this new transformation 
converts the on spheres in S,_1 (n-even) . 


n—1 
2: (zi — E) H Siss 
into the œ" flat spreads 


n—1 1 . 
zi = ay; + by, z= Dewi d d (= 1, 2,-+-,-4(n — 2)) 
inaspace — 
Salti, yo sys cos Zi 27 Hin, al 


with the following Fans between the £/s and the parameters 
a, bu. C; d: 


Ei ag 30. + ei, & = ibi m C1), Weed) 
(1) In = LUE = Gin al 
fı = (a — d), & = — ha + d). 
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'The eondition that two flats shall intersect is 
(Zes — e) (bi — b) + (d' — dY(a — a^) = 0, 


which, on introducing the parameters £; from (1), becomes 
the condition that two spheres shall touch. 
The transformation in question is 


GA = (yı — Pi) (Zy.qi — 2 — (1 — Epiyi) (ei + qo 
a me 











2(1 = LD Ys) 
X ; + p) — yq) + (1 — Space — c) 
i SÉ — Dad 
2) X, — ZY ii T à 
n-1 — 1 = Epy: 
P, = Yı = Pı om An + p) ae 
1 


Lt Spy’ == 1+ ipy: ^ ? 
= Yan SR Din al 
I + ZDiyie 


Furthermore, this transformation converts the lines of curva- 
ture on an n — 2 dimensional spread in S, ; into curves on the 
corresponding surface which are the analogues of asymptotic 
curves on a surface in 3-space. "These lines have therefore 
been called asymptotic lines. Through any point on the 
surface pass n — 2 such lines and no more. 

Finally all the contact transformations of this kind are con- 
sidered. It is found that they are obtained by superposing 
the transformation (2) on the transformations of the group of 
contact transformations in S, , which change spheres into 
spheres, and also on the duality transformation. To the 
before mentioned group in S,-1 corresponds in S,-1 & group 
which leaves invariant the oo" flats, and transforms asymptotic 
lines into asymptotie line. This group is a subgroup of a 
group which is similar to the group of contact transformations 
discussed by Lie in the second volume of his large work on 
transformation group, chapter 25, where he shows that the 
transformations of the group leave invariant & hypersurface 





Pre = 


S 1,..., nl 
z=a+2bu: + % cure. 
wu 
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14. Fejér's idea of studying the summability of the Fourier 
development of an arbitrary function can be extended to the 
development in a double Fourier series of a funétion of two 
variables. In Professor Moore's paper this extension is carried 
out, and it is shown that the Fourier development of a function 
of two variables, f(x, y), continuous in the region (— r S z S m, 
— su zl, except for a finite number of lines of dis- 
continuity consisting of parallels to the axes or of curves that 
cut such parallels in a finite number of points, will be summable 
to the value of the function at every point in the interior 
of the region at which the function is continuous, provided 
the discontinuities of the function are of such & nature that 
the double integrals in the coefficients of the Fourier’s series 
converge. Along the lines of discontinuity the series will be 
summable at points where the function approaches a definite 
value as we approach the point from either side of the line, 
and-its value will be half way between the limiting values 
provided the line of discontinuity has a tangent at the point. 
The definition of summability adopted 1s analogous to that 
adopted by Cesäro for ordinary series. "The detailed formulas 
for positive integral orders of summability have been given 
in the abstract of a paper previously presented to the Society*; 

, the present paper considers only summability of order one. 

Furthermore, the present paper shows how the results 
stated above, together with the results of the previous paper 
just referred to, can be applied to the solution of certain 
problems in the flow of heat. 


15. In a previous article (Journal of the Franklin Institute, 
April, 1911) Professor Slocum has deduced a general formula 
for shearing deflection, and has also given a new and simplified 
proof of the Fraenkel formula for flexural deflection. In the 
present paper this work on deflection is completed by the 
derivation of a general formula for torsional deflection. 

* BULLETIN, vol. 17 (1911), p. 680. There is an error in condition (b) 


of the theorem stated in this abstract. The two first equations of this 
condition should be SEH by the equations 


Jim m» S P | fou io, B) | = 0, Em = i | fey ala, B) | = 0, 
J=hm 


where Da and v» vary with m, and u and Pa vary with n in any manner 
whatsoever. 
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Let M = torsional moment, or torque, acting in a plane 
perpendicular to the axis of the piece, 
v = torsional deflection, or angle of twist, produced by 


3 
g = shearing stress per unit area of cross section, 
Qs) qy = rectangular components of q, 
e = angular, or shearing, distortion corresponding to 
the stress q, 

G = modulus of rigidity, or Jat modulus, 

W = internal work of deformation, 

A = area of cross section, 
l = length of member. 

The internal work of deformation is first found in the form 


1 i A 
w=5 Í gdAde. 


For a prismatic piece of constant cross section this becomes 


l A 
W= 55) dA. 


The following theorem is then proved: 

If 9 denotes the torsional deflection produced by a torque 
M, and W the total work of deformation arising from a torque 
M + K, then 


Inserting in this expression the value previously found for 
W in terms of the shearing stress q, the required formula for 
torsional deflection is obtained, namely 


I ci 
=: 2 
d GM f g’dA. 

To illustrate the application of this formula, it is then used 
for calculating the torsional deflection of prismatic pieces the 
cross sections of which are respectively circular, elliptical, 
triangular, rectangular, and square. 


16. If p* is the highest power of the prime number p which 
divides the order of a group G, the number of the operators' of 
G whose orders are powers of p is a multiple of p”, according 
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to & theorem due to Frobenius. It is, however, not possible 
to construct a group in which this number is an arbitrary 
multiple of p". In fact, it is at least p'** whenever it exceeds 
p^, and it is at least Acht — p" whenever it exceeds p". 

Professor Miller proves, as a special case of a general theorem, 
that & necessary and sufficient condition that any group con- 
tains exactly p + 1 Sylow subgroups of order p™ is that it 
contains exactly pt! operators whose orders are powers of p. 
He also established the following theorems: If every possible 
pair of Sylow subgroups of order p* in a given group has ge" 
common operators, then all of these subgroups have the same 
p* common operators. If any group contains less than 
(p + 1)? Sylow subgroups of order p", then all the operators 
which are common to some pair of these subgroups must be 
common to all of them. If G contains exactly Zi oper- 
ators whose orders are powers of p, it contains also exactly 
2p + 1 subgroups of order p" and all of these involve the same 
p™ | operators. 


17. At the April meeting of the Society, Professor Richard- 
son gave necessary conditions and sufficient conditions for 
the existence of solutions of the Klein oscillation problem for 
two equations with two parameters. In the present paper 
he discusses the problem for three equations with three 
parameters, 


[pedu (e)l + aui) + Male) + nAa(z:) 
+ »Aa(r)ha(z) = 0, pile) > 0 @=1, 2, 3). 


In order that there exist solutions w(zi), ux(23), us(as) which 
satisfy the boundary conditions 


uiam) = u(bı) = 0, us(as) = alba) = 0, 
| us(as) = us(bs) = 0, 


and oscillate 1, m, n times inspectively, it is necessary that 


. parameter values A9, di, di: AP, p”, 09; A9, pw, y9 exist 


such that A944 + pA. + 9453 S 0 for at least one value 
of the variable x; in the interval a,b; and that A94, + 
PA + 94,8 E 0, AP Au + pA + y9 Ars = 0 for all values 
of the variables z;, æ in the intervals ob, a,b, respectively 
(= 1, 2, 3; j= 1, 2, 3; k = 1, 2, 3; i +3 + E). The suf 
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ficient conditions for 12h, n > n, m > m, (lj = 0 when 
q= 0) are the same when the sign € is replaced by the sign <. 
Another sufficient condition (in this case for all values of 
L m, n) is that the determinant of the A’s be different from 
zero for all values of the variables. 'The solution is then 
unique. 
This paper is to appear in the Mathematische Annalen. 


18. Points of undulation or, in general, points of an algebraic 
plane curve at which the tangent has contact of order higher 
than 2 receive little attention in elementary discussions of the 
theory of such curves. Or, in other words, although the 
- behavior of the Hessian in multiple points of the curve is 
treated as fully as may be by elementary methods, the behavior 
of the curve in multiple points of the Hessian, the consequence 
of contact between curve and Hessian, or, more generally, 
of multiplicity of intersection of curve and Hessian greater 
than 3k(4 — 1) in an ordinary k-fold point are not treated 
at all. 

'The object of Professor Howland's paper is to show that 
these questions can be discussed with the same degree of com- 
pleteness by elementary methods as can the theory of ordinary 
inflexions. Among other results the formula Z(e — 1) 
= 3n(n — 2), which applies to curves without multiple points, 
is extended to curves having ordinary multiple points, in 
the fórm Z(c — 1) = 3n(n — 1) — E8k(k — 1), where o is the 
order of contact of curve and tangent at each point and Z is 
extended to all points of the curve. 


19. Landau* and Lebesguef have recently discussed certain 
formulas by means of which a given continuous function can 
be expressed to a preassigned degree of approximation by 
means of an analytic function. The latter, in particular, 
has given an exceedingly general theórem by means of which 
such approximate representations can be constructed. The 
note of Professor Haskins discusses a similar theorem, some- 
what less general than that of Lebesgue, which, however, 
throws some light on the mechanism of the process of repre- 
sentation of a function by means of a definite integral. The 
theorem is: If in the interval a < x < b f(x) is continuous, 

* Rendiconti del Circolo Matematico di Palermo, vol. 25 (1908), p. 337. 

t Ibid., vol. 26 (1908), p. 326. 
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and (x) is continuous and positive and attains its maximum 
value M only once in the interval, namely at the ‚point T= To, 


‘then 
IR f(e)e(z)*dz 
Dm ——;— ——— 
U^ f scri: 


The theorem is closely related to a theorem of Stieltjes,* 
and the proof is based on methods similar to that used in 
Graeffe's method for determining the roots of an algebraic 


equation with numerical coefficients. 


= (to). 


20. Ruled surfaces with isotropic generators have been 
considered by Monge, J. A. Serret, Lie, and others. Professor 
Eisenhart uses for the determination of such a surface the 
curve in which it is cut by & plane and the directions of the 
lines which are the projections on the plane of the generators 
of the surface. In this way & ruled surface of this type is 
determined by a set of lineal elements, in a plane, depending 
upon one parameter. The envelope of the direction of the 
lineal elements is a generalization of oblique evolutes, or 
evolutoids. Such & surface is determined also by & curve in 
space, in the sense that it is one of the two sheets of the en- 
velope of a certain family of spheres whose centers are on the 
space curve. The equations of the two sheets assume & 
symmetrical form when the space curve is defined in two ways 
in terms of the two “normal parameters," as defined by the 
author in the September number of the Annals. The re- 
lations between the space curve and the set of lineal elements 
on the plane are very interesting, and lead to a significant 
transformation of sets of plane curves. Of particular interest 
is the case in which the spheres are of constant radius, so that 
the Gaussian curvature of the surface is a positive constant, 
and thus the ruled surface is a deform of a sphere in which 
one set of numerical generators remain right lines. 


21. In his first paper Professor Young uses the essential 
ideas of von Staudt’s algebra of points on a line to develop 
the general notion of an algebra associated with certain groups 


* Correspondance d’Hermite et de Stieltjes, vol. 2 (1905), p. 185. 
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of transformations. He considers first a group ® of trans- 
formations which operates in & simply transitive way on the 
elements a; b, c, --- of a certain class X. By choosing any 
particular element of Z, say 1, to be the so-called identical 
element, there exists in © a unique transformation G,, 
such that Gi) = a. An operation o acting on pairs of 
elements of G is then defined by the relation aob = G,(b). 
The operation o is then associative; it is commutative if © 
is commutative; the element 4 satisfies the relations aot 
= toa = a for every a of Z; and corresponding to every a 
in Z there exist in Z two unique elements a’, a” such that 
aoa’ = iand a"oa =i. The group © is then represented 
by the equations z' = aox, the individual transformations 
of © being obtained by allowing a to vary over =. The equa- 
tions x’ = xoa define a group G, simply isomorphic with 
G. G, which is called the adjoint group of G, is identical 
with G only when Y is commutative. The author considers 
next two groups, say À and Mt, acting in a simply transitive 
way on two classes 2, and Ze respectively. The operations 
defined as above by 2 and Dt are for convenience called “ ad- 
dition” and “multiplication” and denoted by + and . 
respectively; the identical element with respect to + is denoted 
by D and the identical element with respect to. by 1. If 
21, Z have a non-empty class £ in common, there will be re- 
lations between addition and multiplication determined by 
the relations between the groups 2 and M. I, in particular, 
M transforms X into itself, there is obtained a generalized law 
of distributivity, expressed by the following relation: a-(b+c) 
= a:b+ (a-0)’ + a-c, where the notation m’ is used for 
the element such that m’+ m = 0. The ordinary form of 
distributivity is obtained if a-0 = 0 for all values of a; i. e., 
if every transformation of Mt transforms 0 into itself (0 is 
then not an element of £z; it is exceptional for M). The 
distributive relation just given implies the commutativity 
neither of addition nor of multiplication. The condition 
MAM = A, leads to general left-handed distributivity. 
The condition: for general right-handed distributivity is 
MAMA = A, where M is the adjoint group of M. Von 
Staudt’s algebra of points on a line is obtained by letting U 
be the group of all parabolic projectivities having a common 
double point M, and letting M be the group of all projectivities 
having two common double points M and O, where O is the 
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identical element with respect to X. The author discusses 
several other examples which lead to new analytic represen- 
tations of certain groups of projective and birationdl trans- 
formations. 


. 22. In his second paper, Professor Young employs the 
“methods developed in his first paper to define a point algebra 
in a space S, of n dimensions as follows: Multiplication is 
defined by the group M of collineations in S, leaving the ver- 
tices O, Ui, Us, ---, Un of a complete (n + 1)-point invariant, 
a + b being by definition the point into which b is transformed 
by the transformation M, of-M which transforms the unit 
point 1 into a. Addition is defined by the group 2 of elations 
in 8, leaving fixed every point of the $4 4 determined by Uj, 
en Un, a + b being the point into which b is transformed by 
the transformation A, of A which transforms the zero point 
O = 0 into a. Multiplication and addition are then associ- 
` ative and commutative, and multiplication is distributive 
with respect to addition. In fact, the points of S4 form a 
field with respect to these two operations, the exceptional 
éléments being the points of the n (n — 1)-spaces of the funda- 
mental (n +1)-point O, Ui, +--+, Un for multiplication and 
the points of the S, ; determined by Uj, ---, Un for addition. 
The author then considers the group 9L, of 3n parameters, 
a, ad — be 
m F d’ — not 
a divisor of zero. A, is then the general projective group 
. on a line; W-is the group of all quadratic transformations 
in a plane having two fundamental points U, and U; in 
‚common, and is therefore equivalent to the group of direct 
circular transformations in a plane first discussed by Möbius; 
(9, is a group of Cremona transformations in Ss of order 3 
having three fundamental points Ui, Uz, Us; in common; 
in general ©, is a group of Cremona transformations of order 
"nin Sa. The representation of the group given above makes 
it possible to apply methods of the projective geometry on a 
line to the geometry defined by G,. The elementary curves 
of the geometry, the so-called C-curves, are the curves equi- 
valent under ©, to the straight line through 0 and 1. There 
is one and only one such curve through any 3 points a, b, c, 
provided no two of the latter are coplanar with two of the 
points U; The class of C-curves contains all the normal 





consisting of all transformations 2’ = 
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curves of degree n in Sa, passing through the m points U; 
(i= 1, «++, n) and certain normal curves of lower orders. 
For example, for n = 3 the C-curves consist of all twisted 
cubics through Ui, Us, Us, of all conics through one of the 
points U, and meeting the opposite side of the triangle Ui1U2Us, 
and of all straight lines in S, not on the plane U,U2Us. 
Any transformations of ©, of general type has 2" double 
points, which are associated in a definite way into Ze" pairs. 
Among the theorems derived may be mentioned the following: 
Any involution (of general type) in G, leaves invariant every 
C-curve through every pair of associated double points, and 
only these. If a transformation of G, leaves one C-curve in- 
variant, it leaves one, and if the transformation is non- 
involutorie only one, such curve through every point not 
a double point invariant; etc. The author also discusses the 
* extension of the group ©, by the adjunction of transformations 
of another kind, which reduces in the case n — 2 to the 
introduction of the indirect circular transformations. 


23. A series is absolutely convergent, if the series formed 
from the absolute values of its terms converges; uncondition- 
ally convergent, if it converges for every order in which its 
terms are arranged. "The two definitions are equivalent for 
convergent series. In this note, Dr. Silverman proposes to 
inquire whether similar notions are possible in the theory of 
summable series. 

. The notion of absolute convergence is obviously not general- 
izable to the case of summable series,* if we restrict] ourselves 
to those definitions for which it is true that whenever lim(S4) — s 
or œ, then G(S,) = s or oo respectively, where lim stands 
for the ordinary limit, and G for the generalized limit. That 
the notion of unconditional convergence, too, cannot be gen- 
eralized to the case of summable series, if we restrict ourselves 
to the same definitions as above, results from the following 
theorem: If corresponding to every arrangement of the terms 
of a series there is some definition of summability which gives 
it a value (possibly different in each case), then the series is 
absolutely convergent. . 





* Borel has used the term absolute summability, but in a different sense 
from that considered here. See Lecons sur les Series divergentes, p. 99. 

t This restriction excludes such definitions as that of absolute summa- 
bility given by Borel; but this definition of Borel's is not a true generali- 
sation of convergence, as has been pointed out by Hardy, Quarterly Journal, 
vol. 35 (1908), p. 25. 
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24. In this note Dr. Silverman considers some simple 
sufficient conditions for Cesäro summability, similar*to some 
of the well-known tests for convergence. 


25. Professor Fite calls attention to a collineation group inn 
variables that seems not to have been noticed before. It is 
of order n!b«-1d-3/f, where n = ab = cd, a and b relatively 
prime, c relatively prime with both a and d, a « n, e « n, 
and f the greatest common divisor of c — a and d. It con- 
tains an invariant abelian subgroup of index n. 


26. Professor Eisenhart gives the following analytical defi- 
nition of & congruence of minimal lines in euclidean four- 
space: Given a congruence C of non-minimal lines in ordinary 
space, each line being defined by the coordinates (zo, yo, 2) 
of the point Ps in which the line meets a surface of reference 
S referred to curvilinear coordinates u, v and by its direction 
cosines X, Y, Z, where za yo, z; and X, Y, Z are one-valued 
continuous functions of wand v, admitting continuous first 
derivatives; if x, y, z are.the coordinates of a point P on this 
line and + the distance PoP, then the equations 


z= t +X, y =y +t, z=ant+iZ, wo d 


define a congruence T of minimal lines in four-space of thè 
most general type. The condition that a one-parameter 
system of these lines, determined by a relation f(u, v) = 0, be 
tangent to a curve, i. e., developable two-spread, is that the 
corresponding ruled surface of the congruence C, which is 
defined by the first three of the above equations, be a develop- 
able surface, and that it meets S in &n orthogonal trajectory 
of the generators of this developable. When C is a normal 
congruence, and only in this case, through each line of T 
there pass two developables of the congruence. (This is the 
particular type of minimal congruences recently considered 
by Eiesland in the Transactions.) However, any surface S 
and a family of curves upon it leads to a congruence T such 
that through each line of T there passes one developable. 
But for the general congruence T none of the ruled two-spreads 
is developable. The paper deals with other properties of con- 
gruence T. 
F. N. Corg, 
Secretary. 
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THE FIFTH REGULAR MEETING OF THE SOUTH- 
WESTERN SECTION. - 


. Tue fifth regular meeting of the Southwestern Section of 
the Society was held at Washington University, St. Louis, 
Missouri, on Saturday, December 2, 1911. About twenty- 
five persons were present, including the following members of 
the Society: 

Professor W. C. Brenke, Dr. À. R. Crathorne, Professor 
Ellery W. Davis, Dr. Otto Dunkel, Professor H. C. Harvey; 
Professor E. R. Hedrick, Professor G. O. James, Professor O. 
D. Kellogg, Professor A. M. Kenyon, Mr. W. C. Krathwohl, 
Dr. S. Lefschetz, Professor H. L. Rietz, Professor W. H. 
Roever, Professor J. N. Van der Vries, Professor C. À. Waldo. 

The morning session opened at 10 a.m. and the afternoon 
session at 3 P.M., Professor Roever presiding. Lawrence, — 
Kansas, was decided upon as the next place of meeting and the 
following program committee was elected: Professors Van der 
Vries (chairman), Davis, and Kellogg (secretary). The 
members presentt atended a smoker at the University Club 
on the evening before the meeting and dined together between 
the sessions in the dining room of Tower Dormitory. ‘ 

The following papers were presented at this meeting: 

(1) Professor R. D: CARMICHAEL: “Generalizations of 
Euler's „function with applications to abelian groups." 

(2) Dr. Orro DuNxEL: “A necessary condition for the 
reality of the roots of an algebraic equation." 

(8) Professor O. D. KezLoaa: “ Note on periodic functions 
with derivatives of all orders." 

(4) Dr. S, Lerscuetz: “Two theorems on conics.” 

(5) Professor M. B. Warre: “The dependence of the focal 
point on curvature in space problems in the calculus of 
variations." ` 

(6) Professor Iva ERNSBERGER: “The imaginary parabola” ` 
(preliminary communieation). 

(7) Professor Heprick and Dr. Inaonp: “Axioms of line 
geometry." 

(8) Professor W. H. Ronver: “The deviation of falling 
bodies for a distribution not of revolution." 
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(9) Professor E. R. Heprıck: “The concept of limit.” 

(10) Professor G. O. James: “Comparison of methods of 
adjusting outstanding differences in the motions of'the four 
inner planets." 

(11) Dr. A. B. Frizezz: “On a subset of the terms in 
the infinite determinant having the potency of the con- 
 tinuum." 

Professor Ernsberger was introduced by Professor Davis. 
In the absence of the authors Professor Carmichael's paper 
was read by title and the papers of Professor White and Dr. 
Frizell were presented by Professor Van der Vries. Abstracts 
'of the papers follow. . i 


1. Among the many generalizations which have been given 
of Euler's „function, particular mention may be made of those 
-due to Schemmel, Lucas, Vahlen, Cohen, and Zsigmondy. 
The last (Monatshefte für Mathematik und Physik, volume 7 
(1896), pages 185-289) especially, is one of far-reaching impor- 
tance. It comes out as an application of a general theory of 
abelian groups, which Zsigmondy develops. The object of 
Professor Carmichael’s paper is to define in a new way Zsig- 
mondy’s generalization of the g-function, and to develop its 
fundamental properties from, the point of view of the new 
definition. As immediate corollaries of this theory of the 
generalized e-function, one obtains Zsigmondy’s fundamental 
results in the theory of abelian groups by means which are 
. essentially simpler than those employed by Zsigmondy. 


2. A necessary condition’ that all the roots of the equation 
Gaz" + az + mar? + --- F a, 1x + a, = 0 be real is that 
the series of determinants of even order 








do Q1 Oe Gs 
do ay Q de, as U 
Qi. 03 2 mn Gg G4 |’ 

Gs u ds de 


have signs alternately — and-+. This result which is obtained 
by Dr. Dunkel by the methods employed in a previous paper 
in the Annals of Mathematics, series 2, volume 10 (1908), page 
46, bears some analogy to a sufficient condition already given 
by Professor E. B. Van Vleck in the same journal, series 2, 

volume 4 (19083), page 191. j 
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3. If f(r) together with its derivatives of all orders has the 
period 2r, then either max |f? (z)| > Ae“ for all but a finite 
number bf values of k, A and X being positive constants, or 
else f(x) is a terminating Fourier series. Professor Kellogg's 
paper gives a simple proof of this fact, and mentions some 
inferences. 


4, In this paper Dr. Lefschetz treats of two correlated theorems 
on conics. (1) When two complete quadrilaterals, circum- 
scribed to the same conic S have a common diagonal, their 
vertices exterior to it are on a conic D. Let D be the common 
diagonal, A, B, A’, B’ the vertices on it. It is shown both 
analytically and synthetically that for a given conic the vertices 
A, B are conjugate elements of an involution on D, and con- 
versely that to each involution on D there corresponds one and 
only one conic T. These theorems can be deduced easily from 
others given by Poncelet, although the proofs of the present 
paper are completely different. It is further shown that the 
system S, T is projectively oc, and the relation satisfied by the 
invariants of the two conies is also given. (2) When the tan- 
gents at three of the six common points of a conic and a tri- 
angle go through the opposite vertices, they all do, the triangle 
being then self-polar with respect to the conic. Here also both 
analytic and synthetic proofs are given, and a third proof based 
upon projective considerations. "This theorem is equivalent to 
the following well known proposition in the geometry of rational 
plane quartics: if a rational plane quartic has three flecnodes, 
it has necessarily three bifleenodes. The paper will be offered 
for publieation to the Annals of Mathematics. 


5. If an are Co which joins a space curve L and a fixed 
point 1 minimizes the integral J = f(x, y, y’, 2, side with 
respect to other curves joining L with' 1, there will in general 
be a focal point 2 on the curve of which Co. is a part at which 
this minimizing property ceases. Professor White shows that 
the position of the focal point is a function of the curvature 
of L at 0 and discusses its properties by means of the second 
variation. The paper will be offered to the Transactions. - 


7. In this paper Professor Hedrick and Dr. Ingold give a 
system of axioms for line geometry based upon the fundamental 
ideas of line and intersection. They are able with a com- 


1912.] MEETING OF THE SOUTHWESTERN SECTION. . 235 


paratively simple set of assumptions, to prove the fundamental 
propositions of line geometry. ‘The assumptions may also be 
made the basis of a treatment of projective geometry by defining 
the words point, plane, etc., in terms of the fundamental ideas 
mentioned above. Ae 


8. In order to be able to compare the results of experiment 
with those of theory, the following definitions are taken: Let 
P, denote the point from which the body falls, c the path of 
the falling body, and d the locus of plumb-bobs of all plumb- 
lines which are supported at Pp. The curve d pierces a level sur- 
face in a point D. Let = denote the tangent plane to this level 
surface at D, and C the point in which the curve c pierces the 
plane r. Let a and 8 denote the east-and-west and the north- 
and-south lines respectively of the plane x which pass through 
D. The distance of C south of o is the southerly deviation of 
the falling body and that of C east of B is the easterly deviation 
of the falling body. If A represents the height of Po above r and 
W the potential function of the field of force in which the plumb- 
line is in equilibrium, it is possible to express the deviations 
just defined in terms of h and the first and second derivatives of 
W at Po. These expressions are deduced in Professor Roever’s , 
paper. The quantities h and g (the only first derivative of W 
which enters) can be measured. The second derivatives of W 

‚which enter can be found experimentally by a method due to 
Baron Eótvós. (Encyklopüdie der mathematischen Wissen- 
schaften, Band VI, 1, B, Heft 2, $ 23, page 100.) Hence it is 
not necessary to assume a mathematical expression for W. 
Since experiments have been, and are likely to be, made in 
localities where the local deviation of the gravitational field is 
considerable (due to the proximity of mountains) the advantage 
of this method is apparent.* 


9. In the paper presented by Professor Hedrick it is shown 
that a material simplification of the system of axioms proposed 
by Steinhaus in a recent number of the Mathematische Annalen 
for the concept "limit" leaves that concept defined uniquely 
on convergent sequences, and permits extension to divergent 
sequences in the Cesäro sense. It is shown that the concept 





* The southerly deviation for & distribution of revolution haa already 
been treated by fessor Roever in a paper in the Transactions, vol. 12, 
No. 3, pp. 335-353. 
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“limit” may be defined for general systems of objects in an 
analogoug manner, without excluding the possibility of special 
examples of the Cesàro type. 


10. The nodes and perihelia of the four inner planets, notably 
Venus and Mars, present certain unexplained motions in the 
Newtonian mechanics. The note of Professor James compares 
the secular changes in the elements of these planets produced 
‚by the uniform rotation of the empirical about the inertial 
system of reference with the corresponding changes brought 
about by the use of the Minkowskian law of attraction 
instead of the Newtonian. i 


11. In this paper Dr. Frizell shows tbat a one-to-one 
. relation exists between the continuum and a set of terms in 
the expansion of an infinite determinant whose elements are 
restricted to the principal diagonal and two adjacent diagonals. 
OD KELLOGG, 
Secretary of the Section. 


SERIES OF LAPLACE'S FUNCTIONS. 


BY PROFESSOR B. H. CAMP. 
(Read before the American Mathematical Society, October 28, 1911.) 


Tre most important theorem on the validity of the expansion 
of an arbitrary function in a series of Laplace’s functions has 
been proved by Jordan in his Cours d’Analyse, second edition, 
volume 2, page 252. The conditions there stated are that the 
given function be continuous on the surface of the sphere within 
some small circle about the point at which the expansion is 
made, and that it have limited variation along every great cir- 
cle through this point. 

'The objeet of the present paper is to correct an error in 
Jordan's theorem, and to furnish new conditions sufficient for 
the validity of these expansions. To the conditions announced 
by Jordan should be added the requirements that the values 
of the variations be all less than some fixed number, and that 
these variations be “uniform with respect to all great circles 
through the point.” His error is discussed in a remark fol- 
lowing Corollary 2. 
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In Theorem 1, I have corrected Jordan’s theorem and ex- 
tended it to the case where any or all of the conditions may 
fail on a null set of great circles through the point. * Theorem 
2 is & new theorem, and replaces the conditions of continuity 
of the function and uniformity of the variations, in 'Theorem 1, 
by the different requirement that there exist a small circle 
about the point considered such that within it the given func- 
tion is, along every great circle through the point, an indefinite 
integral of another function which has an absolutely con- 
vergent double Lebesgue integral in its domain of definition. 
A null set'of great circles may be neglected in this theorem also. 

All the integrals used are L-integrals, i. e., integrals in 
the sense of Lebesgue. Limited variation may be under- 
stood to refer either to the definition of Jordan or to that of 
Pierpont; the theorems are true for both definitions. 


: Suppose the function f(p) to be defined and limited and 
to have a double Lebesgue integral on the surface of a unit 
sphere, p being a point of the surface, and suppose it to be 
required to develop this function in a series of Laplace's func- 
tions which shall be valid at a fixed point po. We learn from 
Jordan’s work, subject to certain transformations which are 
permissible* in the present case, that the validity of the formal 
development depends on the convergence to (zo) of 


a +1 
Q Sez d. fem nts X Gs 


where &(z, u) is the form assumed by f(p) when the coordi- 
nates (x, u) of p are chosen as stated below, and X, is the 
derivative with respect to z of X,, the function of Legendre. 
Here po is taken as the north pole of the sphere, x as the 
cosine of the colatitude of p, and y as the longitude of p with 
respect to some fixed meridian # = 0. Evidently f(po) = 
(zo) = (1), and is independent of y. Now since. 


| 1 
f. (Lu + X2) de = 2, 
3t follows that 
Ze 1 * 
we) = i.f da f alo Kin + Ee 
0 —1 


* Lebesgue, Annales l'Ecole Norm. Sup., ser. 3, vol. 27 (1910), pp. 447-50. 
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Subtracting this from (1), we have, placing dis, p) = (c, a) 
xd (to), É 


D Anm ar) = (dn f vi Re 


and the validity of the expansion to be studied depends on 
the convergence of (2) to zero with 1/n. 

Lemma 1. If f(x) has limited variation of value V in the 
interval (a, b), and &(x) is absolutely L-integrable in this interval, 


Jr |=@ + max 151) max! 9), xin (a, b). 


This is readily deduced from a theorem of Lebesgue’s 
(Annales de la Faculté de Toulouse, series 3, volume 1 (1909), 
page 37). 

THEOREM 1. (1°) Let (x, u) be defined and limited and have 
a double* I-integral in the rectangle R= (—1=2=1, 
0 = p X 27); (2°) let it be, atx = 1, a function of x uniformly 
continuous with respect to u; (3°) let it have limited variation in 
' (—1, 1), and let the value of this variation be limited with respect 
to u. (4°) Let the variation of & in (1 — x, 1) be, at z = 1, a 
Junction of x uniformly continuous with respect to u. Finally, 
any or all of these conditions may fail for a null of set Ha 

Then the development of f(p) in Laplace’s functions is valid 
ai Po- 

Proof. We will establish the theorem by showing that (2) 
converges to zero with 1/n. Let «be > 0 and arbitrary, and 
select À so that by 2° 


(3) max |#|< ein (1— 5,1) 


for all vie uniformly, except perhaps a null set; and so that 
by 4°, for the function y, 


for all ws uniformly, except perhaps a null set. We may 
*It is known that 


he 1 
SP ht XA) fas f^ sra X0ds. 
A slightly more general condition would suffice, but the difference is trivial. 
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‚write (2) in the form 


r 1—A , 
f 9 fas 208 
0 — 


G) e 1 
+ [ du S PEt fo aut |. (IDdp. 


By 3° and Lemma 1, 


|I| =(F(1 — h, 1) + max | y |) max f (Kurt X;)dz , 





x in (1— h, 1), for all wa except perhaps a null set. But 





1 
f Ent 22 |= |2 — 3440) — ZN | < 4 
V/A 


and therefore 
(8) | IT] Ate te 


by (3) and (4), for all »’s uniformly, except perhaps a null set. | 
Similarly 


rie Ord dn der) max (Gi DEN 


A in (— 1, 1 — h), for all #’s except perhaps a null set. The 
integral here equals Xn41(A) + Æ,(N) — 0, and Jordan has 
shown (page 236) that this expression converges to zero with 
1/n uniformly with respect to À in (— 1, 1— h), provided 
only that 0 < Àh - 2. Since, by 1° and 3°, there exists an M 
such that V + max | y | < M, we have now shown that there 
exists an ne independent of y, so that 


© (7) |I| Me n»n, 
for all wa uniformly except perhaps a null set. This with (6) 
and (5) shows that 


[af V Ca + X,)dz | <2r(8e+ M), n nj 


which proves the theorem. 
REMARK. In order that 4° may be fulfilled, it is sufficient 
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that ® be, with respect to u, uniformly continuous at x = 1, and 
that in (— 1, 1) a have limited variation which is “uniform 
with respect to u” (2. e., that limao Vp = V uniformly with re- 
spect to u, where V is the value of the variation in (— 1, 1), and 
Vy the usual sum function for the arbitrary division D of 
norm d). 

ComonLARY 1. The same conclusion follows if, in place of 
3° and 4°, we have the condition that & be a monotone increasing 
function of x. 

For 3° is then satisfied because V = max | y | in the rectangle 
R. Moreover, if d - 2, V — Vp = 0, for all vn except per- 
baps a null set. "Therefore, by the Remark above, 4? is also 
satisfied. 

COROLLARY 2. If f(p) = fi(p) — fa(p), where fi and fa both 
satisfy the conditions of Corollary 1, the eame conclusion follows. 

It is this last corollary that Jordan has actually proved, 
except that he may not neglect a null set of meridians, and 
that he should have stated that f must be limited on the 
: Sphere as well as along each meridian. (Cf. page 230, “ D'autre 
part y(b — 0) est fini. . . ." At the bottom of page 251 
he desires to have the convergence uniform with respect to 
pe and therefore d "fini" uniformly with respect to p.) 
Having proved this corollary, however, it is not permissible 


to conclude, as Jordan does, that the theorem will be true , 


without the restrictions stated in 4? and in the last part of 3°. 
As he remarks in $ 220, his theorems are proved for monotone 
functions, and stated for functions of limited variation. This 
is & proceeding which is often allowable, because of the well 
known fact that any function of limited variation is the dif- 
ference of two monotone increasing functions, but it may lead 
to error unless the two monotone functions may be made to 
obey the restrictions imposed on the given function. Asa 
matter of fact, in the case before us, it is not difficult to 
construct a limited, integrable function, which satisfles the 
conditions imposed by Jordan, but is not expressible as the 
difference of two monotone increasing functions each of 
which separately obeys the same conditions. In a remark 
appended to a fundamental convergence theorem ($ 222, page 
280) Jordan recognizes this difficulty, but he ignores his 
remark when he afterwards applies his theorem to Laplace's 
functions. He has actually found, then, the conditions which 


N. 
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certain components of the given function should satisfy, not 
those which are to be satisfied by the function itself. 
Lemma 2. If of two functions, of one or of two variables, 
one is absolutely L-integrable in a limited field, and the other is 
limited, their product is absolutely L-integrable in the same 
field.* | 
. Lemma 8. Let A be any limited, measurable field in the x, y 
plane. In order that the integral 


Life y) éis, v; m 


may converge to zero with 1/n for all absolutely L-integrable 
functions f defined in A, it is necessary and sufficient that there 
exist an M and an ny so that | & | < M, n> ny, except perhaps 
at a null set of points, and that fs = 0 with Un for each 
rectangle r of sides parallel to the axes x, y. 

This may be proved in a manner analogous to the proof 
given by Lebesgue for the corresponding theorem in one 
dimension (Annales de la Faculté de Toulouse, loc. cit., page 52)T 
by the use of another theorem proved by him in Annales 
de l Ecole Normale Supérieure, series 3, volume 27 (1910), page 
374. 


TurorEM 2. Using the notation of Theorem 1, (1°) let &(z, u) 
be defined, limited, and have a double L-integral in R. (2°) In 
(1 — h, 1), for some h > 0 and independent of n, let ® be the 
indefinite integral, with respect to x, of another function 8(z, p), 
which has an absolutely convergent, double L-integral in its field 
of definition. (3°) Let & have limited variation in (— 1, 1) the 
value of which is limited with respect to u. Finally, any or all 
of these conditions may fail for a null set of ws. 

Then the development of f(p) in Laplace's functions is valid 
ai po. : 

Proof. As in Theorem 1, we may write (2) in the form 
(5), and, by virtue of 1? and 3° of our hypothesis, the first of 
these integrals, 3 


"T 1—A 
(8) f du f Y(X + Xde |< ise n >ne 





* Lebesgue, loc. cit., p. 874. 
t Cf. also Hobson, Proc. London Math. Soc., ser. 2, vol. 6 (1908), p. 356. 
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As for the second, by 2? and a theorem due to Lebesgue,* 


H d , 2 
(9) ce + X,)dx = (Xn + ND. 
SNE —y(1—h, u) e (Kar(l-h)+X,(1—h)) 


1 
- f (Kurt Xq)odz, since (1, p) = 0. 
1—A 


We may now write the second integral of (5) in the form 
Ir 1 Im 1 
ao [uf via + Ee f uf van wo 
0 LA 0 LA 


LEE TEE B)da— f “du f Qc nie 


. provided two of these integrals exist. To show that they do 
exist let us write R, for the rectangle 1 — h- cz 1, 


0<a=2r Then, by 2° and Lemma 2, Js, (Xa + X,)8 
exists, and by & recent theorem of Hobsont 


a) [Gs zue ("à S Eat xd. 


We knew before that the first integral of (10) exists. 
We now employ again that portion of Jordan’s work used 
to derive (7) in Theorem 1, and learn that Tos 


[X«4(1— AHE h| e ifn> Nu 


and by 1° we know that | (1 — h, x) | < M; and these 
inequalities hold for all s uniformly, except perhaps a null 
set. By virtue of these and (11), (10) shows us that 


LA 


a| [au verse age | «tecti. f aee 





if n n, Comparing this with (8) we find that in order 
to establish the theorem it only remains to show that 


* Loc. cit., p. 46. 
1 Proc. Lond. Math. Soc., ger. 2, vol. 8 (1910), p. 30. 
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(13) f Laut X) 20 with Lin, 
^ B, . 
To do this we use Lemma 3, 6 being an absolutely L-integrable 
function by hypothesis, and’ | X.41 + X. | being —2 for all 
values of n. 

Let r be an arbitrary rectangle in R, whose sides are parallel 
to the u, z axes. It only remains to'show that 





(14) - | fr e X, =0 with 1/n. 
By two well known formulas," if | k | < 1, 
k | O-PS) 
ETS Sat) ' 
and 
nkX a(k) — nX AU 
2,0 Ma, 
Therefore 
T kal o. 
f X,(2)de| < LL snos TS) [ed 








This integral does not depend on u, and k depends only on 
er (14) follows, and the theorem is proved. 

The necessary and sufficient conditions that a function 
be an indefinite integral are given by Lebesgue in the 
Rendiconti dell’ Accademia dei Lincei, volume 16 (1907), 1st 
semester. 

The following function satisfies all the conditions of Theorem 
2, but not 2? of "Theorem 1: 


EP EY in 12 VE ees, ius d 


= -i elsewhere, if u # 0 


es D ifu= 0. 


WEBLEYAN' UNIVERSITY, 
October, 1911. 


* Cf., e g, Byerly, Fourier's series and spherical harmonics, pp. 172, 





180. 
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ON A NEW MIXED PROBLEM OF THE PARTIAL 
DIFFERENTIAL EQUATION OF TELEGRAPHY. 


BY PROZESSOR ARTHUR GORDON WEBSTER. 
(Read before the American Mathematical Society, September 13, 1911.) 


: Durma the last twenty years the question of the propaga- 
tion of electric waves in wire lines or cables has been the subject 
of a very great number of researches, on the one hand on 
account of its practical importance in connection with teleph- 
ony, rapid telegraphy, wireless telegraphy, and the transmis- 
sion of energy by means of alternating currents, and on the 
other on account of its purely mathematical interest and f 
the great increase in our knowledge of partial differential 
equations of the hyperbolic type. In all these researches the 
point of view has been very different in the different cases 
and may be roughly classified as follows. 'The electrical 
engineer, whether interested in transmission, telephony, or 
wireless, has been mainly concerned with phenomena depend- 
ing upon simple harmonic functions of the time, that is, with 
standing wave phenomena after the steady state of oscillation 
has been established. For these the methods of trigonometric / 
series suffice perfectly, and with them we are not here con- 
cerned. In these cases the line is of finite length, and we deal 
with series of functions. On the other hand the mathe/ 
matician has been interested in problems connected wit 
propagation in a line of infinite length, especially as dependjng 
on the data of the initial state of the line. For this case 
instead of infinite series we should use definite integrals of 
Fourier, but the method of Riemann has furnished a more 
powerful and interesting method of attack, which should 
interest the physicist on account of the clearness with which 
the results may be interpreted. It would be impossible to 
cite all the important memoirs that have appeared on this 
subject, but it would be equally impossible to omit the names 
of Heaviside, Picard, Poincaré, Boussinesq, Goursat, Brillouin, 
and Hadamard. ' ; i 

The first appearance of the so-called telegraphist's equation 
is in & paper by Kirchhoff,* which is remarkable in that it 


* Kirchhoff, “Ueber die Bewegung der Elektricitat in Drahten,” 
Pogg. Ann., vol. 100 (1857); Ges. Abh., p. 131. 
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‘ appeared before Maxwell's theory of electricity was invented. 
Twenty years later the equation was first given on, the basis 
of that theory by Heaviside, in a very remarkable paper,* 
which, like Kirchhoff's, remained unnoticed. Both Kirch- 
hoff and Heaviside used the method of Fourier's series of 
what are now called normal functions. The treatment of the 
infinite line began with Poincaré,t who employed the Fourier 
integral, Boussinesq,] who gave a new modification of.the 
method used by Poisson for the wave equation, and Picard, $ 
who used the method of Riemann. 

All these writers were interested in the propagation of the 
waves as determined by the initial data in the whole line, 
that is, in the so-called Cauchy problem. Later appeared 
papers by Brillouin, || in which propagation in three dimensions, 
and the effect of sources of waves was discussed. But in 
none of these papers was the problem touched which is often 
of great importance to the experimental physicist, namely the 
effect upon the waves of the terminal apparatus, composed of 
any arrangement of coils, condensers, and resistances, which 
are connected to one or both ends of a line of finite length, and 
to which is appliéd at some point an electromotive force which 
varies according to a given function of the time. It is true 
that the influence of the terminal apparatus was completely 
discussed by Heaviside] i in a very powerful ‚paper written in 
1882, but published first in 1892, and in a series of others, well 
characterized by M. Brillouin, as “une prodigieuse série de 
mémoires à la fois condensés et touffus," in which the method 
is throughout that of development in series of normal func- 
tions. It is for this reason that Heaviside remarks: “it is an 
enormous and endless subject, admitting of infinite develop- 
ment." It is believed that for this reason anything that will 
throw light upon or or simplify the matter will be of interest. 


* Heaviside, aoe the extra current," Phil. Mag., Aug., 1876; Electrical 


? Papers.” yol] I, ^ Pate 
*Sur la propagation de l'électricité," Compiles Rendus, vol. 
117 ME p. 1027. 
esq, “Intégration de l'équation du son pour un fluide indéfini,” 
ptes Pondus. vol. 118 (1894), p. 162. 
di cog “Sur l'équation aux dérivées partielles qui se rencontre dans 
la théorie de la propagation de l'électricité," Comptes Rendus, vol. 118 


(1894), 
Baloun “Propagation dans les milieux conducteurs,” Comples 
Ren jus vol. 136 (1903), p. 667, 16 mars; p. 746, 23 mars. 
d Heaviside, “Contributions to the theory of the propagation of current 
wires," Electrical Papers, vol. 1, p. 141. "On the self à induction of wires, . 
Phal. uL Mag., 1886—7; Papers, vol. 2, p. 108. 
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If I denote the current, V the potential at a point at a 
distance x from the origin at the time f£, the equations of 
propagation are 
_ VW ay EN! 

IN at gei 
where L is the self-inductance, K the capacity, R the resistance, 
and S the leakage conductance of the line, all referred to unit 


of length. If we change the units of length and potential, 
and remove an exponential factor, putting 


ol 
Q) LS +RI= 


"ETE. E: 
I = tu, aoe aly, = 17% 
(2) 
re R S 
z—-VKLz y=t, 2p— y—m 
we reduce to the simple form 
ðu ðv ðv ðu 


from which we obtain at once 


du du 


which equation is also satisfied by v. This is the telegraphist’s 
equation which by the substitution pr = £ + n, py = £ —« 
is reduced to the normal form 


ðu 
(5) on ^ ^7 


When p — 0 we have the simple equation for the motion of 
a stretched string 
7 ðu ðu 
(6) ; à aU 0. 
This, called by Heaviside the distortionless case, was that 


treated by Kirchhoff. 'The researches of Picard, Goursat, 
and Hadamard have been on the more general equation 


u ðu ðu 
(7) aa do ay Oe 


to which most of the results here reached will apply. 
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The ordinary, or Cauchy problem, consists in determining 
the solution by giving the values of u and du/dy for the whole 
line y — 0. It has been shown by Darboux, Goursat, and 
Picard, that instead we may give the values of u alone, not 
‚giving the normal derivative, along two lines meeting at an 
angle.* It has been remarked by Hadamardt this is not the 
problem that interests the physicist, but that, as in the present 
case, we have Cauchy’s data for only a portion of the line 
y = 0, while at the end z = 0 we have a different condition, 
not being able to give both Cauchy data, but only one, namely 
the values of u. This he terms the mixed problem. 

We are here concerned with a line infinite in one direction ł 
which ends at the point z = 0, but instead of giving either u 
or its normal derivative along. the line z = 0, y 20, we give 
a relation between them in the form of a linear differential 
equation in y. It may be easily shown that if we have any 
combination of coils, with self or mutual inductance and 
resistance, with condensers, connected to the end of the line, 

- with an electromotive force applied somewhere in the com- 
bination, the effect will be to make 
. ðu au ru 
e a + hg Koch F am T 
b dv b dp ` = = 
u + ot bat + rgy YU), (z= 0, y=0), 
from which, eliminating v by the first of equations (3) and an 
equation (18) or (33), deduced below, we get a differential 
relation between u and the normal derivative öu/dx. Speaking 
mechanically, the usual end conditions have been u = 0 for a 
string fixed at the end, or du/dx = 0 or du/ax — hu = 0 which 
have been used for other problems. If the string is fastened, 
however, to a movable point on an apparatus possessed of 
elasticity, inertia, and dissipation, the condition will be as 
stated in (8). The writer was led to consider this condition 
in 1893, from electrical experiments that he was then making, 
but on account of lack of mathematical knowledge, the ques- 
tion was laid aside. It appears that the method used by 
Hadamard leads without difficulty to the result. 
* See also Mason, New Haven Mathematical Colloquium. 
t Hadamard, “Sur un probleme mixte aux dérivées partielles,” Bul. 
de la Soc. Math. de France, vol. 31 (1903), p. 208. 


t If the second end is at a finite distance, the reasoning here given may 
be applied to it. 
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Jt seems intuitively evident to the physicist that in the 
present asse neither u nor the normal derivative can be given 
for z = 0, but that both are completely determined by the 
condition (8). The calculation shows this to be the case. 
For simplicity let us first consider the case of no distortion, 
ps 0. We have then, if we give the initial distribution of 
current; and potential 


ðu ðv ðu 

(9) as ay’ yw a 

ðu 
oy 

Let P be any point with coordinates £, n from which two 

characteristics meet the axes in A, B, and from A draw the 


(10) u= fe), v= 92), Stil, y-0 220. 


P 


£+7,0 





characteristic meeting the z-axis.in C. The fundamental 
equation of Riemann's method is 


ou ou Kl aG 
(11) fof utia,- Bay + Sie) = 0 


for a closed contour, where u and G are solutions of the given 
equation and its adjoint respectively (here the same equation). 
In the present simple case the function G is constant and equal . 
to unity, so that we have ^ | 


| ou ou 
(12) f m 23 5,4] e 
Applying (12) to the closed quadrilateral PACBP, we have 


/ 2 E 
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PA, dz — dy, finm un ` 
P 
P 
pa dz =— dy, — du = ug — Up, 
(13) ut 


CB,’ dy=0, J ga * INTE 
Adding these results | 
(14) 2up = 2u, + Ug — Ugo + tr — ta 
Accordingly it is necessary to determine only the value of u4, 


when we have the result as in Hadamard's case. . 
If we apply the formula (12) to the triangle AOC, we have 


ou 
(15) o (Pay + u — uot to — to, 
so that 
f Y {ou 
(16) ua = Ug + Do — o — f F dy. 
o € / eech 
Inserting in (14), we have 


ti) us = t I (E) a 

( ) Ur = 5 (Us + uo) + (op + 00) — v — | d» ay 
so that the problem is merely shifted to determining the normal 
derivative du/ôx along z — 0. Differentiating (16) by Y, 


au(Y) 


a) — *"AD-rmero-(8). 


Differentiating the equation (8) and substituting for dv/ay 
its value 


et 
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we have the linear differential equation 


"au Ni 
(20) (ao — ech (a, — bi) ay 
+= AC bt DE WECKER WE OH WEE SC WOCHE SE 


Solving this with the proper initial conditions given by the state 
of the line and the terminal apparatus at the start completely 
determines u4, so that (14) gives the desired solution. This 
simple result could have been obtained in a perfectly elemen- 
tary manner from the solution 


u = Fix + y) + File — y) 


or by the method of the Fourier integral. 

Às a very simple example, let us consider the case of & line 
initially free from current and potential to which a constant 
electromotive force E is suddenly applied through a coil of . 
inductance L4 and resistance Ry. Then we have 


(21) z= 0, D% + Ro + V = E, 
or 
jo RUE ed 
te 7 
and the solution is d \ 
I=0, z>{ivKL; / 
22 
Gm, — E 


Lars {1— e Bot JER JEDY) (Qt y EL). 


We thus see the discontinuity at the wave front, and we find 
that the line reacts on the terminal system like an extra 
resistance equal to the inductance of the length of line trav- 
ersed by the wave in unit of time. 

Let us now pass to the case of an actual line p = 0. 


2u KI 
(23) a aru 
Q4 u= Hai, 3,7. y=0 220. 
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The so-called Riemann function @ is not now constant, but is 
such a solution as is equal to the constant unity, along the 
characteristics PA, PB, and accordingly depends not only 
on the coordinates x, y, but on £, n, the coordinates of P. 
We will therefore write @(z, y, £, 7). If we should integrate 
our formula (11) around PACBP we should now obtain the 
integral along the line AC, involving values of u which are 
unknown. 'To avoid this we integrate along the quadri- 
lateral PAOBP, obtaining 


A 
PA, f Gdu — udG = (uG), — (uG)p = ua — Up, 
P 


(4) BP, n — Gdu = (us — (uG)» = us — us, 


A0, n Lei? EcL 
0B, f (e&- vL Jas f (exo auf s Jas 


Secci f Log - 10%) de 


4/ op ðu 
+ f EE ei )ay. 


As before, we have to obtain the values of u, du/dx along OA. 
Proceeding as before, we apply our formula to the triangle 
OAC, but as we wish the Riemann function to be constant 
along AC we do not use the same G as before, but consider 
P moved to A, so that we put Gi = G(z, y; 0, Y. We thus 


obtain 
u=ut | (ea - 1978) dr 


-f («3 x EA 
We have now to put, according to Picard, 
Qv):  G( y En) = SEP — 9? — @— £1), 
where j(x) = Jo(V — x), Jo representing the Bessel function of 


(25) 


(26) 
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order zero. We easily find the values 
pe Eon), 
=D Pu-i- @- 91), 
(28) OB, G(x, 0; & 9) =j{pi— (99); 
26 ran), 
OC, Glz, 0; 0, N =jtPl?-@)]}, 
Gy ; 
erw), 
OA, GO, y; & a) = jPi — »! EI, 
= 2p'£j' (ply — at — £1], 


GO, y; 0, D =j- Yn, 59 = 0. 


Inserting these in (26) 

(29) u,— ucd- f. (Keyj (LY? —22]) J-2pf(2) Y (p9LY*— 22]) ds 
- f stets ra ay. 

All the functions i in the first integrand being known, the inte- 


gral is a known function of its limit Y, so that (29) is an 
integral equation between u and du/dz of the form 


y 
(30) u) = e&) — | Ele, o Gods, 
where the kernel is symmetrical, 


reducing to (16) when p = 0. 


^ 
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Differentiating successively by y, we obtain 
bu y far. 
7 e) — FO) — [gy Feds 


(32) 3 RT IR F(y— Jue ` wir 


From the differential e equation @) by i integration we have 


mm F— p= Fy), v= f Fade w, 


from which we may obtain the derivatives of a linearly in 
terms of those of F and an integral. Substituting all deriva- 
tives in the boundary condition (8) we have’ 


AP Q)+ AF UHAR O) + + fs Wade = am 


which is a linear integro-differential equation of Volterra’s 
form.* Solving this for F(y) and inserting in (29) we obtain the 
. desired solution from (25). 

We thus see that the question of the reflection of waves at 
any terminal apparatus is contained in the values of u and 
du/dx along the line OA. 

After the preceding paper was completed, I succeeded in 
seeing Goursat's paper in the Annales de Université de Tou- 
‘louse, volume 6 (1904), page 117, and found that he had solved 
the case of u given along two lines making an acute angle, by 
means of a Volterra integral equation, which is a particular 
case of the above solution.f 


UNIVERSITY, WORCESTER, 
July 5, 1911. 


* Rendiconti dell’ Acc. dei Lincei, 1909, 1910. 
f An abstract of the above paper was "presented i in the Comptes Rendus, 
Aug. 28, 1911. 
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NON-EUCLIDEAN GEOMETRY. 


Bibliography of Non-Euchdean Geometry including the Theory 
of Parallels, the Foundations of Geometry, and Space of n 
Dimensions. By Duncan M. Y. SowwERVILLE. London, 
Harrison and Sons, 1911. xii+404 pages. 

ALMOST simultaneously with its quincentenary celebration, 
the University of St. Andrews has published this valuable 
compilation, the result of nine years of research on the part of 
one of its lecturers in mathematics. The title inevitably sug- 
gests similar lists by Halsted, Stäckel and Engel, Schlegel, and 
the lamented Bonola. To the work of all these bibliographic 
forebears Dr. Sommerville gives scrupulously exact reference. 
The bibliography of Halsted, “a model of its kind," includes 
nearly 200 titles of works relating to non-euclidean geometry 
and space of n dimensions, from about 1830 to 1879. Short 
notes appended to the chief works "form a valuable feature.” 
Stückel and Engel's bibliography on the theory of parallels is 
a chronological list of nearly 300 titles from 1482 to 1837 and, 
as Dr. Sommerville remarks, is almost: complete. Schlegel’s 
list of works on n dimensions accompanies a report on the 
subject, which supplies the place of Halsted's notes. It con- 
tains about 400 titles arranged alphabetically under the authors. 
The bibliography of Bonola is the most extensive which has 
recently appeared. It contains over 900 titles chronologically 
arranged from 1839 to 1902 with an index of authors. There 
is a classification under the headings Elementary geometry, 
Metrical and differential geometry, Group theory, Projective 
geometry, Finite distances, Vectorial methods, Mechanics and 
physies, General expositions, Philosophy and history, but there 
is no subject index. 

Dr. Sommerville's idea at first was to prepare a continuation 
of Halsted's work but the growth of the subject rendered such 
diffuse treatment impossible and he was led to “produce as 
far as possible a complete repository of the titles of all works, 
from the earliest times up to the present, which deal with the 
extended conception of space, and to form a guide to the 
literature in an easily accessible form. It includes the theory 
of parallels, non-euclidean geometry, the foundations of geom- 


x 
N 
x 
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etry and space of n dimensions. Works on the foundations 
of mathematics or arithmetic are excluded except im so far as 
they have an explicit reference to geometry." 

The titles of which Dr. Sommerville takes account are over 
4,000 in number. They may be roughly classified as follows: 
theory of parallels 700, non-euclidean geometry and the foun- 
dations of geometry 1,600, n dimensions 1,800. The approxi- 
mate analysis of the nationalities of the authors (excluding 
mere reviewers and translators) gives: German, 460; French, 
230; Italian, 220; British, 160; American, 90; Russian and Polish, 
80; Dutch, 35; Hungarian, Bohemian, "Croatian, ete., 35; 
Scandinavian, 35; no attempt is made to distinguish between 
German and Austrian or between Frenchman, Belgian, and 
Swiss. The total number'of titles in the German language is 
1,159; ın French 884, Italian 848, English 723, while other 
languages represented by less than 100 titles are: Russian 99, 
Latin 80; Dutch 79, Magyar 37, Spanish and Portuguese 27, 
Danish and Norwegian 27, Polish 22, Swedish 11, Croatian 9, 
Greek 9, Czech 6, Arabic 4, Esperanto 4, Ruthenian 2, Rou- 
manian 1, Sanskrit 1. The fact that no less than 1,470 titles 
are assigned to the decade 1901-1910 is an interesting indication 
of the trend of mathematical research at that time. 

Riecardi's Bibliografia Euclidea was the model followed by: 
Dr. Sommerville in the division of his work into three parts: I 


‚(pages 1-260) Chronological Catalogue, which covers the period 


from the time of Aristotle and Plato, who in the fourth century 
B.C. discussed the parallel postulate and the definitions' of 
point and line, down to June, 1911, although no general attempt 


,was made to obtain titles of later date than 1910; II (pages 


251-316) Subject Catalogue in which the classification of the 
1908 edition of the Index du répertoire bibliographique is used 
in amplified form; III (pages 317-398) Author's Index which, 
as far as possible, gives full names together with year of birth 
and, in the case of deceased authors, of death. Under each 
author’ s name is an abbreviated title and date of each of his 
‘writings, the details concerning which are to be found in I.* 
. In the chronological catalogue the titles in each year are ar- 
ranged alphabetically according to the authors. The various 


* The seven persons who have the greatest number of titles (including 
biographical sketches and reviews) to their credit in Dr. Sommerville's 
list are, in order: Halsted (77), Mansion, Schoute, Segre, Poincaré, Klein, 
Bianchi. 
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editions, translations and reviews * of a work as well as its clas- 
sification €IT) and price, when a separate work, are here found. 
References to bibliographical sources have only been given in 
cases of discrepancies among the authorities. A very few 
titles are marked with an asterisk (*) as having been personally 
verified by the author. This fact naturally inspires the fear 
that the subject classification will require considerable emenda- 
tion to make it an accurate epitome of the work done in the 
various fields. On pages 399-404 are given "additions" and 
* corrections." ^ 

It may be asked, to what extent has the author succeeded 
in making & complete work within the prescribed limits? On 
looking through the list of his sources of information we find 
beside the bibliographies mentioned above, the Jahrbuch; Revue 
Semestrielle; International Catalogue (A); Royal Society 
Catalogue, Authors, volumes 1-12, Subject, volume 1;} 
Poggendorff; and Wölffing’s Mathematischer Bücherschatz. 
It is with some surprise that we learn that no use was made of 
the Royal Society Catalogue, Subject Index, volume 2, *Me- 
chanies," which would have supplied at least four additional 
titles of value, or of the International Catalogue, (B) Mechanics, 
(C) Physics, or of the 1,900 slips of the Répertoire bibliogra- 
phique des Sciences mathématiques. Nor do we anywhere find 
references to Felix Müller's excellent Führer durch die math- 
‘ematische Literatur with its well arranged geometry bibliog- 
raphies which cover many pages. We are therefore prepared 
for numerous omissions (the more, when we recall the well 
known imperfections of most of the above mentioned works) 
and it is indeed probable that they number many hundreds,/ 
even though Dr. Sommerville has already digested a great mass 
of material. A very brief examination of his book suggested 
a score of additions: D. Lardner, Elements of Euclid, third 
edition, London, 1832; sixth edition, 1838; eighth, 1843; 
ninth, 1846; tenth, 1849; W. C. Hume, A treatise on the 
theory of parallel lines, Dublin, 1853, pages viii +40 and 2 
plates; E. Padova [extension to n-space of two theorems by 
Neumann on potential], Giornale di Matematiche, Napoli, 
volume 8 (1870), pages 296-301; J. Konig [Traité ana- 





* It is to be regretted that the names in connection with signed reviews 
are rarely given. 

i Dr. Sommerville has, apparently, overlooked the Appendix of this 
volume, 

It is to be understood, of course, that not all the following titles would 
be noticed except in a work aiming to be as complete as the one under review. 


1912.] NON-EUCLIDEAN GEOMETRY. 257 


lytique des hypothèses de la géométrie], Értekezések a Math- 
ematikat Osztály Korébil. Kiadja a Magyar Tydoményos 
. Akadémia, Budapest, volume 6 (1872), pages 94-98; A. Tonelli 
[Potential function in n-spacel, Gottinger Nachrichten, 1875, 
pages 521-552; E. Lemmi, “Sur les cas d'exception au thé- 
oréme des forces vives . . .," Journal de Mathématiques pures 
ei appliquées, Paris, volume 2 (1876), pages 233-239; Réthy 
(Trigonometry in non-euclidean space], A Magyar Tudomänyos 
Akadémia Ertesitoje, Budapest, volume 25 (1876); F. W. E. A. 
Kellner [Considerations on the theory of parallels as basis of 
geometry] Amsterdam, 1879, 81 pages; O. Simony, “Ueber 
eine Reihe neuer mathematischer Erfahrungssátze," Sitzungs- 
berichte der mathematisch-naturwissenschaftlichen Classe der 
Kaiserlichen Akademie der Wissenschaften, Wien, volume 87 
(1883), pages 556-587; volume 88 (1884), pages 939-974; F.M. 
Souvorof [Sur la formule générale pour la distance de deux 
éléments dans un systéme projectif à une dimension], Proceedings 
of the Physico-Mathematical Section of the Naturalists’ Society 
of the Imperial University of Kazan,* volume I (1883) pages 
9-11; J. C. Medeiros [Complément à la théorie des paralléles 
d'Euclide], O Instituto, jornal scientifico e litteraris, Coimbra, 
volume 30 (1883), pages 541—553; L. Kronecker [Clausius's 
coordinates in n-space], Berliner Sitzungsberichte, 1801, pages 
881-890; Klein, *Vorlesungen über projektive Geometrie" 
(mimeographed), Cambridge, Mass., 1893;t A. Vasiliev, 
N. I. Lobachevsky, El Progreso matematico, volume 3 
(1893), pages 137-139; J. N. .Lyle, various papers in 
the American Mathematical Monthly, volumes 1-3 (1894- 
1896); in volume 3 (1896) of the Monthly there was also & 
paper by J. H. Drummond, in volume 11 (1904) one by E. B. 
Wilson, i in volume 16 (1909) one by Wilezynski. No reference 
is given to Klein's “ Elementarmathematik vom höheren Stand- 
punkte aus," Teil II: Geometrie, Leipzig, 1909, or to an 8 page 
(large quarto size) sketch (in French) of Lobachevsky’ s life 
and works published, according to a pencilled note on my copy, 
at Kazan in 1886. The greater part (pages 581-593 1) of Note 
II (“Sur la géométrie non-euclidienne") in the seventh edition 
of Rouché and Comberousse's Géométrie, volume 2, Paris, 1900, 


* Translation of Russian title. 

t The edition of about 25 copies was published by some graduate stu- 
dents of Harvard University. 

t E. Lebon in the Poincaré volume of the Savants du Jour series makes 
& slip in connection with this entry. 
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should have been credited to Poincaré. “Rouché and Combe- 
rousse" is incorrectly listed under the date 1891, of its sixth 
edition; in the fifth edition of 1883 the notes treat of the same 
subjects as in the later editions. Miss Scott's articles in volume 
1 (1900) of the Mathematical Gazette should surely be mentioned 
in connection with von Staudt's Geometrie der Lage, and 
if two English editions of Newcomb's Popular Astronomy are 
to be listed, reference should also be give to the 8 American, 
the 4 German, the Russian, and the Norwegian editions. The 
entry after "[Crelle, A. L.]” under 1835 should be put in the 
list for 1834. To the title under Eisenmenger's name on page 
52 may be added: pp. 144-1 pl. 

Incomplete as the work before us therefore appears, the 
mathematician must ever be grateful to Dr. Sommerville for 
this new, carefully prepared and admirably arranged aid to 
orientation in a vast field of mathematical science. 

. _ The volume is well printed by His Majesty's Stationers and 
the general get up (including the paper binding) is the same 
as for the International Catalogue. 


R. C. ARCHIBALD. 
Brown UNIVERSITY, 
PROVIDENCH, R. I. 


j 
NOTES. A 


Tue thirtieth regular meeting of the Chicago Section of the J 
AMERICAN MATHEMATICAL SocigTY will be held at the Univer- 
sity of Chicago on April 5-6. E 


THE opening (January) number of volume 13 of the Tra 
actions of the American Mathematical Society contains the follow- 
ing papers: “Ueber eine idealtheoretische Funktion," by E. 
Lanpav; “Theorems of oscillation for two linear differential 
equations of the second order with two parameters," by R. G. . 
D. RıcHarpson; “The absolute minimum of a definite inte- 
gral in a special field," by E. J. Musse: “ An existence theorem 
for a problem of the calculus of variations in space,” by E. G. 
Bu; "Linear algebras," by L. E. Dickson; “A note con- 
cerning Veblen's axioms for geometry," by R. L. Moors; 
"Natural families of curves in a general curved space of n 
dimensions," by JosgPH Like; “A class of periodic orbits of 
superior planets," by F. R. MourroN; “ Harmonic functions 
and Green's integral,” by O. D. KELLOGG. 
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Tux opening (January) number of volume 34 of the Amer- 
ican Journal of Mathematics contains: “ Primitive groups with 
& determination of the primitive groups of degree 20," by 
Erasers R. Bennett; “On arithmetical theory of pencils of 
binary quadratic forms," by D. N. Lemmer; “On the princi- 
ple of duality in the geometry of the sphere," by ARTHUR 
RaNvM; “On the fundamental postulate of tamisage," by R. 
K. Montre "Derivative domains of rationality,” by S. Er- 
steen; “Critical revision of de Haan’s Tables of definite in- 
tegrals,” by E. W. SggupoN. The frontispiece of the volume 
1s & portrait of Maclaurin. 


Tee December number (volume 13, number 2) of the 
Annals of Mathematics contains: "Points of indeterminate slope 
on the discriminant locus of an ordinary differential equation," 
by W. R. Lonerey; "Boundary problems and Green's func- 
tions for linear differential] and difference equations," by 
Maxime Bócnzn; “Conjugate directions on a hypersurface in 
a space of four dimensions and some allied curves," by C. L. 
E. Moore. 


AT the meeting of the London mathematical society held 
on December 14 the following papers were read: By J. W. 
NicHorsoN, “The pressure of radiation on a cylindrieal ob- 
stacle"; by H. Harton, “Hermitian invariants of a canonical 
substitution"; by E. W. Hopson, “The fundamental lemma 
of the calculus of variations and some related theorems"; 
by W. BunNaIDE, “The outer isomorphisms of a group"; by 
E. B. STOUFFER, “Invariants of linear differential equations”; 
by J. C. Freuns, “A method of proving certain theorems 
rélating to adjointness." 


Ar the meeting of the Edinburgh Mathematical Society 
n January 12 the following papers were read: By J. A. 
ONALDSON, “ An infinite series of triangles and conics with a 
mmon pole and polar"; by R. F. Davis, ‘The condition 
at the family of surfaces ¢(z, y, z, À) = 0 may be one of an 
ogonal triad”; by F. E. Epwarps, “ Graphical trisection 


Carcular arc." 


^ THE annual meeting of the Mathematical association was 

^' held in London, January 10. The following papers were read. 
' Presidential address, by E. W. Hopson, “On the work of the 
international commission on mathematical teaching," by C. 
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GODFREY; “On some unrealized possibilities in mathematical 
education,” by G. Sr. L. Carson; “A plea for the earlier in- 
troduction of the calculus, by C. v. DURELL. 


Tue United States Bureau of Education has recently issued 
Bulletins 13 and 16 for 1911, the former containing the report 
of the American Committees I and II, on mathematics in the 
elementary schools of the United States, the latter the report 
of Committees III and IV, on mathematics in the public and 
private secondary schools. These reports are prepared under 
the direction of the American Commissioners of the Inter- 
national commission on the teaching of mathematics. "They 
may be secured gratis by addressing the United States Com- 
missioner of Education at Washington. 


AT the University of Göttingen mathematical statistics 
has recently been added to the list of possible subjects from 
which the major and minors can be chosen for examination for 
the doctorate. Candidates in applied mathematics must 
henceforth be prepared to be examined in the mathematics 
of insurance. 


‚Dr. G. Scutrmur, a Chicago physician, has established at 
the University of Erlangen, a prize fund, to be known as the 
Helene Ottilie Schirmer foundation, in honor of his late wife. 
The income of about 600 marks is to be given to the author 
of the most meritorious thesis prepared at the university 
during a period of two years preceding each award; the subjects 
are to be in mathematics or physics in odd years, and in medi- 
cine in even years. The first award has recently been made to : 
Dr. R. Bazous for his dissertation on certain line congruences. 










At the Collége de France the chair of mathematics has 
been replaced by two, one in analysis and the other in geom- 
etry. Professor J. HADAMARD has been appointed professo 
of analysis and Dr. M. n'OcaaNE has been appointed prc 
fessor of geometry. Dr. Vessiot has charge of the math 
matical examinations for entrance and advancement. 
lectureship under the Peccot foundation has been divide 
during the first half year it will be filled by Dr. E. Crazy an 
during the second half year by Dr. L. CHATENET. The 
Peccot prize for the year 1911 was awarded to Dr. M. Janet. 


Tue Belgian academy has crowned a memoir on analysis by 
S. BERNSTEIN and awarded the F. Deruyts prize for geometry 
to Dr. E. Faron. 


N 


\ 
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Tax London mathematical society has awarded its De 
Morgan medal to Professor Horace Lams. 


Tue fiftieth scientific anniversary of Professor Gaston DAR- 


, BOUX was celebrated at the Sorbonne on January 21. 


Proressor V. VOLTERRA, of the University of Rome, is 
giving a series of lectures-at the University of Paris on the 
extension of the theory of functions, the integro-differential 
equations and integral equations, with AEP ECE OBS. The first 
lecture was given J anuary 22. 


Prorzssor A. Voss, of the University of Munich, has been 


decorated with the Bavarian order of Maximilian. 


Proressor F. Enriques, of the University of Bologna, 
has received the honorary degree of doctor of laws from the 
University of St. Andrews. 


Pnorzsson J. J. Tuomson, of the University of Cambridge, 
has been elected foreign member of the royal academy of 
sciences of Naples. 


Proressor G. LAURICELLA, who had recently Scis a 
professorship of mathematics at the University of Rome, has 
at his own request resumed his former duties at the Univer- 
sity of Catania. - 


Proressor P. ANDOYER has Ge elected present of the 


Dr. F. Nust, of the Bohemian technical school at Prague, 


` has been promoted to a full professorship of mathematics. 


Dr. R. Barbus has been appointed docent in mathematics 
7 at the University of Erlangen. 


1 Dr. K. Knorr has been appointed docent in mathematies 


. at the University of Berlin. 


` Proressor G. Papp, of the technical school at Stuttgart, 
has accepted a professorship of mathematics at the University 
of Königsberg. 


Dr. K. KOMMERELL has been appointed docent in mathe- 
matics at the technical school at Stuttgart. 
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Dr. E. Kruppa has been appointed docent in geometry at 
the University of Czernowitz. 


Proresson H. HENRIQUES, of the technical school at 
Stockholm, has been promoted to a full professorship of 
descriptive geometry. 

Proressor K. WIEGHARDT, of the technical school at Han- 


over, has accepted a professorship of mechanies at the tech- 
nical school of Vienna. 


Dr. F. NOETHER has been appointed docent in mathematics 
at the technical school of Karlsruhe. 


Dr. H. SrröLe has been appointed docent in mathematics 
&t the University of Neuchátel. 


Dr. A. True, of the technical school at Aachen, has been 
appointed docent in mechanics at the University of Münster. 


Proressor P. BunaATTI, of the University of Bologna, has 
been promoted to a full professorship of theoretical mechanics. 


Dr. Z. GiAMBELLI has been appointed associate professor 
of algebra at the University of Cagliari. 


Proressor E. C. Copa, of the College of Emporia, 
Kansas, has been appointed professor of mathematics at the 
State College of Washington, at Pullman, Washington. 


Dr. A. B. FRIZELL, of the University of Kansas, has been 
appointed professor of mathematics in McPherson College, 
McPherson, Kansas. 


"THE death is announced of Professor GEORGE CHRYSTAL, 
of the University of Edinburgh, at the age of 60 years. 


~~ 
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NEW PUBLICATIONS. 


I HIGHER MATHEMATICS. 


ANDING (E.). Bechsstellige Tafeln der Besselschen Funktionen imaginaren 
Arguments. Leipzig, Engelmann, 1911. 8vo. 4+72 pp. een 


grado. Con varie applicasioni. Livorno, Giusti, 1911. 8vo. 58 
pp. L. 1.50 


BugNADI (G.). Tavole contenenti i doppi i quadrati, i tripli dei quadrati 
ed i cubi dei numeri interi da 1 a 1000, ad uso degli istituti medi e 
- superiori d'istrusione. 2a edizione rifatta. Bologna, Beltrami, 1911. 


16mo. L. 1.50 
BurzoLaRI (L.). Geometria analitica, I: I] metodo delle coordinate. 
i ; Hoepli, 1911. 16mo. 1642-409 pp. . L. 3.00 


Bómw (8.1. Uber die Transformationen von hom en bilinearen Dif- 
ferentialausdrücken. (Habilitationaschrift.) unchen, 1911. 


Deprxmp (R.). Was sind und was sollen die Zahlen. 3te unveränderte 
Auflage. Braunschweig, Vieweg, 1911. 8vo. 21+58 pp. M. 1.80 

DINGLER GE Über die Bedeutung der Burali-Fortischen Antinomie 
für die Wohlordnungssätze der Mengenlehre, München, Ackermann, 
1911. 


Pence (M.). See Hurwoop (H. Bi 
GoLpmann (H.). Der russische Rechenapparat, seine rationelle An- 
wendung in den Schulen und im praktisch , nebst einigen 


en 
Untersuchungen über den bildenden Wert der Arithmetik. Wien, 
Pichler, 1911. 8vo. 8-44 pp. . M. 0.85 


Hzywoop OH. B.) et Frecmer (M.). L’équation de Fredholm et ses 
applications à la physique mathématique, aveo une préface de M. J. 
Hadamard. Paris, Hermann, 1911. 8vo. 165 pp. Fr. 5.00 

Jackson (D.). Über die Genauigkeit der Annäherung stetiger Funk- 
tionen dureh ganze rationale Funktionen gegebenen Grades und 

n trigonometrische Summen gegebener Ordnung. Göttingen, 1911 
(Gekrönte Preisschrift.) 8vo. 98 pp. 

Kisezsar (M.). Beiträge sur Theorie der vollkommenen Zahlen. (Crog- 
tian. (Progr) Agram, 1911. 

Laresco (T). Introduction à la théorie des équations intégralea, aveo 
une préface de E. Picard. Paris, Hermann, 1911. 8vo. 152 pp. 

Fr. 4.00 

Lesser (O.) Die Infinitesimalrechnung im Unterricht der Prima. 

2te Auflage. Berlin, Salle, 1911. M. 1.80 
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Mayne (W. F.). Über die Theorie benachbarte: Geraden und gin verall- 
emeinerter Krummungsbegriff. Eine Ergünsung zu den Lehr- 
Richens über Differentialgeometrie. Leipzig, Teubner, 1911. 8vo. 
18+152 pp. M. 9.00 

Mun, Die Grundbegriffe der Differential- und Integrales nung und 
ihre Anwendung auf die Elementarmathematik. Eine Darstellung 
in Aufgaben. Metz, Scriba, 1911. i M. 0.70 

Prtssann (R.). Neue Auflösungen der Gleichung Bten Grades auf 
Grund linearer Gravitationen. Berlin, Weidmann, 1911. M. 2.40 

Prra: (F.) und Rost (G.). Theorie der Prym’schen Funktionen erster 
Ordnung im Anschluss an die Schöpfungen Riemann’s. Leipzig, 
Teubner, 1911. 4to. 114-300 pp. 

Rost (G.). See Paxx (F.). 

Sum (Mrs. M. G.). Little journeys into the invisible: & woman's actual 
experience in the fourth dimension. Richmond, Va., Allshine, 1911. 
16mo. "1pp. . $1.00 

Towne (H. E.). Die Infinitesimalrechnung auf der Schule. Leipzig 
Teubner, 1911. M. 0.80 

Torre (E.). Sur les congruences de normales qui appartiennent à 
un complexe donné, (Thése.) Toulouse, Privat, 1911. 4to. 87 pp. 

Vörös Sc Analitika geometrio absoluta. Vol. II: La spaco Bolyaia. 
Budapest, Kókai, 1012. 8vo. 199 pp. , M. 9.60 

WimuErrNER (H.). Der Begriff der Zahl (Mathematische Bibliothek 
herausgegeben von W. Lietzmann und A. Witting. Nr. 2.) Leipzig 
Teubner, 1911. M. 0.80 

Wiener (F. W.). Elementare Beiträge zur neueren Funktionentheorie. 
(Dis.) Göttingen, 1911. 


Ii. ELEMENTARY MATHEMATICS. 


Amarni (U.. See Enriques (F.). 

BALDABSSERONI (G.). Aritmetica e geometria, con brevi nozioni di compu- 
tisteria pratica, per la quinta c elementaré con moltissimi esercizt 
e problemi. Quinta edizione, accuratemente riveduta. Firenze, 


Bemporad, 1911. 16mo. 159 pp. L. 0.60 . 


—. L'aritmetica e la one nella quarta classe elementare. Firenze, 
Bemporad, 1911. 16mo. 76 pp. . L. 0.40 


Berm (B.) e Ciamperumı (C.). Elementi di MEE pratica per le 
scuole d'art e mestieri e per i corsi inferiori delle scuole industriali. 
Livorno, Giusti, 1911. 16mo. 104 pp. L. 1.50 


Camman (P.) et GuranOn (A.). Algèbre. Classes de troisième B, seconde 
et première C et D. Paris, Gigord, 1912. 16mo. 7-+279 pp. 


Caranta (S.). Elementi di aritmetica ed algebra per le scuole secondarie 
inferiori. 2a edizione rifatta. Catania, Gianotta, 1911. 16mo. 
320 pp. 2 L 2.50 


CIAmBRRLINI (C.). Aritmetica e geometria, con molti esercist e problemi 
di calcolo mentale e scritto, e nozioni.di computisteria pratica, ad uso 
degli alunni della 5a classe elementare. Firenze, Bemporad, 1911. 
16mo. 128 pp. L. 0.60 
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——. Nozioni di aritmetica e geometria con esercist di calcolo mentale e 
scritto e nozioni di computisteria pratica, per la ba e 6a classe ele- 


mentare. Nuova edizione, completemente rifusa. 2 volumi. Fi- 
renze, Bemporad, 1011. 16mo. 1754-173 pp. L. 1.55 


—. See Berrini (B.). t 

Costa Regumt (A.). Appunti di trigonometria piana e sferica. Ancona, 
Fogola, 1912. 16mo. 96 pp. , L. 1.00 

Dorzzz (F.). Durell’s school algebra. New York, Merrill, mn 
pp. ` 1.10 


Enniqvzs (F.) e Amatpi (U.). Corso completo di geometria ad uso delle 
scuolemedie. Elementi di geometria per le scuole secondarie superiori, 
Ae edizione. Bologna, Zanichelli, 1911. 16mo. . 4.50 


Ernst (E.). Mathematische Unteihaltungan und Spielereien für Jung 
und Alt. ltes Heft. Ravensburg, aier, 1911. 8vo. 190 Pp; 
rhi 


Evans (G. W.). The teaching of high school mathematics. (Riverside 
educational mongraphs.) Boston, Houghton Miffin, 1911. 16mo. 


9+93 pp. $0.35 
Fruxner (H.). Lehrbuch der Geometrie. Ausgabe A: für G jen, 
Realgymnasien und Ober-Realschulen. Zweiter Teil: umgeo- 
metrie. 4te Auflage. Berlin, Salle, 1911. M. 1.80 


—. Lehrbuch der Geometrie. A e À. Dritter Teil: Ebene und 
sphärische Trigonometrie. 2te A e. Berlin, Salle, 1911. M. 2.00 


FORNEL DE LA Laurence (de). Introduction aux mathématiques, suivie 
d'une étude sur les logarithmes. Paris, Delagrave, 1911. 18mo. 
93 pp. 

Forti (CA. Cours de trigonométrie conforme aux programmes de 1905. 
Paris, Desclée, 1911. 16mo. 22--249 pp. 


Gricnon (A.). See CAMMAN (P.). 


Guomanes (R.). Les mathématiques en Portugal. Appendice II. 
Coimbre, Imprimerie de l'Université. 8vo. 107 pp. 


Hecer (C.) und Kıäener (K.). Mathematisches Lehrbuch fur Knaben- 
schulen. Raumlehre: (Planimetrie, ‚Trigonometrie und Stereome- 
trie.) Nach den Bestimmungen über die Neuordnung des Mittel- 
schulwesens in Preussen vom März 2, 1910, bearbeitet von K. Karner. 
Bielefeld, Velhagen und Klasing, 1911. 8vo. 64230 pp. oe š 

. 2. 


x 00 
Deeg (E.). en der Aufgaben in Suppantschitsch Lehrbuch der 
Geometrie für die 4ten und 5ten Klasse der Gymnasien und Real- 
gymnasien. Wien, Tempsky, 1011. 8vo. 92 pp. M. 1.60 


Hočevar (F.). Lehr- und Übungsbuch der Geometrie für Realschulen. 
Mittelstufe (4te und 5te Klasse). 3te Auflage. Wien, Tem 1911. 
8vo. 171pp. Cloth. . 2.60 


(E.) Die Mathematik an Hochschulen für besondere Fachge- 
biete. (4ter Band, 7tes Heft der Abhandlungen über den mathe- 
matischen Unterricht in Deutschland.) Leipzig, Teubner, 1911. 
8vo. 6-155 pp. M. 1.80 

Krärner (K.). See Hmcnr (C.). ‘ 
Larrin (U. 8). Mathematical construction. Chicago, Flanagan, 1911.. 
129 pp. à $0.50 


H 
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Lr&TZMANN (W.). See Sanusrer (M.). 


Lampe (R.). Misstände im Unterricht und im en der Hoch- 
Schulen "und ihre Beseitigung. Charlottenburg, ares We 


LimwNicH (M.). Lebr- und Übungebuch für den Unterricht in der Ge- 
ometrie, Trigonometrie und Stereometrie für die höheren Lehrerin- 
nenseminare, Leipzig, Freytag, 1012. i 

ManLETTA (G.). Libro di geometria, per il ginnasio superiore. Catania 
Giannotta, 1912. 16mo. 136 pp. L. 1.60 

——. Trattato di geometria elementare, ad uso delle scuole secondarie 
superiori. Catania, Giannotta, 1912. 18mo. 64-835 pp. L. 4.50 

Mmar (A.) et Parn (L.). Cours pratique d'arithmétique, de systéme 
métrique et de géométrie. Cours moyen. Edition revue et corrigée 
et augmentée de problémes de récapitulation. Paris, Nathan, 1011. 
16mo. 386 pp. 


Muressrus (K.). Grundsätzliches zur Volksschullehrerbildung. (Schrif- 
ten des deutschen Ausschusses für den mathematischen und natur- 
wissenschaftlichen Unterricht. Heft 11.) Leipzig, Foie 

.1 


Ogru (C. 8). Raccolta di problemi d'applicazione dell'algebra alla 
geometria, con una introduzione sugli elementi della teoria delle 
unzioni e delle equazioni, sulla risoluzione e discussione di problemi 
geometrici mediante algebra, e sui massimi e minini, ad uso delle 
scuole secondarie e medie RODEO, Seconda edizione riveduta ed 


ampliata. Livorno, Giusti, 1012. 16mo. 84-175 pp. L. 2.20 
| PATERBON . Ej). Elementary trigonometry. Tables. New York, 
Oxford University Press, 1911. +16 +-28 pp. $0.75 


Partin (L.). See Miver (AA. 


PAUL (M.O.). Mathematisches Lehr- und Übungsbuch für höhere Mad- 
chenschulen. 2ter Band: Geometrie I (fur Klasse IV und III). 
Leipzig, Quelle und Meyer, 1911. 8vo. 7--86 pp. Cloth. M. 1.20 


Prau_(J.). Raumlehre (Geometrie und geometrisches Zeichnen) für 
Knabenburgerschulen. 3ter Teil. Wien, Pichler, 1911. Svo. 4+96 


PP- M. 1.40 
RosswANrTH und ScHoBxr. Geometrische Formenlehre. Ein Leitfaden 
für den geometrischen Anscha terricht in der Lien Klasse der 


u’ 
Gymnasien und Realschulen. ite Auflage. Nach dem neuen 
bearbeitet von F. Bergmann. Wien, Pichler, 1911. Sec, MO 
. 0.00 


—. Grundriss der Geometrie. Lehr- und Ub buch für die 2ten 
und 3ten Klassen der Mittelschulen. Ausgabe Gymnasien und 
Realgymnasien. Nach dem neuen Lehrplan bearbeitet von T. Berg- 
mann. Wien, Pichler, 1911. 8vo. 2+102 PP. M. 1.80 


Rusaru (J.). Lehrbuch der ebenenT rigonometrie nebst einer Sammlung 
von Übungsaufgaben. Für Mittelschulen und Lehrerbildun 
anstalten bearbeitet. 4te umgearbeitete Auflage. Bern, Francke, 
1911. 8vo. 122 pp. M. 1.60 


k 


SCHOBER., See ROSBMANITH. 


Scnustsr (M.). Trigonometrie. Zweite, vermehrte und verbesserte 
Auflage. Herausgegeben von W. Lietzmann. Leipzig, Teubner, 1911. 


H à 
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Tmerpine (H. E.). Die kaufmännischen Aufgaben im mathematischen 
Unterricht der höheren Schulen. ` (Gier d, ötes Heft der Ab- 
Denon über den mathematischen Unterricht in Deutschland.) 
Leipzig, Teubner, 1911. 8vo. 44-45,pp. M. 1.60 

' ——. Die Naturwissenschaften und die Fortbildungsschulen. (Denk- 

schrift, im Auftrage des deutschen Ausschusses fur den mathematischen 

und naturwissenschaftlichen Unterricht. Heft 12.) Leipzig, Teub- 

ner, 1911. 8vo. 44+34pp.  - M. 1.20 


WERNLY (G.). See Zwickv (M.). 


Wirz (J.). Der mathematische Unterricht an den höheren Knaben- 
schulen sowie die Ausbildung der Lehramtskandidaten in Elsass- 
Lothringen. (2ter Band, 7tes Heft der Abhandlungen über den 
mathematischen Unterricht in Deutschland.) Leipzig, Teubner 
1011. 8vo. 64-58 pp. M. 1.86 


Zwiok (M.). Grundriss der Planimetrie und Stereometrie nebst Übungs- 
aufgaben. 2ter Teil: Stereometrie. 3te Auflage. Herausgegeben 
von G. Wernly. Bern, Francke, 1911. 8vo. 72 pp. .1.30 


UI. APPLIED MATHEMATICS. 


Beaver (J. L.). The EE of alternating currents. Philadelphia, 
Beaver, 1911. 8vo. 194 pp. 1578 


: BERLINER (8.). Versicherungsrechnung für Nicht-Mathematiker. Leip- 
zig, Poeschel, 1911. M. 4.80 


BrnaNcaRNOUX (P.). Toute la mécanique rationelle et appliquée à la 
portes de tous. Panorama méthodique et complet en 12 volumes. 
ome 4: Résistance des matériaux. Paris, isler, 1911. 8vo. 
174 pp. 


——— Toute la mécanique rationelle et appliquée à la portée de tous. 
Tome 5: Générateurs de vapeur. Paris, Beinl er, 1911. 8vo. 156 pp. 


Bryan (G. H.). Stability in aviation: an introduction to dynamical 
stability as applied to the motions of aeroplanes. London, Mac- 
millan, 1911. 8vo. 204 pp. 5s. 


Crawrorp (W. J.) Elementary graphic statics. London, Griffin, 1911. 
8vo. 140 pp. 28. 6d. 


Draper (C.H.). Heat and the principles of thermodynamics. New and 
revised edition. London, Blackie, 1911. 8vo, 444 pp. ba. 


Esser (H.). Lehrbuch der Physik. Nach Vorlesungen an der Tech- 
. nischen Hochschule zu München. 2 Bünde. Iter Band: Mechanik. 
Warmelehre. Leipzig, Teubner, 1911. M. 14.00 


FLAMANT (A.). Mécanique générale. (Collection de l'encyclopédie des 
travaux publics fondée par M. C. Lechelas.) 2me édition revue et 
augmen Paris, Béranger, 1911. 8vo. 620 pp. Fr. 20.00 


GABRIEL (E.). tage. Lev6 des plans. Nivellement. 'Tracé des 
routes. Paris, Poussielgue, 1911. Geo 11--372 pp. 


Goopmnouax (G.). Principles of thermodynamics. New York, Holt, 
1911. $3.50 


Howæ (M. A.). Retaining walls for earth; including the theory of earth- 
» pressure as developed from the ellipse of stress; with a short treatise 
on foundations. 5th edition, revised and enlarged. New York, 
Wiley, 1911. 12mo. 12+181 pp. $1.25 
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‘Hupson (C. W.). Deflections and statically indeterminate stresses. New 
"York, Wiley, 1911. 4to. 13+258 pp. $3.50 

. INaum (C. E.). Examples in applied mechanics and elementary theory of 
structures. London, Cambridge University Press, 1911. svo. Ge 

PP. . . 6d. 
Kave (G. C.) and Lasy (T. H.). Tables of physical and chemical con- 
stants, and some mathematical functions. New York, Longmans, 


1911. 8vo. 6+153 pp. $1.50 
Krem (H. J.). Mathematische Geographie. 3te Auflage. Leipzig 
Weber, 1911. | M. 2.60 


Keôanxe (G. H.). Taschenbuch zum Abstecken von Kurven auf Eisen- 
bahn- und Wegelinien. 16te Auflage von R. Seifert. Leipzig, 
Teubner, 1911. M. 2.00 


Lasy (T. Hi See Kaym (G. C.). 


Levi (CJ. Trattato teorico-pratico di costruzioni ciyili, rurali, stradali 
idrauliche. Volume I. Milano, Hoepli, 1911. 8vo. ere Pp. . 
. 1. 


MaocrgjEWSKI (C.). Nouveaux fondements de la théorie de la Re 
Paris, Giard et Brière, 1911. 8vo. 131 pp. Fr. 3.00 


MippLETON (R. E.) and others. A treatise on surveying. Part 1. 3d 
edition. London, Spon, 1911. 8vo. 300 pp. 10s. 6d. 


——. A treatise on surveying. Part 2. 3d edition. London, Spon, 
1911. 8vo. 360 pp. 10s. 6d. 


Minze. (E. F.) and others, Problems in thermodynamics and heat en- 
gineering. New York, Wiley, 1911. 8vo. Sewed. $0.75 


NizwzNGLOWSEI (G. Hi Traité pratique des projections lumineuses 
Spéciales. Paris, Garnier frères, 1912. 18mo. 249 pp. ` 


Nucenr (D. C.). Plane surveying. ` London, Chapman, 1011. 8vo. bs. 
Oruca (E.). Die Theorie der Wechselstróme. Leipzig, Teubner, 1912 
Psasony (C. H.). Thermodynamics of the steam turbine. New York, 


` Wiley, 1911. 8vo. $3.00 
x PorNcanÉ (H.). Leçons sur les hypothèses coamogoniques professée à 
la Sorbonne. Paris, Hermann, 1911. 8vo. 294 pp. Fr. 12.00 


RENDELL (E.) Das Linear-Zeichnen in Volks-, Mittel- und Fortbildungs- 
Schulen. 2ter (Schluss-) Teil: Projektivisches Zeichnen. Nebst einem 
Vorwort von E. Timm. Dortmund, Ruhfus, 1911. 4to. e Pe 


‘Boum (T.). Maschinenbauliche Beispiele für Konstruktionsübungen 
zur enden Geometrie. Leipzig, Goschen, 1911. 20 PP eol 


SroowzR (H. J.). Industrial drawing and geometry; an introduction to 
various branches of technical drawing. New York, Longmans, 1911. 
134-1098 pp. $1.00 

Wascun (H.) Beiträge zur Untersuchung über Maximalanziehungen 
homogener Körper bei Zugrundelegung des Ansiehungsgesetzes-1/p?. 
(Diss) Halle a. 8., 1911. 


Woop (R. W.). Physical optics. New and revised edition. New York 
Macmillan, 1911. 8vo. 164-706 pp. 85.28 





The Evanston Colloquium 





Lectures on Mathematics 


_ Delivered from Aug. 28 to Sept. 9, 1898, before members of 
the Congress of Mathematics held in connection with the World’s 
Fair in Chicago at Northwestern University, Evanston, Ill. 


By FELIX KLEIN 


Reported by Alexander Ziwet. Republished by the American 
Mathematical Society, New York, 1911. 

Professor Klein’s Evanston Colloquium Lectures on Mathe- 
maties, which have for some years been out of print, have been 
republished by the American Mathematical Society and are now 
on sale at the nominal price of seventy-five cents per copy. 
The new edition is printed from the original plates, with correc- 
tion of & few misprints. A brief preface by Professor W. F. > 
Osgood has been added. The volumes are bound like the orig 
inal. Orders should be addressed to the 


AMERICAN l'IATHEMATICAL SOCIETY 


501 West 116th Street, New York, N, Y. 





SEA ELEMENTS 
QV AA of the 


Differential and 
Integral Calculus 


(Revised Edition) 


By William Anthony Granville 


President of Pennsylvania College, Gettysburg, Pa., with 
the Editorial Coóperation of Peroey F. SwrrH, Pro- 
fessor of Mathematics in the Sheffield Scien- 
tific School, Yale University. 









































8vo, Semiflexible Cloth, 463 Pages, Illustrated, Price $2.50 





Granville’s ‘Calculus with Applications’? is designed 
for the use of students in Colleges and Engineering 
Schools. While retaining the fundamental character- 
istics of the original edition, the new edition will be 
found thoroughly modern and more teachable than 
ever before. Besides the changes which may be attri- 
buted chiefly to the recent developments in the study 
of calculus, special notice may be taken in the Revised 
Calculus of the abridgment of introductory material ; 
the introduction of biographical sketches of the lead- 
ing men connected with the history of the calculus; and 
the addition of a large number of examples without 
answers, miscellaneous examples, and simple, practical 
problems, based on knowledge that all students of the 
calculus should have at their command. 
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THE WINTER MEETING OF THE CHICAGO SECTION. 


Tue twenty-ninth regular meeting of the Chicago Section 
of the American Mathematical Society was held at the Uni- 
versity of Chicago on Friday and Saturday, December 29-30, 
1911, extending through three half-day sessions. The total 
attendance was fifty-seven, including the following forty- 
three members: of the Society: 

Professor F. Anderegg, Professor W. H. Bates, Professor 
G. A. Bliss, Dr. H. T. Burgess, Professor H. E. Cobb, Pro- 
fessor D. R. Curtiss, Professor L. E. Diekson, Dr. Arnold 
Dresden, Professor Arnold Emch, Professor Peter Field, Dr. 
T. H. Hildebrandt, Dr. Louis Ingold, Professor Kurt Laves, 
Professor A. C. Lunn, Dr. W. D. MacMillan, Dr. H. F. Mac- 
Neish, Professor J. L. Markley, Professor William Marshall, 
Mr. R. M. Mathews, Professor Malcolm McNeil, Professor 
J. C. Morehead, Professor F. M. Morrison, Mr. E. J. 
Moulton, Professor F. R. Moulton, Professor Alexander Pell, 
Dr. Anna J. Pell, Professor W. S. Pemberton, Dr. R. E. 
Root, Mr. J. M. Rysgaard, Miss Ida M. Schottenfels, Mr. 
À. R. Schweitzer, Professor J. B. Shaw, Mr. T. M. Simpson, 
Professor C. H. Sisam, Professor H. E. Slaught, Professor 
A. W. Smith, Professor. E. J. Townsend, Professor A. L, 
Underhill, Professor E. B. Van Vleck, Professor Marion B. 
White, Professor E. J. Wilezynski, Professor J. W. A. Young, 
Professor Alexander Ziwet. 

Professor L. E. Dickson, Chairman of the Section, presided 


‘at the opening session on Friday morning. Professor E. B. 


. Van Vleck presided at the session on Friday afternoon while 


Professor Dickson was delivering his address on the “ History 
of the representations of numbers as the sum of squares," and 


` Professor E. J. Townsend presided at the session on Saturday 


morning. ; 

At the business meeting on Saturday morning the following 
officers of the Section for the year 1912 were elected: Professors 
D. R. Curtiss, chairman, H. E. Slaught, secretary, and A. L. 


- Underhill, third member of the programme committee. 


On Friday noon the members lunched together at the 
Quadrangle Club, and in the evening they dined together at 
the same place and spent one of the most enjoyable social 
oceasions in the history of the Section. 
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'The following papers were presented at this meeting: 

(1) Professor Arnoro Emcx: “Involutorie circular trans- 
formations as a particular case of the Steinerian transformation 
and their invariant net of cubics.” 

(2) Dr. R. E. Roor: “Iterated limits in general analysis.” 

(3) Dr. ArnoLp Drespen: “Reduction of systems of linear 
differential equations of any order.” 

(4) Dr. Lovis IngoLp: “ Displacements in a function space." 

(b) Professor L. E. Dickson: “History of the representation 
of numbers as the sum of squares." 

(6) Professor F. R. Mourrox: “Relations of families of 
periodic orbits in the restricted problem of three bodies.” ` 

(7) Professor L. E. Dickson: “Note on Waring’s theorem.” 

(8) Professor L. E. Dickson: “Uniqueness of division in 
Cayley's algebras with eight units." 

(9) Professor J. B. SHaw: “On differential invariants.” 

(10) Professor E. J. Wriuczynsxr: “On some geometric 
questions connected with the problem of three bodies.” 

(11) Professor PETER Fern: “On Coulomb's laws of fric- 
tion.” 

(12) Dr. E. G. Box: “Analytic curves in non-euclidean 
space.” 

(13) Mr. H. F. Vanprver: “Theory of finite algebras." 

(14) Dr. AxNorp Drespen: “Note on the second variation; 
Jacobi’s equation and Jacobi’s theorem in the calculus of 
variations." 

(15) Professor G. A. Mixer: “ Gauss’s lemma and some 
related group theory." 

(16) Professor R. D. CARMICHAEL: “On a class of linear 
functional equations." 

(17) Professor R. D. CARMICHAEL: “On the theory of the 
gamma function." 

Mr. Vandiver's paper was communicated to the Society 
through Professor Dickson. In the absence of the authors, 
the papers of Mr. Vandiver, Dr. Bill, Professor Miller, and 
Professor Carmichael were read by title. Abstracts of the 
papers, except the historical paper by Professor Dickson, 
follow below in the order of the list above. 


1. It is well known that with every Steinerian, or involutoric 
quadratic transformation in a plane is associated an invariant 
net of cubics passing through the fundamental quadruple of 
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the transformation and its diagonal points. Conversely, every 
plane cubic admits of an infinite number of birational trans- 
formations into itself, which form a continuous group. The 
involutoric cireular transformation in & complex plane 


az + b 


Ce — a 





# = 


is a particular case of a Steinerian transformation, and it is the 
purpose of Professor Emch’s paper to establish this equivalence 
and the principal properties of the two nets of cubics which 
remain invariant in the transformations of the first and second 
kind, respectively. 


2. The paper by Dr. Root is essentially an amplification, 
together with some applications, of & method for the investiga- 
tion of iterated limits outlined in his paper at the April meeting 
of the Society. The method involves a generalization of the 
idea of neighborhood of an element, in the sense that & 
neighborhood of an element is a subclass of the range class 
specially related to the element. This relation of subclass to 
element is taken as undefined, and as the basis of the system of 
postulates. The character and form of the postulates are deter- 
mined largely by two fundamental requirements: first, to pro- 
vide for an adequate treatment of ideal limiting elements, and 
second, to insure the persistence of the specified conditions 
under composition of systems, The theorems on functions are, 
for the most part, direct analogues or generalizations of well- 
known theorems on multiple sequences and multiple and 
iterated limits of functions of real variables. Certain special 
features pertain, however, to the presence of ideal elements. 
The general theory is found to be available for functions on any 
range, subject to the Frechet notion of voisinage, or to properly 
conditioned K, and K; relations of the type used by E. H. 
Moore. 


3. The purpose of Dr. Dresden's paper is to derive conditions 
under which a system of n ordinary linear differential equations 
in n-+ 2 variables and of order p may be reduced to a system 
of the same type in n + 1 variables. 

If the given equations ere of the form 


"nl p 


(1) > 2 Gusts =0 e =1,..., 7), 
0 


` y=] 
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where ax; are functions of t of class C on a range (ii), we 
seek to détermine conditions on the coefficients gu, which will 
make it possible to write equations (1) in the form 


^ p 
> Auw? = 0 (i =1,...,), 
i=1 es 
where 
n+l 
ur = >> Ak Vj. 
j=! 

The conditions arrived at are expressible as the vanishing 
of determinants of order a + 1 in which the matrix tp; D = 
1,..4 5j — L,..., 1 - 1) forms the first n columns, the last 
column being formed by sums of ‘derivatives of various orders 
of the coefficients ai. 


4: In the first part of Dr. Ingold's paper a set (o) of three 
mutually orthogonal unit vectors e, 4, es, is considered in 
relation to any set (V) of unit vectors WA, de, da (not necessarily 
orthogonal) into which the first can be transformed linearly. 
The vectors of both sets are regarded as functions of any number 
of parameters A, t», .... 

The projections of the derivatives 04,/óu; upon the vectors 
e; are denoted by P;,?; similarly the projections of the deriva- 
tives dÿ./dw upon the vectors y; are denoted by Qu. A set of 
fundamental relations (R) is obtained connecting the quantities 

‚Pu® with the Q;,. A special case is the set of equations of 
Darboux* satisfied by the two-parameter rotations of a rigid 
system. 

If the sets of vectors (v), (V) contain only two vectors each, 
the corresponding relations (R) still hold and in & special case 
reduce to a single equation for the two-parameter rotations of 
a rigid plane tangent to a given surface. 

In the second part of the paper the corresponding develop- 
ments are obtained for a set of n mutually orthogonal normed 
functions of x (2=2= 8) and any number of parameters, 
U, Un». a Say e; u, Ua, + « 2; ex; u, Un, + ch Wo erg cy 
Pnl&; Uy, Un . . .). Quantities analogous to the DP, Qu,” are 
obtained and a set of relations analogous to the relations (R) 
is found connecting them. Special cases of this set are generali- 
zations of 


* Darboux, Théorie générale des Surfaces, vol. 1, p. 49. 
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(1) The extensions to n dimensions and any number of param- 
eters of Darboux's equations for the rotations of & 
rigid system.* 

(2) Equations for the rotations of any rigid system moving 
tangent to any space. 

(3) The Darboux extensions of the Lamé conditions for a triply 
orthogonal system of curves and surfaces in ordinary 
space.f 


6. The theories of a number of classes of periodic solutions 
of the restricted problem of three bodies have been developed 
in papers presented to the Society by Professor Moulton in the 
last ten years. The present paper defines some additional 
periodic solutions consisting of orbits having multiple loops, 
examines the character of the changes through certain critical 
forms, and then takes up the problem of following out the 
analytic continuity, in the sense of analytic functions, of all ` 
the orbits with respect to the various parameters upon which 
the solutions depend, and of tracing the connections of the 
several families. Omitting reference to the nature of the 
branching and the definitions and qualifications necessary in 
some statements for complete precision, a few of the theorems 
on which the discussion depends are the following: 

(1) Six orbits having real periods and single loops branch from 
one of zero dimensions at each of the finite masses, of 
which three are direct and three retrograde. In the 
vicinity of the origin only one each of the direct and of 
the retrograde orbits is real. They are symmetrical 
with respect to the z-axis. 

` (2) Six orbits having real periods and single loops branch from 

infinity, three of which are direct and three of which are 
retrograde with respect to fixed axes, while all are retro- 
grade with respect to rotating axes. When the orbits 
are sufficiently large only one each of those which are 
direct and retrograde is real. 'lThey are symmetrical 
with respect to the z-axis. 

(3) There is a geometrically single family of three-dimensional 
orbits branching from each of the five points of libration. 

* These Hm are given by Hatzidakis, ‘‘ Displacements depending 
on one, two, arameters in a space of n dimensions.” American Jour- 
nal, vol. 22 GE pp. 154-184. 


Darbo Dus sur les Systèmes orthogonaux et les Coordonnées cur- 
las Book Chapter I. 
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Those branching from the collinear libration points are 
symmetrical with respect to the zy and xz-planes; those 
branching from the equilateral triangular points are sym- 
metrical only with respect to the zy-plane unless the 
finite bodies are equal, when they are symmetrical also 
with respect to the yz-plane. 

(4) There is & geometrically single two-dimensional family 
branching from each of the collinear libration points in 
which the motion is retrograde with respect to the points. 

(5) There are two-dimensional orbits associated with the equi- 
lateral triangular libration points falling under a number 
of cases depending upon the ratio of the finite masses 
and the parameter employed. 

(6) No two finite loops can unite at only a single point. 

(7) Single loops develop when, and only when, an orbit passes 
through a form of ejection or acquires a cusp on a 
surface of zero relative velocity. 

(8) Multiple loops develop when, and only when, an orbit has 
a corner at a collinear libration point. 

(9) If a direct orbit passes through a form of ejection or a cusp 
form it acquires a loop; a retrograde orbit under the 
same circumstances loses a loop. 

(10) Ejection forms and cusp forms of periodic orbits can dis- 
appear only by uniting with other similar forms. 

(11) Isolated periodic orbits do not exist. 

(12) Three direct orbits have infinite periods; no retrograde 
orbits have infinite periods. 


7. This paper by Professor Dickson gives an algebraic proof 
of the existence of an identity expressing any elementary sym- 
metric function oi zë, ..., c of degree 2m in the z's as a 
linear function with rational coefficients of M powers, with 
exponent 2m, of linear functions of zı, ..., x, with integral 
coefficients, where M and all the coefficients depend upon m 
and e alone. 


8. In the second paper by Professor Dickson, it is pointed 
out that the algebras given by Cayley (Philosophical Magazine, 
volume 26 (1845), page 210; American Journal of Mathematics, 
volume 4 (1881), page 293) are equivalent to that with the units 
l, &,..., ën, where 
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e) = —1,- ej = — Gët 6,321, ...,7; 049), 
C182 = Cs, C104 = 65, C105 = C7, Gët = EN, o 
Orla = er, C365 = Ge, Go = EG, 


with 14 equations obtained by 'permuting the subscripts 
cyclically. It is now shown that.right and left hand division, 
except by zero, is always possible and unique in this algebra. 
This is done by expressing the general element as a linear func- 
tion of eg, &, €, with coefficients B, C, ..., linear in e, and 
applying | 


ejB = Be, (Be,)(Ce;) = (BO)e#, (Be;)(Ce:) = BO lee), 
for j, k = 2, 4,6; 7 + k. Here B = r — se if B = r + se. 


9. This is the third paper by Professor Shaw along this line, 
the other two having been presented before the Chicago Section 
at the meetings in December, 1910, and April, 1911. The 
method previously presented is now generalized to the case of 
space of n dimensions. It is shown in a suitable notation that 
the curvatures of a region of n — m dimensions are expressible as 
the scalar invariants of the operator which is the generalization 
of the quaternion S () V, c. The various differential parameters 
are treated in the same manner. Finally the relation to the 
Maschke symbols is pointed out. : 


10. Two years ago Professor Wilczynski showed in a paper 
read before the Chicago Section how certain geometric problems 
connected with the problem of three bodies might be formulated, 
and how a number of these led to the question whether isosceles 

solutions exist. In the present paper this question finds a 
` complete answer. If no two of the three masses are equal, the 
only isosceles solutions are the well-known equilateral solutions 
of Lagrange and its limiting cases. If two of the masses are 
equal, there exist two essentially distinct types of isosceles 
solutions. 


11. Coulomb's laws of friction state that when one body 
slides over another the frictional force is (1) proportional to the 
normal pressure, (2) independent of the relative velocity, (3) 
independent of the area of the surfaces which are in contact. 

Painlevé in his Lecons sur le Frottement has shown that if 
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we assume these laws, peculiar situations may arise in case the 
problem is of such a nature that the normal pressure is a func- 
tion of the coefficient of friction. Professor Field in this paper 
treats by graphical methods a problem of this kind which has 
been treated analytically by Painlev& and others. The paper 
will be published in the Zeitschrift für Mathematik und Physik. 


12. This is the first of a series of papers, which Dr. Bill 
purposes to present to the Society giving the results obtained 
by applying to non-euclidean geometry the methods of analysis 
used by Professor Eduard Study for euclidean space. Starting 
from certain fundamental identities existing between the abso- 
lute invariants of the group of motions, the author arrives, in 
the first part of his paper, at a complete classification of the 
analytic curves of non-euclidean space. The second part of 
the paper is taken up with the derivation of the Frenet-Serret 
formulas for regular curves. 


13. The theory of finite fields, due to Moore (Mathematical 
Papers, Chicago Congress, 1893, pages 208-242), may be regarded 
as a generalization of the arithmetical theory of congruences 
with prime moduli. In the present paper Mr. Vandiver ex- 
amines an algebra which is an extension of the finite field, and 
which is defined as follows: . 

A set of s distinct elements forms a finite algebra of order S 
if the elements can be combined by addition, subtraction and 
multiplication, these operations being subject to the commuta- 
tive and associative laws of elementary algebra, and if the 
resulting sum, difference, and product be each uniquely deter- 
mined as an element of the set. Also there must exist in the 
set at least one element u, such that the equation uix = w 
(us being the zero element) has the unique solution z = up. 

In this algebra division is not always possible, and if possible, 
may give more than one quotient. Some of the elementary 
properties of & general finite algebra are given. Elements are 
classified as units and non-units. Prime and composite non- 
units are defined. It would appear that the theory in- 
cludes as particular phases all arithmetical congruence theories, 
in partieular, when the congruences considered have composite 
moduli. 


14. In Dr. Dresden's note, & method is given for the discussion 
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of Weierstrass’s treatment of the second variation, Jacobi’s equa- 
tion, and Jacobi's theorem in the caleulus of variations for the 
ease of an integral of the form fF y, x’, y')di. The method 
is based on the reduction of differential forms and unifies these 
. three subjects; it is, moreover, immediately extensible to cases 
where the integrand contains more unknown functions, as an 
illustration of which the space problem is taken up. 


15. According to Gauss’s lemma any number m which is 
not divisible by the prime number p is a quadratic residue 
or a quadratic non-residue of p according as the series m, 
2m, ---, 4(p — Um includes an even or an odd number of 
numbers whose least absolute residues (mod p) are negative. 
The main objects of Professor Miller’s paper are to exhibit 
the setting of this lemma in the theory of abelian groups and 

to show how readily it can be deduced from this theory. 
` A set of operators of a group G is called a complete set for 
the nth powers if the nth powers of these operators give all 
the different nth powers of the operators of G and if no two 
operators of the set have the same nth power. -The products 
obtained by multiplying all the operators of a complete set 
for the nth powers of an abelian group by any operator of the 
group constitute a complete set for the nth powers. The h 
complete sets obtained by multiplying any one such complete 
set by the different operators of the abelian group whose 
orders divide n are called complementary sets. ‘These com- 
plementary sets involve every operator of the abelian group 
once and only once. If all the numbers in any complete 
set for squares (mod p) of the numbers 1, 2, :::, p — 1 are 
multiplied by any one o of these numbers, then a is a quad- 
ratic residue or a quadratic non-residue of p according as an 
even or an odd number of these products occur in the set 
which is complementary to the given set for squares. This 
theorem clearly includes Gauss's lemma. 


16. It is a problem of great difficulty (and one which is not 
completely solved in any extensive class of cases) to determine 
the general solution of a functional equation which involves 
two operations, as in the case of partial. differential equations 
or mixed equations. The object of the present paper is to in- 
vestigate the properties of the solutions of an equation belonging 
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‚to this general class; namely, an equation of the form 


etw to) + olaf leta) + (f (24-2) + xaf) = 0, 


certain restrictions being placed on the coefficients e(z), (x), 
x(z). Such an equation involves the two operations of re- 
placing z by z+ and by ze Lon, The general theory of 
these equations throws light on the nature of the solutions of. 
various functional equations involving two operations. 

Among the results which Professor Carmichael obtains 
are the following: The arbitrary elements in the solution 
of the equation are doubly periodic functions of periods 
w and œ. Regions in which the solutions may be chosen 
arbitrarily are found; and by means of such regions it is shown 
that an infinite number of arbitrary elements must enter into 
a general solution of theequation. Analytic solutions involving 
simply periodic functions (some of period e; and others of 
period an) are obtained. A means is also given for expressing 
linearly in terms of particular solutions of this type (the multi- 
pliers being doubly periodic functions) any one of & large class 
of quasi-general solutions. 


17. From the general theory of difference equations (see 
papers by Carmichael and by Birkhoff in the Transactions, vol- 
ume 12) it follows that the equation g(x + 1) = vg(z) has two 
solutions e Le) and o te) having the property that each of the 


limits 

lim g,(z)a-*4e* and lim «He 

gue r= 
exists and is 1, where x goes to infinity along the axis of reals 
in the positive sense in the first case and in the negative sense 
in the second case. Moreover, 


ne) = (1 — e). 
Also, any solution g(x) is uniquely determined if g(1) is as 
signed (different from zero) and 
lim g(a)a-*He 
æ=+0 


exists. It is natural to choose for the definition of T(z) one 
that associates it most intimately with this general theory. 
Accordingly, Professor Carmichael defines a first and a second 
gamma function, T(x) and T(x), as those solutions of the 


# 
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equation ole +1) = zg(z) which have the properties that 
r(1) =1, Dis) = ( = eres DR j 
lim T(z)z-*He* exists. 
m S 


and 


If one starts from these definitions and makes use of the general 
theory of linear homogeneous difference equations of the first 
order, the fundamental properties of r(x) and Die) are readily 
obtained. The theory, as worked out recently by Professor 
Carmichael in his academic lectures, is decidedly simpler and 
more elegant than the usual theory of the gamma function, as 
developed, for instance, in Nielsen's Handbuch. 
H. E. Staves; 
Secretary of the Section. 


AN IDENTICAL TRANSFORMATION OF THE ELLIP- 
TIC ELEMENT IN THE WEIERSTRASS FORM. 


BY PROFESSOR Y. H. SAFFORD. 
(Read before the American Mathematical Society, April 29, 1911.) 


THis paper is based upon a formula published in 1865 in 
a pamphlet entitled "Problemata quaedam mechanica func- 
tionum ellipticarum ope soluta.—Dissertatio inauguralis," 
by G. G. A. Biermann (Berolini), where it is quoted as de- 
rived from Weierstrass’s lectures. The formula is, after 
correcting slight misprints in Biermann’s pamphlet, 


D Fle) = aot. 
V Bé) V'8 + s Golfo — sR" Ceo) + 25 Re) Ru) 
2e — g R” (ao) — 54- Ro) 


F is the solution of 
(2) (FY = AF + 4BF + 6CFP + 4B'F +4 A' = R(F). 
"Ihe accents used with F and R denote differentiation, £o 


is an arbitrary constant, and A, B, C, B’, A’ are constant 
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coefficients. : Also 
S = 4s — gs — gs = 4(s — a) — &)(8 — e), 
(3) =P), p= AA' + 3C — ABB', 
= ACA’ + 2BCB’ — AB? — A'B — ©. 


In Enneper, Elliptische Functionen (Halle, 1890), pages 27- 
30, may be found considerable discussion of the preceding 
formulas, while on page 59 another form of (1) is used in 
obtaining the addition theorem for f(u). 

Greenhill, Elliptic Functions (London, 1892), page 151, 
mentions (1) in connection with the reduction of the general. 
elliptic element dx/V X to Weierstrass's canonical form del VS. y 
Haeritzschel’s use of Weierstrass's formula will be considered ` 
later. 

From (1) an identical transformation of de/V S may be ob 
tained as follows: By a proper choice of constants a, B, Y, 6, 
the linear transformation 





av + B 
(4) F= SESS 
changes (2) into . 
6) ^ (v)! = 4s — gov — gy 
whence, writing 
(6) j F—a- 2, 
(5) becomes > 


(0 (FPP = AF — z)? — pF — zo) — ga BO. 
Hence 7 u 
Ro) = —gs, Ra) = — p, 
(8) R'"(g) = 0, R”) = 41 R""(m)- 0. 
Then using the form R as indicated in (7) for R in the funda- 
mental formula (1) gives ' 
9 | vl gov (as — pe — gs) — de ge 
When (9) is rationalized and simplified by writing g = 4a, - 
gs = 2b, it gives 
(10) vis! + 2avs + 2b(v + 8) + a* = 0. x 
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Referring to (5), it appears that the general biquadratic X 
or R(F) has now, by the changes &bove, become the same as 
in Weierstrass’s elliptic element, so that the transformation 
(10) changes ds/V S into itself, i: e., is an identical transforma- 
tion, a fact which may be easily verified. 

Equation (10) is obviously symmetrical in v and e, while (9) 
shows that the transformation is irrational in both directions. 
The curve corresponding to (10) has no node, except when 
g? = 2793, but consists of two distinct branches, asymptotic 
to both axes. Evidently the line v — s = 0 is an axis of 
symmetry and it may be shown to intersect the curve twice 
or not at all, according as oi — 27g: is negative or positive, 
this expression, being also the criterion for the two types of 


. -function curves, the basis of Haentzschel’s discussion. 


Haentzschel, in his Reduction der Potentialgleichung (Berlin, 


` 1893), wished to obtain a pair of families of orthogonal curves 


by the aid of conjugate functions. To this end he wrote 

(11) 8 = DO Loi, o = $(— iu), 

(12) z+ iy = F(t + iu), x — iy = Fit — iu), 

in which F and its conjugate F, were defined by (2), and zo 
was complex. The orthogonal families came from the elimina- 
tion ofu or t respectively from (12) and writing either p or pı 
as a parameter, where 

(13) + p= DOUD p = Plain). 


He treated in detail the cases in which 2 is any one of the 
roots of R(x) = 0, equation (2). 

In the Archiv der Mathematik und Physik, series 3, volume 
10, Hefte 3/4, pages 234-237, the writer has discussed some of 
Haentzschel's results and referred to other articles on the same 
point. On pages 33-37 (Potentialgleichung), Haentzschel 
treated the general case, i. e., zo unrestricted. This depends 
upon the #-function curves obtained from 


z+ iy = s = P iu), 
z — iy = oc = P(É — tu) 
[o and p as in (13), a = ga/4, b = ga/2], viz., 
(15) geit 2pb + a? + (8 + 07) p? — sele + ele 
+ 80(2a — 2p") + (s + 0)(2pa + 2b) = 0. 


(14) 
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Haentzschel's work upon this topic concluded with an outline 
of the elimination of 3 and ¢ between (15) and two equations 
analogous to (10). 

In the Butter for June, 1899, pages 431-437, the writer 
bas discussed the case in which 


06 RM = Ale (F — elt = o(F a? = I], 


and has factored the result, obtaining four curves each of the 
fourth degree. 

The remainder of this paper is to be devoted to the case in 
which 
(7) R(F) = 4(F — xo)? — &(F — zo) — gs. 
First s and c are to be eliminated from (15) and (10) together 
with the conjugate of the latter, i. e., from 


(17) vis? + 2avs + 2b(v + s) + a? = 0, 
(18) we? + Zone + 2b(w + e) + a? = 0, 
(19) j [v = z + iy, w= z — iyl]. 


In conclusion the resulting equation will be resolved into three 
components, of which two are the original $-function curves. 
Following Haentzschel, radicals may be avoided by writing 
(17) thus: i 
` 2s(av + b) + 2b» + a, 


(20) ` $= 3 ; 
with a similar value for ei. 
Substituting these values of 8 and c? in (15) gives 
(21) Dec + Ps + Qo + E = 0, 
£D = aw — out + 2pav*w + 2pavw! + 2atew + 2pbv 
+ 2pbw? + 2abv + 2abw + 205, 
EP = paw? + btw? + 2pbvw — doen? + 2abww + pate? 
— bw + a% + 2b*w + ab, 
(22) 


4Q = patut + biu? + 2pbow* — paw + Zeen + pato 
— Pb + aw + 25% + db, 
E = 2pb + a — 2p%bow*— 2p%o*w+- 4b 200 — pats? 
— au? + 2a?bv + 2a*bw + at. 
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Solving (21) for s and substituting in (17) gives & quadratic 
in c, between which and (18), another quadratic, e is to be 
eliminated. The result is 


Q3) Deng — DE (49 — Aen — 26) (Au? — daw — 20) = 0, 
L = vwiE: — 2(PQ — DE)(ao + b)(aw + b) 
+ Pw[P (a? + 2bv) — 2E(as + b)] + Qella + 2bw): 
— 2E(aw + b)] + [D(a* + 2bv) — 2Q(as + b) D(a? 
+ 2bw) — 2P(aw + b)]. 


As would be expected, (21), (22), and (23) are symmetrical in 
v and w, while (v — &)(v — a) — €3)(w — «)(w — «)(w— 
es) from the last two factors of (23) may be used to find the 
‘foci of the curves represented. Each term in (24), on reduc- 
tion, is found to contain the factor vw, and this being true of 
PQ — DE which occurs also in (23), it is possible to cancel the 
factor ow‘ from the latter and at last obtain in v and w co- 
ordinates the equation of either of the pair of orthogonal 
curves. The factoring and consequent resolution of (23) is 
much facilitated by first treating the simple case for which 
p — 0. The degenerate form of (15) is 


(25) gei + 2ase + 2b(s + c) + at = 0, 


which is of the same type as (17) and (18). Elimination of 
# and e from these three gives i 
(26) ` [vhw' + 2asw + 2b(» + w) + a?]'Te(», w)] = 0. 

The last factor of (26) is the form which (15) becomes when 

= — 4(2b — aile, s =v, o — w. But the triple factor 
in (26) is not preserved when the general case p = 0 is treated. 
However (15), which it will be remembered is the equation of 
the 8-function curves, has the remarkable property of being 
symmetrical in all three of the quantities P, 8 and c. 

By reasoning which will presently be given, it may be. 
inferred that one factor of (23) is the first member of 


en Fort 2pb + a? + (+ wu?) p! — oui + w)2p 
+ vw(2a — 29") + (v + w)(2pa + 2b) = 0. 


' Now (23) is the result as stated of eliminating s and o from 
the following: 


(24) 
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Vans so? + 2b + a! + (8 + id — sole + län 


+ sc(2a — 29?) + (s + p)(2pa + 2b) = 0, 
(17) vts? + 2avs + 2b(v + 8) + a? = 0, 
(18) wo? + 2awc + 2b(w +. à) + a= 0. 


‘Elimination of s from (15) and (17) gives an equation symmetri- 
cal inv and c, which is thus identical with the result of eliminat- 
ing w from (27) and (18), so that (27) is consistent with (15), 
(17) and (18). It may be shown by actual division that the 
square of (27) is a factor of (23). In carrying out the division, 
the symmetry of (27) as to p, v and w, in connection with the 
assumed symmetry of (23) in the same quantities, permits many 
terms of the quotient to be written by inspection after a few 
have been obtained. Atthis stage the knowledge of the factors 
for the special case p = 0 determines many coefficients in 
the general case. The entire computation has been carefully 
checked, and the single assumption of symmetry verified, 
but the length of the quotient (one hundred ninety-eight 
terms) prevents its reproduction in this paper. Jt is of par- 
ticular importance that this identical transformation, when 
employed to obtain new curves from the f-function curves 
in connection with the theory of conjugate functions, repro- 
duces the original curves. — ' 


NIVERSITY OF PENNSYLVANIA, 
April, 1911. 


SURFACES IN HYPERSPACE WHICH HAVE A TAN- 
GENT LINE WITH THREE-POINT CONTACT 
PASSING THROUGH EACH POINT. 


BY PROFESSOR C. L. E. MOOXR. 
(Read before the American Mathematical Society, December 27, 1911.) 


"THROUGH each point on a surface in ordinary space Ss pass 
two tangents having with the surface three-point contact 
(tangents to the asymptotic lines). The osculating planes 
to these curves are also tangent to the surface at the point of 
osculation. It is easily seen that the lines on & ruled surface 
in hyperspace have these same properties. The question 
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then naturally arises whether there exist in hyperspace sur- 
faces not ruled having the same sort of lines. It is the object 
of this paper to show the existence of such surfaces and to 
derive the differential equation which the coordinates must 
satisfy. The results are generalized for spreads of higher 
dimensions than two. 

1. The existence of such surfaces can be shown geometrically 
as follows: On a ruled surface in a space S, trace three infinitely 
near curves 6, C1, Cae Through the curves c; and o pass a 
second ruled surface infinitely near the first and on this surface 
trace a third curve c; infinitely near to e, cs. Then through 
the curves cs, cs pass a third ruled surface infinitely near to the 
second and on it trace a curve c, infinitely near cs, e. Con- 
tinuing this process to the limit, it is at once evident that the 
locus of the curves c is & surface of the kind desired. 

We will now derive the condition that a surface in S, 
shall have through each point a curve whose osculating plane 
is tangent to the surface. 

Let the surface be 


: (1) "ec Sib, o (621,2,8,--,n-4 1 
and let three neighboring points be 

(2) 2, (3) adu + agdo,* 
(4) gudu? + 2rısdudo + zdr? + zidu + xd, 


The tangent plane to the surface at the point z is defined by 
the three pointst 


T, Tis, T2. 


Tf the given curve is to have this plane for osculating SE 
. it is only necessary that the point 


(5) gudu? + 2Qeisdudo + Zada? 


should lie in it; for the points (2), (3), and z;d*u + zd» 
already lie in it. The condition then that (4) should lie in the 
- tangent plane is 


(6) gudu? + 2asdudo + Trdo? + Any + Bag + Cz = 0. 


* Subscripts denote derivatives with respect to a variable t, where the 
curve on the surface is defined by assuming u and v to be functions of L 
Hereafter superscripts will be omitted where no ambiguity occ 

t See Beare, “Su una classa di ae degl 'iperepazii e SC Aiti di 
Torino, 19 
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If the coordinates satisfy (6), then the points (2), (3), (4) 
will lie in the tangent plane. Hence: 

If the ‘coordinates of a surface in S, satisfy a parabolic* 
partial differential equation of the second order, then through 
each point of the surface passes a curve whose osculating plane 
coincides with the tangent plane to the surface at the point, and 
conversely. 

If now a tangent line is to have three-point contact with 
the surface, two conditions are necessary: (a) the point (5) 
must lie in the tangent plane; (b) for some choice of du : dv 
the point (4) must lie on the tangent line. The point (4) 
lies on the line joining (5) to zid?u + zen, and consequently 
if (6) is satisfied then when du : dr varies the point (4) will 
describe a line in the tangent plane. "This line will cut the 
tangent line drawn in the direction du/de. Thus if condition 
(a) is satisfied, condition (b) is also satisfied. Hence: 

The necessary and sufficient condition that a surface in S, 
have through each point a tangent line having three-point contact 
with the surface 13 that the coordinates of the surface satisfy a 
parabolic partial differential equation of the second order. 

From the form of equation (6) it is seen that the directions 
of the three-point tangents are in the direction of the charac- 
teristics, since each is in the direction defined by du/dv. 

In the paper referred to above Segre showed that a surface 
whose coordinates are particular solutions of two general 
partial differential equations of the second order must either 
be a developable or else lie in an ordinary space of three 
dimensions. From the above property it is evident that the 
surface could not be a developable if the coordinates satisfy 
two parabolic differential equations, for that would necessitate 
two principal directions (directions of three-point contact), 
which would be impossible. Then if such be the case, the 
surface must lie in an ordinary space Ss. In the pencil of 
partial differential equations which is defined by two general 
ones there are always two parabolic ones. Hence the two 
partial differential equations which the coordinates of a devel- 
opable surface in hyperspace satisfy cannot be independent 
but must be such that there is only one parabolic equation 
belonging to the pencil defined by them. 

2. The above considerations can be extended to varieties 





* Bee Segre, loc. cit., $15. 
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of any number of dimensions contained in a space S, of n 
dimensions. Let the coordinates of the variety V. be 


(7) TO = EBI Dia Ain. un) (2251,2,--:, n-4- 1). 
The tangent Sm to Ra is defined by the points 
T, Lis Las ‘ss Im 


and if the ‘osculating plane to a curve traced on the variety 
lies in this tangent S,, then the three points 


G s Lada 


tom fem m 
(10) È Irdudu; + Sad 
wl gel wel 


must lieinit. But as before, (8), (9), and Y zdu; already lie 
i=l 


in the tangent S, and therefore the only condition necessary 
is that the point 
(11) EEr, dudu; 


should lie in it. This condition is 
(12) D zadudu; + È den + Angie = 0. 
4, 3=1 tal 


It is evident, since there are m — 1 independent quantities 
du; : dus ` dus `. : du, at our disposal and m + 1 quantities 
A, that equation (12) can always be satisfied if 2m m. 
And if 2m « n, then the coordinates x must be particular 
solutions of (12) if the osculating plane to a curve traced on 
V, lies in the tangent Sm. In this case, as in the preceding 
one, it is seen that if the point (11) lies in the tangent Sm, 
then the ratios d'u: : d'us `... : d'u, can be so determined 
that (10) will lie in the line Joining the points (8) and (9). 
Hence: 

If through each point of a variety V m in Sn there is a principal 
direction, then the coordinates must be particular solutions of the 
partial differential (12). The osculating planes of curves envel- 
oped by'these principal directions will lie in the tangent S, to 
the Vin. 

From equation (12) we see that the principal directions 
passing through each point of a hypersurface V,_; in S, 
form a quadric cone of n — 2 dimensions, and the principal 
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. directions through each point of a variety V, & (2k« n) form 
a cone of order 2* and dimensions n — 2k. If n = 2m — 1 
and k — m — 1 the number of principal directions will be 
equal to 2". The curves enveloped by these directions 
correspond to the asymptotic curves on a surface in S; and 
in fact can be obtained by the consideration of conjugate 
directions just as in Ss. Take any two infinitely near points 
of V. and draw the tangent spaces S. to V. at each of these 
points. The two S,’s will intersect in a line and this line 
is said to be conjugate to the direction defined by the two ` 
points of tangency. Using the same method as in a previous 
paper* by the author, the condition that the two directions 
. du and éu be conjugate is found to be the vanishing of the 
(m + 2)-rowed determinants of the matrix 


ll T, X1, Vay `" "a Tw, >, dri sdusdu; |l. 
+ 3 


The condition that the two conjugate directions should coincide 
is seen to be that the coordinates should satisfy equation (12). 
' In this case then we have a new property of such curves, viz.: 
The tangent spaces S, to V,, at two infinitely near points of 
the curve enveloped by the principal tangents intersect in 
the line Joining the two points, that is, in a principal tangent. 
By an easy extension of the method used by Segret it can be 
shown that this is a property of such curves in general. Or 
it may be seen that if this property does hold in general there ` 
is an S441 having two-point contact (i. e., tangent at two in- 
finitely near points) with the variety Vm. Now the tangent 
at x is determined by 


(13) T, Xi Wa Yao ctt Im 
and the tangent at the point 
(14) Zadu; 


is determined by 
(15) Eedu, Za Ezdu +++, Emid; 


:It is seen at once that the tangent space (13) contains the. 
point (14) and that the tangent space (15) contains the point 


(11) Za udu du; 


* Annals of Mathematica, vol. 13, p. 89. 
+ Loc. cit. 
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Now if the space (13) contains (11), the two tangent spaces 
will have the line defined by the direction dui: dus: +++: dus 
in common. This is exactly condition (12). Hence: 

The curves enveloped by the principal directions on a variety 
whose coordinates satisfy (12) are such that the tangent Sm’s 
at two consecutive points intersect in the line joining the two 
points. 

8. Let us now find the condition that a variety V; have 
through each point a tangent with four point contact with Va. 
The condition may be got by first finding the condition that 
curves exist on V3 whose osculating S; at any point coincides 
with the tangent Ss to V; at that point. This requires that 
the two points 


(16) Ztidu.du; + Ze, dtu, 
(17) Zrindududu: + BE du du; + Dau; 
should lie in the S; determined by the points 

| X, Ty Th Te 


This is equivalent to the relations 
8 

(12) AZajdu du; + 3 Badu; + Cx = 0, 
1 


(18) A’ (Ze adu du du, + Ze; dudtuj) + BB/adu, + C'z = 0. 


In relation (12) the du; define the direction of the curve. If 
(12) is satisfied, then the determinants of the matrix 


|[Zz;,dudu;, T, X1, Va, 23 || 
must vanish. Now if we change du, into du, + du, this 
relation must still be satisfied; this leads to 
: || Da, dud uj, £, 2i, 2s, as || — 0, 
which used in (18) reduces that relation to 


3 
(19) ` A'Zzindudu;du, + >> Biz: + C't = 0. 


Hence: 

If a variety Vs is covered with a family of curves whose 
osculating Ss at each point coincides with the tangent S; to V, 
at that point, then the coordinates must be solutions of two simul- 
taneous partial differential equations, one of parabolic type of 
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the second order and the other of the third order having coincident 
roots of ts characteristic equation. The curves in question are 
the characteristics. 

If equation (12) is satisfied, we saw that the tangents in the 
direction du, have three-point contact with Vs. If in addition 
(19) is also satisfied, since (17) lies in the tangent S3, the quan- 
tities d*u, can be so chosen that (17) will lie on the line joining 
ztoz+dz. Hence: 

When the coordinates of a spread V, satisfy the differential 
equations (12) and (19), through each point of the spread passes 
a tangent having four-point contact with the spread. 

In the same manner it can be shown that the necessary and 
sufficient condition that a spread V, have in each point a 
tangent with r-point contact is that the coordinates should 
satisfy the r — 2 equations 





oy ; 
AT gu dus se. dur + DB; + Cr = 0, 
(20) Ad tir dita Mod 
ADS dudu; + Sie + er = 0 
ðu,ðu, 100 f D i . 


The osculating spaces to such curves always lie in the tangent 
Sm to Ha, In particular when r — 1 = m and the coordinates 
satisfy the system of equation (20), there is a curve passing 
through each point whose tangent lines have (m + 1)-point 
contact with V,. The osculating S, of the curve coincides 
with the tangent S, to Vw. 

That equations (20) be satisfied requires (n — m) (r — 2) 
conditions. There are at our disposal m — 1 ratios du,: 


dus : +++ : dus; therefore if the above number is less than or 
equal to m — 1, the condition is always fulfilled. In case 
(21) (n—m)(r—-2) =m—1 


the number of curves through each point is finite. When 
n = 2k — 1, m = k, r = 3 the number of three point tangents 
passing through each point is 2*. 

From (21) can be calculated the dimensions of V, such that 
it have a finite number of tangents through each point having 
r-point contact. In particülar if the spread is to have a 4-point 
tangent through each point, m = 3 (2n + 1). 

MASSACHUSETTS INSTITUTÐ or TECHNOLOGY. 
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NOTE ON MIXED LINEAR INTEGRAL EQUATIONS. 
BY DR. W. A. HURWITZ. . 
(Read before the American Mathematical Society, September 12, 1911.) 


. Bx a mixed integral equation is here understood an equation 
in which an unknown function may be involved under several 
integral signs operating over regions of different numbers of 
dimensions, and in which also the values of the unknown func- 
tion at isolated given points may occur. The highest number 
of dimensions of any region of integration may be termed the 
order of the equation; an equation entirely free from integral 
signs may also, be regarded as a. mixed integral equation of 
order zero. An equation in which regions of integration of 
different numbers of dimensions do not occur may be called 
pure; equations of this sort constitute the type usually studied. 

The object of the present paper is to give some indication 
of the extent to which mixed (non-pure) linear integral equa- 

. tions may be expected to follow certain laws which have seemed 
to govern linear equations in general (e. g., pure integral equa- 
tions and systems of algebraic equations). It is found that 
the analogy is not complete; the principal result, however, 
follows the lines of the usual theories. It is stated, for the case 
of equations of the first order, in the following 


THEOREM: Let f(x), ki(z), ka), ---, bie) be continuous 

fuctions of x in the interval 
Ri: a €az&b, | 
and K(x, y) a continuous function of x and y in the region 
R: a<z<b, aSsy<sb; 

let 1, vs, +++, tm be distinct points of Ri. Then if the komo- 
geneous mixed linear integral equation 
Du) = È Hu) +f Ke, uds 


has no continuous solution in Rı, other than u(x) = 0, the non- 
homogeneous mixed linear integral equation 


@) ue) = fe) + È kiua) + f KG, suds 


has one and only one continuous ‘solution in Ry. 
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To prove this, let us form the two normal orthogonal sets 
of principal solutions for the kernel K(z, y) 


gilt), ex), s om s as Va), s val); 
these satisfy the following conditions: 


oe) = [Kt deli em = f vO j^ 
Jr sn); 


[iecoris = foris T eed = 


[area 0 EE? 


The equations 


” b 
w(t) = fe) — ii [ser + L KG, vade 


we) = e) — È vite) [om + | Kee, slo 
| (4 = 1, 2, +++ m) 


possess continuous solutions, since in each of them the known 
function outside the integral sign is orthogonal to datz), 
Va(z), +++, Walz), Form the following two systems of m + n 
linear algebraic equations in m + n unknowns A Ag, +++, Ans 
Bı, Bs, Us By 


(I5) Áp — Aaa) = X Bed = 0 Gas I 1, 2, ST *,m), ` 
(2 DAS wenn = SÉ NU sion: 


U) A, - È Anse) — 22 Bye) = ue) 
(p= 1, 2, e, m) 
(T1) -È As [sna = [across 
l (q = 1, 2, en). 


3 
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Either system (I) possesses a set of solutions A1, As, +++, Am; 
` Bi, Ba, +++, B, not all zero, or else system (ID) possesses 2 set 
of gations: * 

Under the second of thee alternatives, the continuous 
function 


u(z) = ua) + > Aula) + Xe, 


defined in terms of the set of solutions of (II), is & solution of 
(2), as may be verified by direct substitution in (2), with the 
aid of (IT). A second solution of (2) is impossible if (1) has 
no solutions not identically zero, since the difference of two 
solutions of (2) is evidently a solution of (1). 

Under the first alternative, the continuous function 


ula) = 25 Auto) + È Sec) 


defined in terms of the set of solutions (not all zero) of (1), is 
similarly a solution of (1). Finally, this solution u(x) is not 
identically zero; for if u(x) = 0, then in particular u(z,)=0 
(p = 1, 2, «++, m), so that (by substituting the values x, for x 
in the definition of u(x) and making use of (]ı)) 


4,=0 (@=12,---,m); 
hence 


0 = u(a) = 3 Bed) 


and in virtue of the normal orthogonality of ez), ¢:(2), 
ve Palt), 
B;=0 (j=1, 2, e, n), 


in contradiction to the fact that some one of 41, Aa, ***, Am; 
Bı, Bs, “++, B, is not zero. 

The theorem stated above has thus been justified. With 
this theorem, however, the exactness of the analogy to the 
ordinary theories of linear equations seems to end. The 
more detailed study of the mixed linear integral equation 
is reserved for a later communication; an indication of the 
differences which present themselves is furnished by the 


* The fact that these two states of affairs are not mutually exclusive 
is unessential. 
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following remark, which is stated without proof. The róle 
of the adjoint homogeneous equation in the ordinary theories* 
is here taken by a pure homogeneous linear integral equation 
together with linear integral auxiliary conditions 


(1^) HIE = f so. x)ds; f sende =0 


(i = 1,2, o, m); 


but the numbers of independent solutions of (1) and (1^) 
need not, as in the usual cases, be the same. For example, 
there can never be more (and will in general be fewer) than n 
linearly independent continuous solutions of (1^), while there 
may under certain conditions be as many as m + n linearly 
independent continuous solutions of (1). 


CORNELL UNIVERSITY, 
December 22, 1911. 


NOTE ON THE GRAPHICAL SOLUTIONS OF THE 
FUNDAMENTAL EQUATIONS IN THE SHORT 
METHODS OF DETERMINING ORBITS. 


BY PROFESSOR A. O. LEUBCHNER AND MR. B. A. BERNSTEIN. 


(Read before the San Francisco Section of the American Mathematical 
Society, October 28, 1911.) 


THE chief difficulty in the determination of preliminary 
orbits of new comets or asteroids arises from the fact that the 
geocentric or heliocentrie distance cf the new body enters 
into the problem as an unknown quantity. In the older 
methods the heliocentric distance often is assumed to be unity 
as a first approximation in the determination of comet orbits. 
The average heliocentric distance of the known asteroids is 
generally chosen as a first approximation for new asteroids. 
The true distances are then evaluated by laborious approxima- 
tions. 

In the short methods proposed by Professor Leuschner it is 
possible to make a direct determination of the geocentric dis- 





* E. g., for the pure linear integral equation, the equation with trans- 
posed kernel; for the system of linear algebraic equations, the system with 
trapsposed (or conjugate) matrix. 
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tance at the middle date of the three underlying observations 
to as many decimals as may seem desirable. This is accom- 
plished by a graphical solution in the determination of para- 
bolic or circular orbits and by means of a table of geocentric 
distances for general orbits. 

‚For the parabola or circle the fundamental equation is 
of the form 


SO = @- TR - RAI 


where the unknown z represents the ratio of the geocentric 
distance of the body to the geocentric distance of the sun 
and where all other quantities are known constants, 'The 
roots of the equation are given by the intersections of the 
parabola 
y = (ap) 
with the asymptotic curve 


h n 
CEPET 


The distance between the axes of symmetry of the two 
curves is c — p', reckoned from the axis of the parabola. 
The equations may be written 


h 
— 3 SE ee 
9-5» = ara 


where 3 = z— p,t=2—-0,9=y-+g” The equation of 
the asymptotic curve may also be written 


h 
t=stan®, 9 = 70080. 


In the astronomical problem only the positive real roots 
of f(z) = 0 need to be considered. There are either one 
or three positive real roots. The portions of the asymptotic 
curve near its intersections with the parabola may be con- 
veniently plotted (Fig. 1) without the aid of a trigonometrical 
table, as follows: Draw a circle with radius k/s about the 
origin 7 = 0, = 0 as center and draw the line n = s. Draw 
any vector from the origin making an angle 0 with t = 0. 
‘Through the intersection M of vector and circle draw MM’ 
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parallel to n = 0 and through the intersection N of vector 
and n = 4 draw NN’ parallel to t = 0. Then for the inter- 
section P of MM’ and NN’ we have 


h 
t=stand and = z 039 
and, therefore, P is a point on the Pn curve. 





Fia. 1. 


. This construction was independently suggested by Mr. 
B. A. Bernstein. In practice the parabola y = z^ is first 
placed in proper position (with its vertex at t = p' — e, n = q? ` 
and its axis parallel to = 0) and a point P is located on 
either side of an intersection. The values of t correspond- 
ing to the intersections may then be read off and finally 
the corresponding values of s are given by z=t-+e. 
In locating a point P it is not necessary actually to draw 
either the vector or MM’ or NN’, but P may be located by 
means of rulers held in the proper position. In ease of more 
then one solution the corresponding roots z may thus be 
obtained at one and the same time. 

In the solution of an orbit without hypothesis regarding . 
the eccentricity the equation is of the form 


(2 — 2c + 1)8(2 — m} — m? = 0. 


There may be either one or two positive real roots which 
may be taken from a table with d and 1/m as arguments 
where y = cos? c and m are known constants. The table is 
an extension of Table XIIIa of von Oppolzer, Lehrbuch der 
Bahnbestimmung, volume 1. 

In ease of three parabolic solutions, the physical solution 
is determined by identification with & general solution. The 
mathematical parabolic solutions may thus be rejected in 
the course of computation. 'The only known cases with 
three parabolic solutions are comet Cruls of 1882 and 


r 


. . . " 
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comet 1910a. Graphical solutions for these comets have 
been made by Mr. E. S. Haynes, John H. Pitman,, and Miss 
8. Levy. f 

An application of the foregoing methods of solution for 
comet 1910a has been published by Professor Leuschner in 
the Lick Observatory Bulletin, No. 197. A full account with 
the tables is being printed in the Publications of the Lick 
Observatory, volume 7. 


Mr. Bernstein gives a purely geometric solution of the 
fundamental equation that enters into the general en 
of an orbit. He proceeds as follows: 

From the equation 
(1) ($ — 2e + 1)%(3 — m} — m = 0 
it follows that ` 


uei = 

~ (G- 2e4- 1)" 

where only this positive sign before the d need be con- 
sidered. 


Making the substitution z = z — c, and Hung l1- =r. 
(since e < 1), the above becomes 


(2) z+o—-m 


8 — 


= m 
"aer 


The roots of this equation are got from the intersections of 
the curve 


1 
(8) y= (22 + sni 
with the straight line 
(4) . mu ss Lem 
If we make the substitution + = s cot 6, we get 
: æ = scoté, 
(5) * 


Ls 8, E ©; 
y = 3 sin’ 0 = 4 sin 6 — 4, sin 30 


as the parametric equations of the curve represented by (3). 
'This curve can now be constructed geometrically (Fig. 2) as 


' follows: 


Draw a line L'A parallel to the z-axis at a distance s above 
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it. With de origin O as center construct two circles having 
for radii 4/4s* and 3/45* respectively. Let 0 be any angle 
which a line OQ makes with OX, the positive direction of the 
z-axis, and let OQ meet A’A in R and the circle of radius 
3/45 in Q. Draw the angle XOT = 36, and let the terminal 





side of this angle meet the circle of radius 1/45? in T. Draw 

RM perpendicular to OX. From T and Q drop perpendiculars ' 

to RM, meeting the latter in K and L respectively. On MR 

lay of MP — KL. Then P is a point on the required curve. 
For 





z= OM = s cot 0 
and 


y = MP = KL = ML— MK = À, sin 0 — is sin 30 


We thus obtain the geometric construction of the curve 
represented by equation (3). Its intersections with the line 
given by (4) are then easily found, and hence equation (2), 
and therefore (1), are solved. 
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ON A FUNCTIONAL EQUATION. 
l BY MR. A. R. SCHWEITZER. 
(Read before the American Mathematical Society, October 28, 1911.) 


1. ABEL * in a discussion rigorized by Stäckel,f has shown 
(in effect) that if 


(1) f(z, u) =f, ») = fle, w), 

where 

(2) f(y,z) = u, f(z, z) =7, f(z, y) = v, 

then diere exists a function x, dependent upon the function f, 

such that 
i x(, vi = x(@) + xy). 
In this paper it is desired to establish the following theorem: 
If fie, w) = u,t then there exists a function x such that 


x, y)) = x(x) — x). 


Ina m this theorem is a correlative of the theorem of Abel. 

2. The method of proof of the preceding theorem resembles 
the procedure of Abel and Stäckel, lc. Differentiating the 
relation à 








(3) fo, w) =u 
with respect to y, z, x, we have 
Of dw du 
GER dw Oy dy 0; 
"Of ðv i ðu 
ðv dz + 0 02 0, 
goe, af Oo o 
ën 0x | ëm Ox u 
* Crelle’s Journal, vol. 1 (1826), 11; e M. Cantor, Zeitschrift für 
Mathematik und Physik, vol. 41 GE 
t Zeitschrift fur Mathematik u Dat T 42 (1897), p. 323; cf. 
P. Hayashi, same journal, vol. 44 (1809). p. 346 
+ This relation, with the p definitions of u, v, w, we call quasi- 


transitiveness. : Abel, Lo., basas his ussion on ins symmetry of f(z, w) 
in T, Y, Z. 


"800 * "ON A FUNCTIONAL EQUATION. [Mar., 


Therefore, on elimination of af/dv, af/aw, 
0 : ðwjðy dufay 
2 O  ðujðz|=0 
dvfax OwjOx 0 


or 


e ór ay On an” Om Oy 


The relation (4) is, of course, much more general than relation 
(8) from which it is derived, since (4) can be obtained, for 
instance, by differentiating any one of the relations* 


pr, w) =u, olw, u) =, (0, u) = v. 
Relation (4) differs, moreover, only in sign from a relation 
derived from (1) by Abel and Stäckel, and hence proceeding 
in the manner of the latter, we obtain from (4), if z = constant, 
r | ow , di Ee Zu -y’ 

(4 a, V = äer VO 
and as a solutiont of (4^), | 

f(a, y) = DE) — d), 


where Q remains to be further conditioned. Substituting i in 
(8), we get 


(5) AYRE — t) — 99(£ — 9] = 9(» — D, 
where 
y(z) = E vy) = M v(2) = f. 
On differentiating (5) with respect to y and z, and comparing 
the resulting relations, we find 
d d 
(6) Se f — 7) = ap I — p. 


Now we differentiate (6) with respect to y; then since 





* Tt may perha H WEE in passing that f(v; w) = u follows from 


i à = Abd e 
, DUAE vol 2 (1827), p. 889. See also Mansion-, 
Maler. en alge Jour, vo 2 Q Berlin (1892), pp. 34-37. 
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d d d 
5; VAE — 9) = arten d 

we have 

Le testis one 

az ap" d'H 


If ön/öy = 0, then ÿ(y) = constant, and hence f(z, y) = con- 
stant, which ive exclude; therefore 


9? 
aE iA — 0 = 0 


or 
(7) Vp) =p +e, Des bn 
where c and cı are constants. Now let 

(8). x(z) = (x) — e; 

then 


x(@p) = cp, 
and consequently, | 


: (9) x(f(a, y)) = e(x(z) — x(y)). 

The constant c can be determined by substituting in (9) in 
accordance with (3); we find c? — c = 0, that is, since f(xy) + 
constant, c= 1. Hence the theorem under 81 is verified. 
Conversely, if i 

(10) f(z, y) = xxx) — xy), 

then f(z, y) has the property (3). If f(x, y) is assigned, then 
by following Abel, l. c., volume 1, page 14, the function x can 
be determined by the formula 


um xe) = = xy. ft 


where y is to be regarded as a constant. From this deter- 
mination we deduce - 


1°. Hf f(z, y) = é(z/y), then 
log c - é(z/y) = log cx — log cy 
, and therefore, $(a/y) = c' - x/y. 
2. E fæ, y)=¢(@—y), then $(—9) = x —y 4- c", 
where c' and c" are constants. 
In the case of the equation 





dz, 


H 
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(12) fou) = w 
H ` 
a discussion similar to the above is valid. It may be observed 
that relation (12) follows from (3) and (10), as does also a 
part of relation (1), viz., 
fy, *) = f(z, w). 


3. We conclude with a few remarks concerning the nature : 
of the generalization of relation (3), which is perhaps less 
obvious than the corresponding generalization of relation ' 
(1) of Abel. Presumably the relation (3) occurs in a sequence 
of functional relations | 


FC z3), fl, zı)) = fan 23), 
FC ta, £3), fl ta, da), Flin ta, 2ı)) = f(zs Ta, 29); 
fs ta tay 24), Fiu te, te, £3), f(t, ta, ts, £3), Flin ds ts, 21)) 


E f(a, Ta, T3, 24), 
etc. This sequence leads to the sequence of linear partial 
differential equations of the first order 


dus Jär: | Aus /OT1 _ 
Wa’ (22) deii  ” 

du, [0273 KIT [àza du, [023 
Vs (2s) + Va (12) + Vs (23) a 

ðu,” ðr 4 dug [025 e dug (Bate 2 du ðt 
Wa (24) VA (23) V4 (23) V4 (21) 


etc., where 








= 0, 


fe, Ta) = Ua, Të, do, ds) = Wa, f(a, Ta, as, 4) = Uy, 
etc. The preceding equations have respectively the solutions,* 
us = Fi(Ja(2:1) — Alan), 

us = Falle) — Walta), Yala) — Yan), 

ws = Flute — yale), palai) — Al), yale) — HR), 


etc., where Fy, Fa, Fa, etc. are arbitrary functions to be 
conditioned by the original functional relations. 
CHI0AG0, ILL., 
July, 1911. 


* Mansion-Maser, Lo 
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SHOP MATHEMATICS. 


IN the December issue of the BULLETIN there Éppeared a 
criticism of Holton's Shop Mathematics by Professor Charles 
N. ‘Haskins which was in some respects so manifestly unjust 
as hardly to merit a reply. But since the criticism appears 
in a journal for which we have always had the highest regard, 
and since moreover there is an implied attack upon the ideals 
of secondary technical education, it may be well to show 
wherein this criticism falls wide of its intended mark. 

The fundamental error under which Professor Haskins 
labors is tlie assumption, entirely unwarranted, that this book 
indicates the character of the mathematical instruction in 
technical high schools. As a matter of fact it was prepared 
mainly for the use of mechanics in the shop mathematics 
classes of an evening trade school, and finds simply an inci- 
dental, though very valuable, use in the (day) Technical 
High School, which is a school of full academic training, pre- 
paring students not only for industrial work directly but also 
for further study in the highest technical schools and colleges 
in the country. To meet the admission requirements of these 
institutions it is obviously necessary to give full courses in 
mathematics. And entirely aside from the preparatory 
courses no sensible teacher would fail to recognize the value: 
of the purely mathematical element as a basis for application 
in the industries, as Professor Haskins points out at the close 
of his paper. This is not only assumed, but it is emphasized 
in all strong technical courses. The unfairness, or perhaps I 
should say the inaccuracy, of Professor Haskins's charge ap- 
pears plainly in a sentence on page 138 in which he quotes, or 
misquotes, from the introduction a sentence which as there 
printed reads, "No attempt is made in this book to teach 
mathematical theory or principles." That is true. No such 
. attempt is made in this book; for the purpose of the book does 
not require it. But Professor Haskins leaves out the phrase 
“in this book" and suggests that the author of the introduction 
was referring to the “character of the mathematical instruction 
insuch schools." Professor Haskins therefore apparently mis- 
understood not only the kind of school for which the book was 
mainly intended,—viz., a trade school—but also the use which: 
is actually made of it in the Technical High School—mistakes 
which really take away all the point in his attempt at serious 
criticism. | 
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And yet there seems to be an element of unfairness in the 
genera] spirit of the criticism which should not go unchallenged. 
Professor Haskins assumes so much ignorance of practical 
affairs on the part of the author of this book, who is really a 
very practical man, and gives such a ridiculous turn to some 
of the problems selected for criticism as to provoke amazement, 
if not laughter, at the expense of the critic himself. For 
example, note the remarks about problem 17 on the raising 
of a building by means of jack screws. Now that was a 
problem based on facts. It was involved in the moving of 
one of our large publie buildings within & stone's throw of the 
Springfield Technical High School. There were actually 
one hundred 14 inch lead jack screws used; but it is by no 
means necessary to assume that there were one hundred men 
concerned in this operation,—one stationed at each jack screw. ` 
As a matter of fact there were five men, one for each of the five 

: rows of jack screws, who operated each of the twenty jack 
screws in his row in order, giving a short turn at a time to 
each; and thus the building, which was & brick building, was 
successfully raised and moved. There is really no occasion 
for ridicule,——for comparing the force used to that exerted 
by bending the “little finger," or for comparing the bar with 
& "pen holder"; and it is inconceivable to the writer how 
anyone could find in this problem the necessary conception 
of one hundred laborers employed. And yet this ridiculous 
conception seems to have been suggested to Professor Haskins's 
mind by this by no means unusual case of lifting & brick 
building. M 

Turning now to the computations involved in this problem, 
it would hardly seem to be necessary to point out that this 
was not really given as a problem of computation that would 

„occur in actual practice. It was expressly stated at the be- 
ginning that the element of friction wasleft out. It was there- 
fore not intended to be a complete and actual problem at all. 
In fact, no contractor would need to figure out the length of 
these jack screw bars or the force required. For him and for 
most workmen such a matter is one of judgment acquired by 
experience. The problem was obviously chosen to illustrate 
the underlying operating principles of jack screws as expressed 
in ihe formula; and for this purpose there is certainly no 
harm in getting a computed result to thousandths of an inch. 
It is convenient to have such answers in order to test up the 
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accutacy of the arithmetical work of men in trade schools; for 
they need practice in computation quite as much as they need 
anything. But there is hardly one of these men who would 
not laugh: down the critic who assumes that the author, or 
even they themselves, would be so lacking in common sense 
as to consider such.a computed result as finding actual applica- 
tion in the practice of raising buildings. The interest of this 
problem for these men obviously consists in the insight it 
gives into the meaning of a certain mechanical formula. It is 
for the engineer, or for the workman who aspires to become an 
engineer, to make corrections for frietion and figure out, if 
necessary, the value of the force that could actually be applied 
with. a jack screw of known dimensions and determine the 
number required. But that is an entirely different matter. 

The same reply may be given in general to the second 
criticism upon problem 12, page 51. Here again the main 
purpose is to illustrate the combination of several formulas; 
and the calculation is carried to its full extent in order that 
the work of the several members of the class may be checked 
up for accuracy. Friction is disregarded, the effort being to 
illustrate the mathematical basis on which practical work 
depends. Practical work itself would obviously involve many 
corrections for friction and other losses and imply approximate 
results. 

Again in the criticism of the problem on spiral gears (page 
45) Professor Haskins finds in this a good example of how not 
to apply mathematical formulas in the solution of such prob- 
lems because, as he says, the method of solution given involves 
first multiplying by r and then dividing by s. Obviously 
this is unnecessary in a mathematical computation to find 
one result, —as, for example, the number of teeth. Asa matter 
of fact, however, in this problem four results have to be found, 
viz., the circular pitch, the number of teeth, the blank diam- 
eter, and the lead of the spiral, all four of which results must 
be known in order to set up the machine to cut the gears. 
This is plainly indicated in the problem as given in the book 
under criticism in the words, “Calculate the other dimensions 
of the gears.” Professor Haskins chooses to state the problem 
as one to determine the number of teeth (N) only,—a gross 
misstatement which, it would seem, could hardly have been 
made for any other purpose than to manufacture a point 
against the book. And yet we wish to be charitable. One 
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` accustomed to think along the lines of pure mathematics ‘only 
would not, of course, appreciate the real meaning of the 
mathematical layout of this problem; and it is to be presumed 
that this is Professor Haskins's real diffieulty. He deprecates 
unnecessary mathematieal work; and so do we. Short cuts 
in arithmetical computations are of course desirable if the 
workmen can be safely trusted to carry them out; but prac- 
tical teachers find that it is not wise to dwell much upon short 
cuts in the elementary stages of the work. Since most of the 
men who use this book are far from being experts in computa- 
tion, short cuts would be on the whole confusing, though of 
course when they are not confusing they are to be recom- 
mended. The kind of formalism Professor Haskins criticizes 
is not "excessive" and “pernicious” so long as it is necessary 
for a thorough understanding of the processes of computation. 


CHARLES F. WARNER. 
TECHNICAL Drog Sonoor, 
SPRINGFIELD, Mass. 


The above statements may be answered as follows: 

(1) The review is said to contain “an implied attack on the 
ideals of secondary technical education.” On the contrary 
those ideals, as stated by Dr. Woodward, were explicitly 
assumed as a standard by which the book was tested. 

(2) With reference to the quotation on page 138 it would 
appear that since the sentence in question begins “Let us 
test the book before us* by this standard, remembering that 
us* object is etc.," the significance of the passage is the same 
whether the words “in this book” be omitted from the quota- 
tion or included therein. 

(3) The reviewer hopes that the assumption that the book 
indicates the character of the instruction in secondary technical 
schools is unwarranted, but contends that a form of instruction 
which for the sake of convenience in testing the accuracy of 
the pupil's arithmetical work finds “no harm in getting a 
computed result to thousandths of an inch," when that 
result is the length of a jack-screw bar, effectually deprives 
the pupil of any real insight "into the meaning of a certain 
mathematical formula," and is pernicious formalism in that 
it does not compel the pupil to consider the significance and 
reasonableness of the numerical data and results. 





* The italics were not in the review as printed. They seemed unneces- 
Bary. e 
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. (4) The jack-screw problem is said to be “a problem based 
on facts.” Granted. Also “it was . . . notintended to bea 
complete and actual problem at all,” and it is implied that 
one would be “lacking in common sense” “to consider such 
.  & computed result as finding actual application in the practice 

' of raising buildings." Exactly. That was why it was chosen 
.for criticism. The book aims to show the pupil “what the 

shop problems are.’’* 

(5) The reviewer is accused of “ gross misstatement " of the 
problem on spiral gearing and malicious intent on his part is 
implied. The reviewer would point out that of the four 
results above mentioned, one, the lead of the spiral, is not 
even mentioned in the solution of the problem as given by the 
author of the book. The other three quantities may be 
determined by the formulas: number of teeth = N = Dp 
cos Y, blank diameter = D + 2/p, circular pitch = z/p cos Y. 
Whether any single one or all three of these quantities are 
to be found from the given data, the determination does not 
involve operations equivalent to multiplication followed by 
division by v. This is true also of the determination of the 
dimensions of the driven gear, and of the numbers of the 
milling cutters to be used, both of which are given in the book, 
though not mentioned above. The question at issue is 
not one: of "short cuts" in computation, but of comprehen- 
sion of the principles and formulas underlying the computa- 
ton. The reviewer sees no cause to retract any portion of 
his criticism of the problem. ` 


CHARLES N. HASKINS. 


SHORTER NOTICES. 


Arithmétique générale. Par Emm Dumont. Paris, A. Her- 
mann et Fils, 1911. 8vo. xvii+275 pp. 10 francs. 


Tuis volume presents a treatment of certain number fields 
and the ordinary laws of operation within these fields. The 
‘book is divided into four parts, of which the first treats of 





* Introduction, p. viii. 
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natural numbers, the second of qualified numbers (nombres 
qualifiés), the third of complex numbers, and the fourth of 
quaterniobs and ternions. The treatment is elementary and 
no attempt is made to extend the subject or to present novel 
results. The preface, which by the way is one of the most 
interesting parts of this book, characterizes it quite fully and 
justly. We quote: “The definitions and the properties of 
numbers are generally studied by the young student at quite 
different times and from different classical works. . . . In all 
this there is no unity of method or point of view. . . . I have 
therefore attempted to furnish a treatment which should be of 
use to him who has finished his preliminary studies and who 
wishes to take a retrospective view of mathematical principles 
before he launches himself into the vast fields of mathematics 
and physics." 

Mathematicians are classified as "logicians" and “ration- 
alists.” “In analysis the logicians reason on the written 
characters and in geometry they reason on words." “The 
rationalists consider mathematics as a preface to physics. 
They are constantly guided by reason based on experience." 

The author follows tbroughout what he regards as the 
program of the rationalists. In his hands the fundamental 
proposition of mathematics (axioms, primitive propositions, 
or whatever we may call them) are corollaries of physics or of 
intuitional geometry. Numbers are used to express relations 
between "magnitudes." These "magnitudes" have properties 
which we obtain from direct experience with them and these 
properties we express numerically. The general properties of ` 
numbers are determined by the service which they are required 
to render. The notion of axioms and undefined symbols 
finds no place in this treatment. There in not an unproved 
proposition in the book. All the statements which we are wont 
to regard as assumptions appear under the caption of theorems. 
'The proofs consist in references to remarks on the nature of 
magnitudes. 1 

From the point of view.of the rigorist this treatment 1s im- 
' possible. The reviewer must confess however that there is a 
certain charm about its naivété. It is refreshing to see this 
attempt to set mathematics directly and consciously into life 
and to validate its elementary propositions directly from a 
wealth of experience. "When the true function of the rigorist 
is more generally understood we shall perhaps have more patience 
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with this sort of mathematics. With the rigorist the question 
&t issue is frequently not whether the proposition which ap- 
parently is being considered is true or not, but whether it follows 
from some other proposition. That is, how much must we say 
to include by implication a certain other body of propositions. 

It seems equally legitimate to inquire what must be the 
properties of systems of numbers in order that they shall express 
conveniently and accurately the varied phenomena that daily 
impinge upon us. 

The prospective reader must judge for himself whether this 
is the sort of book he wants to read. Does he wish to study the 
modern development of the various algebras as based upon 
definite assumptions? Then this book is of no use to him. 
Does he wish to see an attempt to develop these algebras as 
corollaries of physics? Then it is probably the best book he 


could find. 
N. J. Lennes. 


Grundlagen der Geometrie. Von Dr. FRrEpRICH Sonn. Leip- 
zig, Teubner, 1909. vii + 192 pp. 

Tue Neuere Geometrie of Pasch marked the first effort to 
set up a complete set of fundamental statements for geometry 
—if we except the manifoldness development of Riemann. 
Following the appearance of that book there came & remarkable 
development of the subject that has thrown great light upon 
the logic of geometry. Schur wishes the present book to be 
considered as, in & sense, a revision of Pasch. Although the 
author expresses very strongly his indebtedness to. Pasch, in | 
only the most general way can the book be said to be such & 
revision. 

In the general trend of his development the author follows 
Peano, in that congruence is obtained from motion or from 
projective, geometry rather than directly from postulates, 
as is done by Hilbert, for example. . 

The general problem is formulated as follows: “To set up a 
simple and complete system of intüitive facts or axioms, en- 
tirely independent of one another, from which geometry can 
be derived by purely logical processes. To deserve the name 
geometry, axioms must be employed which express the results 
of the simplest and most elementary consideration of geometric 
figures, from which they are obtained by abstraction." This 
of course bars out the idea of space as a number manifold. 


310 SHORTER NOTICES [Mar., 


Although in a general way the effort is made to have the axioms 
independent, there would seem to be no effort to have each 
axiom contain but a single statement. In this respect the book 
lacks the elegance of logical form of the work of Veblen. 

In $1, the “projective postulates” are developed. The 
point and the segment (Strecke) are employed as undefined 
symbols, and the postulates concerning them in this chapter 
are sufficient to develop the ordinary connective properties 
of space and the order relations of points, and to characterize 
the space as being of exactly three dimensions. These axioms 
are equivalent to the first two groups of axioms of Hilbert. 
The line, plane, and space are formally defined in terms of 
point and segment, and the separation theorems are proved. 

In $2, after proving Desargues's theorem concerning per- 
spective 3-edges in a bundle of lines in 3-space, it is shown that 
& line and & plane not containing it, or two lines in the 
same plane, determine a set of lines having the properties 
of a bundle. If the existence of the point of intersection is 
not certain, the bundle thus obtained is said to determine an 
ideal point. Similarly ideal lines are defined by means of 
non-intersecting planes. Desargues’s theorem is then proved 
in the plane, and the complete duality of the system of actual 
and ideal points is shown. That the Desargues theorem can 
not be proved in the plane alone is shown by means of the. 
non-desarguesian geometry of Moulton. Finally an ideal plane 
is defined as the locus of lines which join an ideal point to all 
points of an ideal line not containing it, and the ideal con- 
nection properties of 3-space are then complete. Since the 
only assumption concerning the intersection of lines in a plane 
is that regarding the points of a triangle, i. e., a restricted do- 
main, the development can serve as & basis for the euclidean 
and non-euclidean geometries which differ regarding intersection 
properties of two lines in the unlimited plane. The central 
collineation and collinear reflections are then defined, and 
used for the definition of harmonic points. 

In $3, postulates are introduced to make precise the con- 
cept of motion, and on this are based definitions of absolute 
pole and polar, perpendicular lines and planes, folding, and 
rotation, and the proof of Pascal’s theorem for the degenerate 
conic. Finally congruence of segments is defined as follows: 
Two segments are called congruent, if one can be transformed 
into the other by a motion. 
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In $ 4, the fundamental theorem of projective geometry is 
proved and the algebra of segments and resulting analytic ge- 
ometry are developed. The fundamental theorem is proved 
by making use of the postulates of motion, a procedure that 

“appears less natural from the projective point of view than 
it would be to choose as a postulate either this theorem itself, 
or the theorem of Pascal. 

The projective development‘is then applied for the deriva- 
tion of the fundamental metric forms of non-euclidean geometry. 
The equations of lines are obtained, and the trigonometric 
functions sine and cosine are defined projectively. The theory 
of triangles then follows readily. The-characteristic constant 
k occurring in these formulas depends on the character of 
the absolute involution obtained on each line. Congruence 
of triangles is developed, and construction of the triangle 
from given parts. The proof of the independence of the 
parallel axiom is made by exhibiting in the classical way the 
analytic number spaces for which each hypothesis concerning 
parallels is valid. The relation of the parallel axiom to the 
angle-sum of a triangle and to motion is also discussed. In 
$ 7, plane geometry is developed without the use of 3-space, 
following the methods of Hjelmslev. In $8, the role of the 
Archimedean axiom is treated. The proof that while the 
Pascal theorem does not follow from the projective postulates 
alone, it does follow from these with the addition of the Archi- 
medean postulate, is especially interesting. 

As a whole the book is a valuable addition to the literature 
of the subject. More references to original sources would add 
much to its value. It is not free from typographical errors, 
but those noted are fairly evident from the context. 

F. W. OwzNs. 


Précis de Mécanique rationnelle. Introduction à l'Étude de la 
Physique et de la Mécanique appliquée. Par P. APPELL et 
S. DAUTREVILLE. Paris, Gauthier-Villars, 1910. 8vo. 729 
pp. 25 francs. 

To condense an enormous Traité in three volumes and over 
1,800 pages into a précis—a very significant term—of one 
volume and about 700 pages, demands a treatment which is 
more than a mere deletion of certain parts. The whole must to 
‘some extent be recast. Everyone has seen abridged treatises 
which were worthless and ‘by the side of the original quite ob- 


312 SHORTER NOTIOES. ` Dar, 


scure. the present case however ithe task has been success- 
fully done, and we have in this short course an admirable 


.' treatise on mechanics which covers a very wide range in & 


thorough manner. Asthe title indicates, the subject considered 
is rational mechanics, yet it is brought so close to applied 
mechanics that the passage from one to the other js very easy. 
Although the standpoint of the text is modern, yet it is above 
all a book for the undergraduate student. 

The object of mechanics is stated to be the solution of two 
problems: 

To find the motion of a system of bodies under the action 
of given forces; 

To find the forces that will produce a given state of motion. 
By force, it is carefully explained, is meant & purely fictitious 
cause, not a real physical cause. It is merely an abbreviation 
for the product of acceleration by mass. Mass is defined to 
be the arbitrary number that may be assigned to a material 
point, such that the inverse ratio of two such arbitrary numbers is - 
equal to the ratio of the accelerations they produce in each other. 
Thus all problems are reduced to questions of acceleration, 
that is, to questions of functions of four variables z, y, z, t 
and the derivatives of the first three as to the fourth. In the 
preface of the second edition of the third volume of the Traité, 
attention is called to a note at the end of the volume on “la 
théorie de l'action euclidienne." The object of this note is to 
reduce the whole theory of mechanics to the consideration of 
certain invariants in euclidean displacements. The note is 
not repeated in the Précis, but the spirit of it is in. evidence 
throughout. 'The development of the course, however, does 
not demand on the part of the student & familiarity with group 
theory nor even great knowledge of analysis. Some acquaint- 
ance with differential equations is necessary. Intuitive methods 
are used to some extent and particular problems are developed in 
detail usually, in order to make the use of general theorems quite 
clear. The ripe experience of the authors shows itself con- 
tinually, so that one feels that he has here a finished product of 
many years preparation. We will undertake to indicate some 
of the main features in some detail. 

There are three parts: Preliminary Notions, Statics, and Dy- 
namics. In the first we find chapters on vectors, kinematics, 
and the principles of mechanics; in the second, on equilibrium ` 
of points, of solids, of deformable systems; in the third, on , 
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dynamics of a point, moments of inertia, the seven ‚universal 
equations of motion, motion of a solid, friction, impact, virtual 
work, d'Alembert's principle and Lagrange’s equations, at- 
traction and potential, hydrostatics, and hydrodynamics. 
A selection of examination problems closes the book. The 
omissions are in general of the more elaborate problems or 
the more difficult parts of the theory. 

Although, as seems to be the more common custom in France, 
the notation of vectors is not used in this course, nevertheless 
the first chapter is devoted to a sketch of the different kinds of 
vectors and their more important theorems. Three classes are 
noted: the free vectors, the sliding (glissant) vectors, and the 
bound vectors. The terminology of these is freely used through- 
out the course. The first class include those which combine 
according to the parallelogram law, such as translations, 
velocities, accelerations, axes of couples, and like quantities. 
The second class comprise such quantities as forces acting on a 
rigid body, linear moments, moments of momentum, screws, 
etc. The third class are the localized vectors, such as a velocity 
field, acceleration field, electromagnetic field, vortex field. 
The distinction between axial and polar vectors is also explained. 
Two invariants are noted: X?-++ Y?+ Z and LX + MY 
+ NZ. The first is the square of the length of the resultant, 
the second represents the sum of the volumes of all the tetra- 
hedra made by taking the sliding vectors in pairs as the oppo- 
site edges of tetrahedra. 

The chapter on kinematics has been doubled in length over 
thatinthe Traité. This is partly from the examples introduced, 
but it is also due to the very much more detailed treatment of 
the definitions and the theorems. There is a distinct gain for 
the elementary student. The development produces the usual 
expressions for the velocity and the acceleration in various 
coordinates, discusses the motion of a solid, and the problems 
of relative motion. If one were to offer a suggestion on this 
part of the book, it would be that a brief consideration of rela- 
tivity in general might not be amiss. . 

The chapter on tbe principles of mechanics lays down the 
following as the foundation of what follows: 

1. Inertia: every material point which is supposed to be 
isolated has no acceleration. 

2. Two material points moving with any velocities produce 
in each other oppositely directed accelerations along the line 
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joining the two points. (The action may be due to electricity, 
gravity, magnetism, etc.) 

3. The ratio of the numerical values of these accelerations 
is constant, that is, the ratio is independent of the physical 
conditions of the points, or of their motion. : These ratios are 
inversely as the ratios of the masses, one mass being purely 
arbitrary. Masses are analogous to chemical equivalents. 

4. The accelerations of a point due to several points com- 
pound according to the parallelogram law. 

One might suggest that Here a brief note or paragraph could 
have been given on the definitions of mass which depend on the 
velocity, and the place of the “new mechanics” with regard 
to the “Newtonian mechanics.” Such an explanation would 
orient the student as to some of ene more recent work in me- 
chanics. 

The notion of force function and field of force are introduced 
in connection with the idea of work. The principal fields are 
mentioned: uniform field, gravity field, electric field, magnetic 
field. 

The general conditions of equilibrium are stated in the 
succinct form: That any system be in equilibrium it is necessary 
and sufficient that the forces form a system of sliding vectors 
equivalent to zero. In the discussion of the equilibrium of a 
solid body we miss the single condition given in the Traité: 
for the equilibrium of a solid body the necessary and sufficient 
condition is that the sum of the moments of all the forces with 
respect to each of the edges of any tetrahedron vanish for each 
edge. The simplicity of this vector statement can scarcely be 
improved. It is also very general, as the tetrahedron may be 
chosen to suit the investigation. The discussion of the subject 
of the chapter is more detailed than in the Traité, with an in- 
crease of clearness and simplicity. ‘The consideration of virtual 
work has been transferred to a later chapter. 

Chapter VII, opening the third part, is devoted to the 
dynamics of a point. These topics are discussed: general 
theorems, straight.motion, curvilinear motion of a heavy point 
in a vacuum and in a resisting medium, electrified particle in a 
field, motion of a point on a surface, equilibrium and relative 
motion. The text follows the Traité, the more special or com- 
plicated cases being omitted. The illustrative examples are 
carefully worked out and discussed. 

The chapters on Lagrange’s equations, d’Alembert’s prin- 
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-ciple, and canonical equation have-been placed farther on, after 
the treatment of virtual work. 

Chapter IX considers the dynamics of systems, “pénal 
theorems, and the seven universal équations of motion. These 
theorems include the conservation of the motion of the center of 
gravity of the system, of the sum of the moments of momentum, 
and of vis viva. These lead to seven general equations of 
motion, three for the center of gravity, three for the moments 
of momentum, one for the kinetic energy. The internal forces 
do not enter the first six, but are present in the last. It is 
shown that these equations remain unchanged if the coordinates 
are referred to axes moving parallel. to themselves with a 
uniform motion, or to axes moving-parallel to themselves and 
always having the center of gravity as origin. It is pointed 
out that the motion in any case is reducible to the motion of 
the center of gravity plus that of the parts of the system with 
reference to the center of gravity. Thus the question of relative 
and absolute motion enters again. The meaning of energy and 
the law of conservation of energy close the chapter. 

Chapter X takes up the motion of ‘a solid body. The dis- 
cussion is divided into the study of motion about an axis, 
motion parallel to & plane, screw motion, motion about a fixed 
point, motion about a point in/& field which is directed to the 
point, motion about a fixed point in a gravity field, and motion 
of a free solid. The particular problems worked out are the , 
composite pendulum, a homogeneous straight wire passing 
through a fixed point and sliding in a plane, a heavy plate 
sliding on a line in a plane. The Traité considers several other 
‘problems, some of which might have come in here: the Atwood 
machine, wheel rolling down an incline, double cone, the hoop, 
the top. 

Friction is considered in the following chapter. It is prac- 
tically defined as the effect of a force tangential to the surface, 
and two couples, one whose axis is the normal, and one whose 
axis is tangent. There are thus friction of sliding, of spinning, 
and of rolling. The spinning friction is omitted from the dis- 
cussion. | . 

Chapter XIII is devoted to developing the principle of virtual 
work which gives rise to what is here rather technically called 
analytic mechanies. From this principle are deduced the 
general conditions of equilibrium, and its importance is pointed 
out for that treatment of dynamics which reduces the problems 
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to problems in statics. The next chapter takes up the principle. 
of d’Alembert, which is made the sole basis of the development. 
' The principles of Gauss and of Hamilton and the principle of 
least action, are given in the Traité but omitted here. La- 
grange's equations, the distinction between holonome and non- 
holonome systems, small movements about a position of 
equilibrium, and the canonical equations are discussed. "These 
are all illustrated with examples worked out in full and with 
practical directions as to the use of the theorems. It is also 
suggested that many of the problems could as well have been 
solved by methods previously given. The next chapter com- 
pletes the treatment of an earlier one on impact. A method 
analogous to the principle of d’Alembert is used. 

In Chapter XVI we find Green’s theorem, stated in the usual 
way and also in the vector form: the integral of the flux of the 
field through: a closed surface is equal to the integral of the 
divergence of the field over the points enclosed by the surface. 
This theorem is then applied to the theory of attraction and 
potential. 

The last chapters are concerned with the equilibrium of 
fluids, and with hydrodynamics. Both Lagrange’s and Euler’s 
methods are developed, and there is a brief treatment of vortices. 

Taken as a whole, it is difficult to see how the text could be 
better. The book has a finished character, and is so practical 
83 & text that one lays it down well pleased with its form and 
contents. 

JAMES BYRNIE SHAW. 


Systèmes cinématiques. Par L. CRrELIER. Paris, Gauthier- 

Villars, 1911, 99 pp. 

Tms monograph is one of the recent numbers of the well- 
known French collection Scientia. The author confines 
himself to the solution of a number of problems in generating 
plane algebraic curves by link motions, so that the general 
title of kinematic systems for the ground covered, even 
when limited to the plane, seems not entirely’ justified. 

We should expect an introductory chapter on the general 
principles of link motions and the transformations realized 
by them. The theorems of Kempe and Koenigs concerning 
the realization of all algebraic curves and surfaces by link- 
ages should at least be mentioned. A treatment of general 
propositions like these would be of far greater importance 
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than the solution of any number of particular problems with- 
out correlation. 4 ö 

Among the list of references we miss the names of Bur- 
mester, Somoff, and in view of the subject matter treated, 
De Ross, who in the Revue Universelle des Mines published 
a series of articles on linkages, their different forms and uses. 
A translation of these articles appeared 1879 in Van Nostrand’s 
Science Series. As in Crelier's kinematic systems, the tracing 
of curves is the main object of De Ross's investigations. 
While De Ross uses Peaucellier's inversor and its modifi- 
cations as & generator, Crelier does not mention it at all. 

The first three chapters deal with the curves which are 
produced by points and lines in connection with the motion 
of & right angle subject to certain conditions. In the next 
chapter conchoidal circular systems and curves are studied. 
The displacement of the extremities: of a straight line of 
constant length along two rectangular lines, and on & straight 
line and a circle are the subjects of the concluding two 
chapters. 

À number of new curves are obtained from the various 
motions. The treatment is throughout clear and simple and 
does not require more than the elements of plane analytic 
geometry and calculus. In some parts the typography is 
poor and a number of figures lack precision and neatness 
of execution., : 

ARNOLD Emcx. 


| NOTES. 

AT the meeting of the London mathematical Society held 
on January 11 the following papers‘ were read: By W. H. 
- Young, “ Successions of integrals and Fourier series”; by 
G. H. Hardy and J. E. Littlewood, “ A new condition for the 


truth of the converse of Abel's theorem”; by A. Cunningham, 
“On Mersenne's numbers.” 


Ar the meeting of the Edinburgh mathematical society on 
February 8 the following papers were read: By Professor Gold- 
ziher, “On graphical integration”; by Dr. Muirhead, “A 
mechanism for solving equations of the nth degree"; by G. 
Philip, “The geometry of the general pedal curve ”; by W. 
, Gentle, " An extension of the remainder theorem". 


) 
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Among the prizes to be awarded by the Paris academy of 
sciences in 1913, the following are for achievements in pure 
and applied mathematics: The Francoeur prize (1000 fr.) 
for discoveries or works useful to the progress of pure or: 
applied mathematics; the Bordin prize (3000 fr.) for im- 
proving in some important point the arithmetic theory of 
non-quadratic forms; the Poncelet prize (2000 fr.) for work in 
applied mathematics; the Lalande prize (540 fr.) in theoretical 
astronomy; the Pontécoulant prize (700 fr.) in theoretical 
astronomy; the Saintour prize (3000 fr.) for the most meri- 
torious memoir in mathematics; the Petit d'Ormay prize 
(10000 fr.) in pure and applied mathematics; the Pierson- 
Perrin prize (5000 fr.) in mechanies and physics; the Wilde 


. prizes (oné of 4000 fr., one of 2000 fr.) for the most important 


contributions to science made during the two years im- 
mediately preceding the time the awards are made. The 
competition for all these prizes is unrestricted. 

The academy has awarded the Saintour prize (3000 fr.) for 
1911 to Professor J. Draca, of the University of Toulouse, 
for his memoir on “Groups of rationality of differential 
equations." 


Tue international commission on the teaching of mathe- 
maties announces the following programme for its next 
session, in connection with the fifth congress of mathematicians 
at Cambridge: At the general session the president, Professor 
F. KLEI, will give a summary of the results already reached, 
and formally request that the commission be continued until 
the next congress in 1916: The commission will then hold 
three sessions in affiliation with section IV of the congress. 
At the first the reports of the chairmen of the national sub- 
commissions will be received; at the second, the report of 
committee À of the Milan meeting will be discussed, and at 
the third, the report of committee B. (See BULLETIN, 
volume 18, page 36.) Thus far, forty-nine monographs have 
been published by the various sub-committees, and a number 
of others will appear during the next few weeks. 


Te report of the national committee of fifteen on a geom- 
etry syllabus, which has been under consideration for nearly 
three years, has finally been published in a pamphlet of 70 
pages and is réady for distribution to teachers of geometry, 
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and all others interested. This report was prepared under the 
joint auspices of the American Federation of Teachers of the 
Mathematical and Natural Sciences and the National Edu-. 
cation Association. It includes a historical introduction and 
sections on axioms and definitions, on exercises and problems, 
and the syllabus itself including both plane and solid geometry. 
It is the hope of the committee that this report may be of 
great service to all teachers of geometry, and to this end that 
it may have a wide distribution among all interested. Copies 
may be secured gratis upon application to the Commissioner 
of Education, Department of the Interior, Washington, D. C. 


T& firm of Eimer and Amend, 205-211 Third Avenue, 
New York City, have just issued an Illustrierter Spezialkatalog 
mathematischer Modelle und Apparate fiir den Unterricht 
in der Planimetrie, Stereometrie, Trigonometrie und ver- 
wandten Fächern, entworfen von G. Koepp und anderen 
` bewährten Fachmünnern. The catalogue contains besides 
an index, 128 pages of descriptions and prices of several 
hundred models, largely for instruction in the secondary 
` schools, and 324 illustrations. 


Mr. W. M. Courses, fellow of Queen's College, Cambridge, 
died at Cambridge January 16, at the age of 54 years. Mr. 
Coates had the reputation of being the most successful 
mathematical coach since the time of the late Dr. E. J. Routh, 
under whom he won the third wranglership in 1883. 


RECENT catalogues of new and second-hand books:—G. J. 
Göschen’sche Verlagshandlung, Marienstrasse 18, Leipzig, 
publieations of this firm in mathematies and allied sciences, 
1907-1911.—A. Hermann et Fils, 6 rue de la Sorbonne, Paris, 
300 titles in mathematics and exact sciences.—E. Beyer, Schot- . 
tengasse 7, Vienna, catalogue 61, 1296 titles in mathematics, 
astronomy and meteorology.—G. Fock, Schlossgasse 7-9, Leip- 
zig, catalogue 301, 3500 titles in mathematics and physics, also 
catalogue 407, 4000 titles in mathematics, physics and astron- 
omy.—J. Schweitzer, Lenbachplatz 1, Munich, catalogue 54, 
2300 titles in insurance. 
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. NEW PUBLICATIONS. ` 


1 I HIGHER MATHEMATICS. 


p’Arcaıs (F.). Analisi infinitesimale. 3a edizione. Volume 1. Fa- 
gcicolo 1. Padova, 1911. 8vo. 448 pp. L. 12.00 


` Bacumann (P). See Kum (F.). 


Baum (K. T.). Der Kreis und seine Quadrate, die arithmetische Wage, 
x = 9.125 oder 3% und die Quadratur des Kreises. Saarbrücken, 
1911. 8vo. M. 1.20 


Bömm (K.). Axiome der Arithmetik. Heidelberg, 1011. Sen, 11 pp. 
„Branar (M.). Bee Kim (F.). 


BÜCHER, Neue, über Naturwissenschaften und Mathematik. (Die Neuig- 
keiten des deutschen Buchhandels, nach Wi ri eer eordnet.) 
'- Mitgeteilt Herbst 1911. Leipzig, Hinrichs, 1911. 68 


P 
M. 0.30 
Cam (W.). A brief course in the calculus. 3rd edition, revised. New 
York, Van Nostrand. 8vo. 11-4281 pp. $1.75 


Corrm (J. G.). Vector analysis. An introduction to vector-methods 
and their various applications to physics and mathematics. 2nd 
edition. New York, Wiley, 1011. 12mo. 224-262 pp. Cloth. $2.50 


Coman (A). An introduction to the Lie theory of one parameter groups. 
New York, Heath, 1911. 12mo. 247 pp. $2.00 


Der (U.. Sugli sviluppi in serie per la rappreaentazione analitica delle 
funzioni di una variabile reale date arbitrariamente in un certo inter- 
* vallo. Pisa, 1911. 8vo. 480 pp. L. 12.00 


Dixon (A. C.). On the series of Sturm and Liouville, as derived from a 
` pair of fundamental integral equations instead of a differential equa- 


tion. London, Dulau, 1912. 4to. 22 pp. 1s. 
Eaororr (C.). Le théorème de Fermat. St. Petersburg, 1911. 8vo. 
18 pp. M. 3.00 


Eerengerg (H.). Kants mathematische Grundsátze der reinen Natur- 
. wissenschaften. Heidelberg, 1910. &vo. 60 pp. 


Faanano (G. C). Opere Matematiche. Milano, 1911. 8vo. L. 45.00 

GAMBIER a Lé mathematicien Frangois Viéte. Généalogie de sa 
famille Rochelle, 1911. 8vo. 31 pp. 

HamsusBSLER (J. W.). Allgemeiner Beweis des Fermatschen Satzes. Berli 
Krayn, 1912. 8vo. 20 pp. M. 0. 


HxurmzLBERG (P.). m einer Beweis des Fermatschen Satzes. 3te 
Auflage. Co lens, ben, 1911. 8vo. 8 pp. M. 0.60 

HzrrrER (L.). Über eine vierdimensionale Welt. Freiburg, Ex Rn 

/-Horsr (E.. See MATEMATIKKEN. m: 

Runnen (D.). Beweis für den Fermatschen Satz. Berlin, Mayer CH 
Muller, 1911. 8vo. 17 pp. 

KATALOG mathematischer Modelle für den höheren mathematischen bM 
richt. Leipzig, Schilling, 1911. 8vo. 144-172 pp. M. 1.20 


.1912.] , NEW PUBLIOATIONS. 321 


Key (Lord). Mathematical and physical papers. Vol. 6. London, 
Cambridge University Press, 1912. 8vo. 386 pp. so 10s. 


Kreperr AD Grundriss der Differential- und In -Rechnung. 
2 Teile. 1: Differential-Rechnung. Hannover, Helwing, 1912. 
8vo. 20-4863 pp. . M. 13.50 


———. Grundriss der Differential- ùnd Integral-Rechnung. 2 Teile. 
2: Integral-Rechnung. Hannover, Helwing, 1012. '8vo. EE 
pp. b . 18. 


Kum (F.). und BRENDEL (M.). Materialen, für eine wissenschaftliche 
Biographie von Gauss. Heft 1: Über Gauss' sahlentheoretische Ar- 
beiten (von P. Bachman). Leipzig, Teubner, 1911. 8vo. S OE 


Koon (W.). Beiträge zur affinen Geometrie der Flächen zweiten Grades. 
Kiel, 1910. Geo, 54 pp. 


Krauss (M). Thebrie der elliptischen Funktionen. Leipzig, 1912. 
8vo. 6-186 pp. M. 3.60 


Lavy (P.. Sur les tions intégro-différentielles définissant des fonc- 
tions de lignes. (Thèse.) Paris, Gauthier-Villars, 1911. 4to. 121 
pp. | 

Lierzuann (W.). Der pythagoreische Lehrsatz, mit einem Ausblick auf 
das Fermatsche Problem. Leipzig, Teubner, 1911. 72pp. M. 0.80 

LórrnzR (E.). Die Ziffern und Ziffernsysteme der Kulturvolker in alter 
und neuer Zeit. Leipzig, Teubner, 1911. 84 pp. M. 0.80 


(G.). Eléments de calcul infinitésimal. Paris, Challamel, 
1912. Geo, 8+292 pp. 


MasunxEWwrrz (J.) Über die Grenzen der Lösbarkeit der Gleichung 
2^ + y^ = z^ in ganzen Zahlen. ` (Grosser Fermatscher Bats.) CAS 
1911. 8vo. 4pp. M. 0.50, 


MATEMATIKKEN og Naturvidenska ved det K. Fredriks Universitet, 
1811-1911. k ae F ift. Matematikken. av E. Holst, 


Kristiania, 1911. 4to. 151 pp. a M. 6.50 
Mına (W. Di Projective geometry. New York, Macmillan, 1011. 
12mo. 154-148 pp. $0.75 


NrswENGLOwSKI (B.) Cours de géométrie analytique. Tome 2: Con- 
struction des courbes planes. Complémenta rdatifs aux coniques. 
Courbes définies par les équations différentielles: Ze édition. Paris, 
Gauthier-Villars, 1912. Svo. 4+328 pp. Fr. 9.00 

PaorsrT: (G.). Applicazioni della teoria di Lie Fu gruppi continui di 

ormazioni. alla risoluzione delle equaxioni differenziali. Rocca 
B. Casciano, 1911. 8vo. 64 pp. L. 2.25 


Pozyna (J.). Über 8 e von Kurven mit der Gruppe pseudolinearer 
Substitutionen. (Polish.) Krakau, 1911. 8vo. 4 pp. 


SCHUBERT (H.). Niedere Analysis. (Sammlung Schubert. Band 45.) 2ter 
Teil: Funktionen, Reihen Gleichungen. 2te durchgesehene Auflage. 
Leipzig Göschen, 1911. Bvo. 5+215 pp. Cloth. M. 3.80 


' BrEBZzINGER (O.). Zur Logik und Naturphilosophie der Wahrscheinlich- 
keitalehre. Leipzig, 1011. 8vo, M. 4.60 
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Srorrans (E.). Cours de mathématiques supérieures à l’ des candi- 
dats à b licence ès sciences physiques. ier tome: Compléments 
d’algèbre élémentaire. Dérivées. Equations. Géométrie analytique. 
Différentielles et intégrales. Paris, Gauthier-Villars, 1911. 8vo. 
64-398 pp. Fr. 10.00 


Sum (A.). Delle definizioni di rette e di piano quale vere basi della 
geometria: studio di filosofia matematica, a complemento dell'altro 
contenuto nell'opuscolo dal titolo: La confutazione della geometria 
non euclidea e Ja teoria naturale delle parallele. Piacenza, Forta, 
1011. 8vo. 18 pp. | L. 1. 


Tormère (E.) Sur les congruences de normales qui appartiennent a 
un complexe donné. (Thése.) Toulouse, Privat, 1911. 4to. 88 pp. 


Wirrermwer (H.). Geschichte der Mathematik. (Sammlung Schubert. 
- Band 63.) 2ter Teil: Von Cartesius bis zur Wende des 18ten Jahr- 
hunderts. lte Hälfte: Arithmetik, Algebra, Analysis. Bearbeitet 
unter Benutzung des Nachlasses von A. v. Braunmuhl. Leipzig 
Göschen, 1911. 8vo. 8-H251 pp. Cloth. M. 6.50 


I. ELEMENTARY MATHEMATICS. 


ApnLER (A) und MÜLLER (E.. Berichte über den mathematischen 
Unterricht in Österreich. Band 9. iter Teil: Der Unterricht in 
der daïstellenden Geometrie an den Realschulen und Realgymnasien 
(von A. Adler). 2ter Teil: Der Unterricht in der darstellenden Geo- 
metrie an den technischen Hochschulen (von E. Müller). Wien, 
Hölder, 1911. 8vo. 124pp. M. 2.40 


Bouvarr (C.) et Rattner (A.). Règles et formules usuelles servant de 
supplément aux tables de 1 thmes, contenant: 1, une liste des 
nombres premiers et des nombres n'ayant pas de diviseur moindre 

e 13; 2, les racines carrées des nombres de 1.0 à 9.9 et de 10 à 100; 

, læ longeure des aros et des lignes trigonométriques dans les deux 
systèmes de division; 4, les règles et les formules usuelles des cours de 
mathématiques et de physique; 5, des tableaux relatifs aux poids 
atomiques, aux densités et aux températures de fusion et d’ébullition. 
3e édition, revue. Paris, Hachette, 1912. 8vo. 47 pp. Fr. 0.60 

BRANDENBERGER (K.). Der mathematische Unterricht an den schweizer- 
ischen Gymnasien und Realschulen. Der mathematische Unterricht 
in der Schweiz. Band 4. Basel, Georg, 1011. 8vo. 107 PP: E 


Cum (M). Lezioni di algebra elementare. Seconda edizione del I 
volume delle Lezioni di algebra, ad uso dei licei. Livorno, RT 
1912. 8yo. 84-171 pp. L. 1. 

Dietsch. See SImvERT. 


FunvAL (H.). Eléments de trigonométrie, rédigés conformément aux 
programmes de l'enseignement secondaire et de l'enseignement pri- 
maire supérieur. 2e édition, revue et corrigée. Paris, Hachette; 
1911. 16mo. 684 pp. Fr. 5. 

F. G. M. Exercices d’algèbre. 7e édition. Paris, Gigord, 1012. 8vo. 
2440556 pp. ` 


Furwx (F. G.). See Harz (A. G.). 
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GAJDEOEKA DE Lehrbuch der Geometrie für die oberen Klassen der 
Mittelschulen. 2te Auflage. Nach den Lehrplänen. von 1909 
umgearbeitet von E. Kaller., Wien, Deuticke, 1911. Svo. 54-207 
pp. Cloth. M. 3.60 


——. Übungsbuch zur Geometrie für die oberen Klassen der Mittel- 
schulen. 4te Auflage. Nach den Lehrplänen von 1909 umgearbeitet 
von E. Kaller. Wien, Deuticke, 1911. 8vo. 5--225 pp. pr, 

GARNERI (A). Corso elementare di disegno geometrico. Parte I: 
Problemi gas eometrici e ornamentazione geometrica. 24a 
edizione. Torino, Paravia, 1911. 16mo. 64-184 pp. L. 2.00 
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The following papers were read at this meeting: 

(1) Mr. S. A. Jorre: “Sums of like powers of natural 
numbers.” 

(2) Professor G. A. Mixer: “Second note on the groups 
generated by operators transforming each other into their 
inverses.’ 

(8) Dr. S. Lerscherz: “On remarkable points of curves." 

(4) Dr. S. E. Unsen: “Certain singularities of point trans- 
formations in space of three dimensions." 

(5) Professor A. B. Coste: “The characteristic theory of 
the odd and even theta functions as related to finite geometry." 

(6) Dr. H. H. Mrrcngnr.: “Some quaternary groups with 
particular prime moduli." 

(7) Dr. J. E. Rowz: “The undulation and cusp invariants 
of the R*.” - 

(8) Professor W. F. Oscoop: “A necessary and sufficient 
condition that a single-valued function in a projective space 
be rational.” i 

(9) Dr. Dunnam JACKSON: “On the convergence of the 
development of & continuous function according to Legendre's 
polynomials." 

(10) Mr. K. P. Wirrrams: “The solutions of non-homogene- 
ous linear difference equations and their asymptotic forms." 

(11) Dr. E. J. Mizzs: “Note on the isoperimetric problem 
with discontinuous integrand.” 

(12) Dr. Dunnam Jackson: "On approximation by trigo- 
nometric sums and polynomials.” 

(13) Dr. J. E. Hopason: “Orthocentric properties of the 
plane directed n-line." 

Mr. Williams was introduced by Professor Birkhoff. Dr. 
Hodgson's paper was communicated to the Society by Pro-- 
fessor Morley. In the absence of the authors the papers of 
Professor Miller, Dr. Lefschetz, Dr. Urner, and Dr. Hodgson 
were read by title. Abstracts of the papers follow below. The | 
abstracts are numbered to correspond to the titles in the list 
above. 


1. By the use of the identity 


2a (ets + eto Eves eine) = amis , — 27 zm 


erer ]1l—gt 





Mr. Joffe expresses the sum of the odd, (2k — 1)th (even, 
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2kth) powers of the first n positive integers as an integral 
function of 2n + 1 (even, of order 2k; odd, of order 2k + 1). 
Noticing then that any even function of 2n + 1 is an 
integral function of n?+ n, he establishes the following 
theorem: The sum of the odd (2k — 1)th powers of the natural 
numbers 1, 2, ---, n is an integral function (of order k) of 
n?+ n, with fractional coefficients. For the sum of even 
powers there is established a similar theorem, but in this case 
the integral function of n? + n is multiplied by 2n + 1. The 
general form of the coefficients in both these cases is rather 
complicated; a few of the initial and terminal coefficients are 
simplified and are expressed in terms of Bernoullian numbers. 
Tables are appended giving the numerical values of the co- 
efficients for all the functions corresponding to the first twenty- 
five powers. 


2. Professor Schur recently called attention to several errors 
in a brief note by Professor Miller entitled “Groups gener- 
ated by operators which transform each other into their 
inverses," [cf. Jahrbuch über die Fortschritte der Mathematik, 
volume 40 (1911), page 189]. In the present note Professor 
Miller develops the theory of these groups much more com- 
pletely and observes that the true theorems relating to the 
points in question are even more general than the false ones 
which they aim to replace. Among these are the following: 
There is one and only one group of order 2", n > 2, which 
can be generated by a set of m operators such that each of 
them transforms each of the m — 1 remaining ones into its. 
inverse and that no two of them are commutative. When 
n = 3 this is the quaternion group, and when n = 4 it is the 
Hamiltonian group of order 16, but it is not Hamiltonian for 
any larger value of n. It contains two and only two invari- 
ant operators when n is odd, and when m is even it involves 
exactly four such operators. "These constitute the cyclic group 
of order 4 when n is of the form 44 + 2 and only then. 

All the operators of this group of order 2" have orders which 
divide 4, and all these operators of order 4 have & common 
square. This square generates the commutator subgroup. 
When nis of the form 4k + 2 exactly half of the operators of the 
group are of order 4, since the product of an invariant operator 
of order 4 and an operator of order 2 or 4 is of order 4 or 2 
respectively in the group under consideration. The number of 
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the operators of order 2 for the other values of n can be readily 
stated in terms of general formulas. 


3. Dr.Lefschetz's paper is an attempt to precise some notions 
relative to remarkable points of curves. Given a plane curve 
the arc of which is everywhere analytic, and a discrete ag- 
gregate of points and lines, curves of a given order m through 
A of the points and tangent to x of the lines will in general 
have a contact of order at most k with the curve at an arbi- 
trary point. For certain points however the contact will 
be of order # + 1, and these are defined as remarkable points. 
This definition is also extended to points of contact of multiply 
tangent curves, and to the similar points obtained by consid- 
eration of the reciprocal polar of the system with respect to 
any conie. It is then shown that, when m, ^, u vary, the 
points defined belong to a discrete aggregate on the curve, 
and that the aggregate of lines of the plane that meet the curve 
in none of the remarkable points has the power of the 
continuum. 


4. Dr. Urner discusses the behavior of a point transfor- 
mation at a point where its Jacobian vanishes, attention being 
given chiefly to the transformation of contact of curves and 
surfaces. ‘The notion of order of singularity is developed, and 
criteria are given for its determination. 


5. A glance at the formulas for the integer transformation 
of the periods of the odd and even theta functions of p vari- 
ables shows that the period and theta characteristics are trans- 
formed linearly and homogeneously under a collineation group 
in the finite domain S:,1, mod 2, which has an invariant 
null system. The transformations of the period character- 
istics contain the coefficients of the integer transformation 
linearly, i. e., they are transformed like the points (or their 
null Ba sai of the Sep1. The transformations on the theta 
^ characteristics contain the coefficients to the second degree 
but not homogeneously. Since cë = c, mod 2, homogeneity 
can be effected and the theta characteristics are then trans- 
formed like’ a system of 2? quadries in Das 1 —pre- 
cisely those quadries whose polar systems coincide with 
the given null system. The even and odd characteristics cor- 
respond to quadrics of different type, containing respectively 
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.2»1(29-F1)—1 or 27(2?—1)—1 points. The object of 
Professor Coble's paper is to show that the entire theory of 
the dependence of these characteristics can be regarded as 
an image of the finite geometry and can be established with 
great facility from this point of view. 


6. In a study of the finite quaternary linear groups with 
ordinary coefficients, some particular quaternary modular 
groups were noticed by Dr. Mitchell. A group of order 40,320 
with the coefficients of the transformations in the GEO 
was found to exist. This was shown to have a self-conjugate 
subgroup of order 20,160, holoedrically isomorphic with the 
ternary simple group consisting of all transformations with 
coefficients in the GF(2?) and determinant unity. 

À group holoedrically isomorphic with the symmetric group 
on seven letters and with the coefficients of the transformations 
in the GF(7) was also found to exist. 


7. It is known that the invariants of the R” are expressible 
in terms of the three-rowed determinants of the matrix of 
coefficients of the three n-ics in the parametric equations of 
the R”. Dr. Rowe's paper consists of a formal statement of a 
method by means of which the undulation condition can be 
expressed as a determinant of order 4(n — 3) and the cusp 
invariant as one of order 2(n — 1), the constituents of these 
determinants being the three-rowed determinants mentioned 
above. An especially interesting feature is the relation which 
exists between the cusp and undulation conditions of the R5 
in the plane and the analogues of these two singularities of the 
R*+ in space of k dimensions. 


8. Professor Osgood shows that a single-valued function of 
n complex variables, homogeneous and of dimension 0, which 
is analytic at every finite point of the space of these variables 
distinct from the point (0, 0, - - -), or has at most an unessential 
singularity, is a rational function of these variables. 


9. Following investigations of Lebesgue on the subject of 
Fourier's series (Bulletin de la Société Mathématique de France, 
1910), Dr. Jackson's paper is devoted to the study of the 
order of the approximation to & continuous function given 
by the partial sum, to terms of the nth degree of the expansion 
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of the function in series of Legendre's polynomials. It is 
found that, if f(x) is a function such that the difference between 
two of its values does not exceed «(5) when the difference of 
the corresponding values of the argument does not exceed 6, 
where w(6) is any function which approaches zero with 6 
and satisfies one or two other restrictions, then the error of 
the approximation referred to, in the interior of the interval 
(— 1, 1), does not exceed in magnitude & quantity of the 
order of e(l/n)log n. In particular, if w(5) = constant X 6 
(Lipschitz condition), the upper limit for the error so obtained 
is of the order of log n/n; and if lim e(8)log 8 = 0 
(Lipschitz-Dini eondition), this upper limit approaches zero 
when n = œ, that is, the series converges. An analogous 
result is obtained when it is assumed that f(x) has a (k — 1)th 
derivative satisfying a Lipschitz condition, the corresponding 
upper limit being of the order of log n/n*. 

It is further demonstrated by an example that the hypothesis 
made in the first theorem is not sufficient in itself to ensure 
any more rapid rate of convergence than that which was 
actually shown to be attained, so that the theorem may to 
this extent be regarded as satisfactory. 


10. In this paper Mr. Williams considers the system of 
non-homogeneous linear difference equations 


wet D = Dayle) gla) th) Go L2, 


where the functions a,,(x) and bf) are such that 





(l (2) 
as) = (+ St.) 


x 
bP p 
be) ee (hr EAT) 


(a, 3 = 1,2, ttg |e |> Ki, 


By a direct use of the well known sum formula, obtained by 
the method of variation of “ constants,” which has previously 
been regarded as purely formal, it is shown that in general 
there exist two simple solutions oui), ga(æ), +++, Inıl®) 
and g12(2), gas), +++, gan (2). 

The first solution is analytic throughout the finite plane, 
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save for possible singularities at the singularities of the func- 
tions a, (c), b,(x), and the zeros of the determinant" | &;;(x) |, 
and points any number of units to the left of these points; 
the second solution is analytic except at points any number 
of units to the right of the singularities of a,,(x), b,(z). These 
two solutions are shown to be asymptotic, in the right and left 
half planes respectively, to the series formally satisfying the 
given system; and one of them maintains its asymptotic form 
in the remaining half plane at a sufficient distance from the 
axis of reals. 

The method employed to make the sum formula yield these 
solutions is to replace the sums in one case by an infinite 
series, and in the other by an appropriate contour integral. 

Like results are derived for a single non-homogeneous linear 
difference equation of the nth order, reducible to such a system. 


11. In dealing with the isoperimetrie problem of the calculus 
of variations, where one is asked to find and discuss the prop- 
erties of curves 


D: =e, y — v (t) 


which minimize the integral 
J = f FG, y, à’, aldi 
subject to the condition 
K = Tote y, zl, yd = L, 


it is customary to assume that the functions F and G are 
continuous in their four arguments. In Dr. Miles's note some 
properties of the minimizing curve D are given when the 
functions F and G are allowed to have a finite discontinuity 
as the point (x, y) passes through a given curve M. 


12. In his thesis (Göttingen, 1911) Dr. Jackson has proved 
the following theorem: If f(x) is a function which possesses a 
derivative of order k — 1 satisfying & Lipschitz condition 
throughout a closed interval, then f(x) may be approximately 
represented in the interval by a polynomial of degree n or 
lower, with & maximum error not exceeding K/n*, where k 
is independent of n. The most interesting special case is 
that in which k = 1 and f(x) itself satisfies a Lipschitz con- 
dition. On the assumption that f(x) has the period 2r and 
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satisfies the conditions stated above for all values of a, it 
was shown that a precisely analogous theorem holds for the 
approximation of f(x) by a trigonometric sum of order n or 
lower, this result being obtainable as & consequence of the 
preceding. It is now shown that decided simplification in 
the proof of both theorems may be effected by proving the 
second directly (this had been done only for k = 1) and 
deducing the first from it. 

This method has the further advantage that the numerical 
constants involved can be computéd more conveniently. 
For example, if f(x) satisfies the condition 


| f(a) — Tell s [re — ai | 


in the closed interval (0, 1), it can be approximately represented 
in this interval by & polynomial of degree n or lower, with an 
error which never exceeds 3/n, for all positive integral values 
of n. 'The same line of investigation leads to results in the 
theory of Fourier’s series. 


13. There is a theorem that the parpendiculars let fall from 
the incenters of three out of four linss of given direction upon 
the remaining line touch a circle. In Dr. Hodgson's paper a 
circle is obtained for any even number of lines, beginning with 
four. If we take this circle for any 2n out of 2n + 1 lines, 
the 2n + 1 circles touch a line. The question of the reversal 
of direction of one or more of 2n lines is then taken up, and 
this is followed by the consideration of the configuration of 
circles arising from four, five, and six lines. 

F. N. Cors, 
Secretary. 





ON THE FOUNDATIONS OF THE THEORY OF LINEAR 
INTEGRAL EQUATIONS.* 


BY PROFESSOR E. H. MOORS. 


1. The Analogous Systems of Linear Equations. 
Tue theory of linear integral equations, mathematically 
considered, has its taproot in the classical analogies between 


* Address of the Vice-President and Chaïrman of Section A of the Amer- 
isai Associstion for the Advancement of Science, Washington, December 
29, 1911. 
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an algebraic sum, the sum of an infinite series, and a definite 


integral. d 
Consider the linear algebraic equation 
T) z= ky 


for the number y, the coefficient k and the number x being 
given. From this single equation I? we ascend to the algebraic 
system ' 


(1145) Ti = SS Toys (à = 1, 2, tee, n) 
geal 


of n simultaneous linear equations for the determination of 
the set (yj of n numbers yi, --:, Yn, the matrix (ky) of n° 
coefficients ku, +++, knn and the set (x) of m numbers 
Z1, 77, tn being given. 

To this algebraic system (IL,?) we have by the classic 
analogy the two corresponding transcendental systems 


(T) T, = 2 bas (à = 1, 2, a WP 
av) £9) = f e on TIO 


In IIT? the infinite set (y,) is to be found, the infinite set (x;) 
and the infinite matrix (k,,) of coefficients being given; the 
suffixes 7, j have the range 1, 2, ---. In IV? the unknown 
function n and the known funcion £ are functions of one 
variable ranging over the interval a-b of the real number 
system, while the known coefficient function or, in Hilbert’s 
terminology, kernel x is a function of two variables ranging 
independently over that interval. It is plain that the theories 
of III IV? must involve convergence considerations. 
Throughout, the numbers and the functional values of the 
functions are real or complex numbers. 

You are aware that the study of the algebraic system II,°, 
initiated before 1678 by the genial intuition of the philosopher- 
mathematician Leibniz, led to the development of the theory 
of determinants—a theory which in the nineteenth century 
came to permeate all branches of number theory, algebra, 
analytic geometry, and pure and applied analysis, exerting 
everywhere a profound influence not merely by its usefulness 
but perhaps even more by the extreme elegance of its methods 
and results. 
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The theory of infinite determinants connected with the 
denumerzbly infinite system III°, or more exactly with the 
equivalent system in which the indices 7, j have the integral 
values from — oo to + oo, was initiated by G. W. Hill, who 
in 1877 made hardy but happily effective use of the deter- 
minant of a system of the latter type in his solution of a 
differential equation arising in his memorable study of the 
motion of the lunar perigee. To supply the requisite con- 
vergence proofs, Henri Poincaré in 1886 laid the foundations 
of the general theory of infinite determinants, which has since 
been developed chiefly by Helge von Koch. 

. We are led to an analogous determinant, not from the con- 
tinuously infinite system IV? of linear equations, but from the 
System ` 


qv) He) = 9) — ia On (Ss < 


Here z is a given number, real or complex, and we consider 


the regular case, in which the functions involved are con- - 


tinuous real or complex valued functions of their arguments. 
The corresponding systems : 


(I) z = y — zky, 

(I) | g ti Yi — z D ky; (à = 1, 2, rg n), 
sl 

(IIT) T, = yi— z 2 bas ` (= 1, 2, +++) 


are respectively equivalent to the systems I^, II,°, UI, 

The types IV, IV° are however essentially distinct. For 
instance, if we look at IV and IV? as transformations of the 
functions n into the functions £, the type IV contains (in 
the case of vanishing parameter s or identically vanishing 
coefficient function or kernel x) the identical transformation 
.£ = s, while the type IV? does not contain this transformation. 

The solution n of the system or integral equation IV may be 
éxpanded formally as a power series in the parameter 2, viz., 


v6) = £9) + s | «(v pot Godps 
+ aff «(D, p)x(py pa) £(ps)dpidps + ---. 
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This power series converges near z = 0 uniformly in p, and 
accordingly for z sufficiently small has as sum a continuous 
function n which is readily proved to be a solution of IV. 

Impelled by the fact that integral equations of type IV 
occur very frequently in the linear problems of mathematical 
physics, in the late nineties of the last century the Swedish 
mathematical physicist Ivar Fredholm undertook the study 
of the analytic character of the solution n as a function of the 
parameter z. After earlier notes on the subject, Fredholm 
published his fundamental memoir in 1903 in volume 27 
of the Acta Mathematica, in one of the two volumes of the Acta 
dedicated to the memory of Abel on the occasion of the cen- 
tenary of his birth. And this was the more fitting since Abel 
first studied special integral equations of the type IV°. Ac- 
cordingly Fredholm calls the equation IV° Abel’s integral equa- 
tion. Mathematicians generally call the equation IV Fred- 
holm's integral equation. With Hilbert one also designates 
the equations IV°, IV as integral equations of the first and 
second kind. - ` 

Fredholm found that the function 7 is a single-valued 
analytic function of the parameter z, having at most polar 
singularities in the finite z-plane, and he exhibited it explicitly 
as the quotient of two permanently converging power series ' 
inz. The denominator series with coefficients depending only 
on the kernel «, vi 


viZ., 
= n 2 i x(pi, pı) «(Pu po 
1 z | Di sei S [rer a 


is Fredholm’s determinant of the kernel x with parameter z. 
In case z is not a root of this determinant, for every function £ 
there is a definite solution a of the equation IV, and the same 
is true as to the adjoint equation 


dV £0 =n —« f nel, Dé (0 StS 9. 


On the other hand, if z is & root of the determinant, it is of 
finite multiplicity m, and each of the corresponding homoge- 
neous equations 


AV) na) =a fre bd ` (@ $9 SB, 


dpidps + DEE 








dV) 10 =: OO  ası=h 
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has a solution a not identically vanishing, the number n of 
linearly independent solutions 7 for one equation being the 
same as for the other equation and at most m. 

These few results suffice to suggest the close parallelism 
between Fredholm's theory of the integral equation IV and the 
current theory of the algebraic system IL. e 

We have seen, then, that the theories of determinants o 
the matrices or kernels of the three types—the finite, the de- 
numerably infinite, the continuously infinite—were initiated 
by the mathematician-philosopher Leibniz, the mathematical 
astronomer Hill, the mathematical, physicist Fredholm; and 
` we appreciate anew the magnitude of the debt owed by pure 

mathematics to its most closely related sister sciences—logic, 
astronomy, physics—a debt abundantly repaid by the appli- 
cations throughout the wide range of the sciences, at least in 
the progress of time, of even the most abstract doctrines of. 
. pure mathematics. 


2. References to the Literature. 


The investigations of von Koch and Fredholm opened the 
way for the systematic development, now in rapid progress, 
of the analogies and the interrelations between the algebraic 
and the two kinds of transcendental theories, and for the im- 
mediate application of the new results in various domains of 
pure and applied analysis. 

Especially noteworthy are the memoirs of David Hilbert and 
of Erhard Schmidt. By direct limiting processes Hilbert 
obtains from algebraic. theorems tke corresponding tran- 
scendental theorems. Hilbert has thus initiated a theory of 
functions of a denumerable infinity of variables, from which 
in turn, by the connection between functions of continuous : 
variables and their Fourier coefficients, one proceeds to the 
theory of functions of continuous variables. Tn particular, 
Hilbert has studied real-valued symmetric kernels, obtaining 
‚the transcendental analogues, for example, of the orthogonal 
transformation’ of’the algebraic quadratic form to the sum of 
squares of linear forms. Geometric analogies of metrical 
nature play a considerable róle in the work of Hilbert, and 
perhaps even more in the work of Schmidt, who treats tran- 
scendental' problems directly, using methods originated by 
H. A. Schwarz in the potential theory. Schmidt has also 
entered upon the study of non-linear integral equations. 
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But for details of the extensive literature and "present 
state of the whole subject I must content myself with referring 
to the most recent books: 

Hxzrwoop er Fnfcusr: L'équation de Fredholm et ses applications à la 
physique mathématique. Hermann, Paris, 1912. 

Larxsco: Introduction à la théorie des équations intégrales. Hermann, 
Paris, 1912 


and to the reports: 


Bann: ‘Wesen und Ziele einer Analysis der unendlichvielen unab- 
Ar: en Variabeln.” Palermo Rendiconti, volume 27, pages 59-74 
l P 


Vox Kocs: “Sur les systèmes d'une infinité d'équations linéaires à une 
infinité d'inconnues." Comple rendu duj Congrès des Math&maticıens, 
tenu à Stockholm 22-25 Septembre, 1909, pages 43-61; Teubner, 
Leipzig, 1910. 

Frango: “Les équations intégrales linéaires.” Ibid., pages 92-100. 


Bateman: “Report on the history and present state of the theory of inte- 
gral equations.” Report to the British Association for the Advance- 
ment of Science, Sheffield, 1910, 80 pp.; Burlington House, London, 
1911. s 


Haun: "Bericht über die Theorie der linearen Integralgleichungen.” 
Jahresbericht der Deutschen Mathemahker-Vereimgung, volume 20, 
pages 69-117 (1911). 


3. The Fundamental Problem of Unification. General Analysis. 


We are now in position to take up, as the specific subject 
of this discourse, the question of foundations of the theory 
of linear integral equations. We have seen that the algebraic 
theory serves to suggest the corresponding transcendental 
theories, or even to determine those theories by suitable use 
of limiting processes. But this state of affairs may be recog- 
nized as only preliminary to the determination of a general 
theory capable of specialization into the various theories. 
This is in accordance with a general heuristic principle of sci- 
entific procedure, which I have formulated as follows: 

The existence of analogies between central features of rarious 
theories implies the existence of a general theory which underlies 
the particular theories and unifies them with respect to those 
central features. 

For the case of the real-valued symmetric kernel, and in 
fact for the more general case of the complex-valued hermitian 
kernel, i. e., a kernel « satisfying identically the condition 
that vis, t) and x(t, s) are conjugate complex numbers, I 
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took up six years ago this problem of unification for the 
Hilbert theory as presented by Schmidt. "This was the theme 
of my series of lectures: “ On the theory of bilinear functional 
operations," at the colloquium of the American Mathematical 
Society, held in September, 1906, in New Haven, under the 
auspices of Yale University. 

Subsequent study led to the recognition that the general 
theory of linear integral equations is merely a division in 
the theory of a certain form of general analysis, an introduction 
to which, instead of the colloquium lectures, I published,* 
as pages 1-150, in the volume The New Haven Mathematical 
Colloquium, etc., Yale University Press, New Haven, 1910. 

This morning I wish to establish, in the sense of general 
analysis, an adequate and satisfactorily simple foundation 
for the general theory of linear integral equations, embracing 
by specialization, as we shall see, together with an interesting 
variety of new theories, the algebraic and both types of tran- 
scendental theories, now current, at least in so far as regular 
kernels are concerned. 

As to the system LI, I call the matrix-kernel (k,,) regular 
in case there is a set (k,) of numbers of finite norm 2, KK 
such that for every i and j | ka | S | žak, |. This regular kernel 
satisfies the latest condition found T by von Koch as sufficient 
that the infinite determinant and all its minors converge abso- 
lutely. Then, if the sets (x,), (y,) are of finite norm, the sys- 
tem III may be treated either by the method of infinite 
determinants or by Hilbert’s theory of functions of infinitely 
many variables. 

I shall indicate, first, the terminology or basis of the founda- 
tion of the general theory, and da two sets of postulates, 
the former effective for the validation of the general Fredholm 
theory for the general kernel, and the latter effective for the 
validation of the general Hilbert-Schmidt theory of the real 
symmetric or the more general hermitian kernel. And, in 
advance, I notice that for the latter theory we need more 
postulates than for the former theory. This is in accordance 





* Cf. also my paper, “On a form of General Ana ‚with application 
to linear differential and integral tions," before the Section 
on Analysis of the Rome Congress of 1908, “Atti, eto., vol. 2 (1909), pp. 
98—114. 

1 Loc. cit., pp. 49, 50; Palermo Rendiconti, vol. 28 (1909), pp. 257, 263. 
The condition 18 that the kernel (ku) have the form E = uv, G, DÉI 
where v, #0 (i) and the series Zut, Z,u,; converge absolutely. 
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with the nature of things logical: we must pay for the elaboration 
of theory by the imposition of additional postulates and the cor- 
responding restriction of scope of application. 


4. Fredholm's Equation in General Analysis. The Basis 21. 


In order to bring the equation-systems I, II, III into no- 
' tational conformity with the integral equation IV, we regard, 
for instance, in III the set (x,) of numbers a; (i = 1, 2, 3, -- -) 
as a function + or £ of the argument à or s with the range 


$—5371,2,8,---. Then I, IL,, III, IV are special cases 
of the general equation 

(G) £= n — alen 

with the meaning 

(G) E(s) = nl) — aly x(st)n() (ei, 


which we designate as Fredholm’s equation in general anal- 
ysis. The kernel x, the parameter z, and the function £ being 
given, the function 7 is to be determined as a solution of the 
equation G. 

The understanding is that (1) £ and 7 are functions of an 
argument p or s or ¿ having a certain range $; (2) x or (st) 
is a function of two arguments ranging independently over P; 
(3) J or J; is a functional operation turning a product xn 
or x(st)n(¢) into a function of the argument s; and (4) the 
equation G holds for every value of s on the range $. 

For the general theory this range ® is simply a class of 
elements p. These elements p are of any nature whatever, 
e. g., numbers, sets of numbers, functions, points, curves; and 
they are not necessarily all of the same nature. Thus, the 
range $ is a general class of general elements. This “ general ” 
is the true general, in the sense of arbitrarily epecial, that is, 
capable of arbitrary specification— without the exclusion of 
exceptional or singular cases. 

Thus, for the general theory of the equation G the range pU 
enters without the imposition of restrictive properties or 
features, and it is this presence in the theory of a general class 
which constitutes the theory a doctrine of the form of general 
analysis which we are developing. 

For the respective instances IIn, III, IV, the range $ is 
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finite, denumerably infinite, continuously infinite, consisting of 
the respective elements 


p=12, 55 p=1, 2, 5 a Sp S.b: 
We denote these ranges by the notations 
Pur; pE; BT, 
The respective functional operations J are 


^ «o b 
med; el; IP= Tä, 
t=1 tal a 
In the instances III and IV the funcżions E 5, x are necessarily 
subject to certain conditions of convergence or of continuity. 
The conditioning properties are defined in terms of features 
possessed by the special classes PU, PV; we are able to speak 
in BIT of p tending to ©, and jn IT of the difference pı — p» 
of two elements p. Similarly, in the general theory the func- 
tions must possess certain properties, which must however be 
postulated and not explicitly defined, since we attribute to the 
general range no features available for use in the definitions. 
Now, instead of postulating properties of the functions, it is 
technically more convenient to postulate classes of functions 
to which the functions shall belong, viz., the classes of func- 
tions are the classes of all functions possessing the respective 
properties. 
Accordingly, the form of the general equation G leads to 
the following first basis: 


= (A; V; M; K; J) 


for the construction of a general theory of the linear equation 
G. Here denotes the class of all real or the class of all com- 
plex numbers a; ® denotes a general class of general elements 
p or s ort or u or v or w; Dt denotes a class of single-valued 
functions u on $ to A, that is, for every function y and argu- 
ment p, u(p) denotes a definite number a of the class 35 $8 
denotes a class of functions x on PE to X, that is, for every 
function x and (ordered) pair (st) of arguments of P, x(st) 
denotes a definite number a of the class X; and J or J; denotes a 
definite functional operation on KM or RaM, to M or Ms, 
that is, for every function x of Rand o of M, Jxn or Ji «(st)n(t) 
denotes a definite function of M or M.. ' 
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For the basis Zi the problem of foundations of a general 
theory of the equation G is then: to epecify properties of the con- 
` stituents of the basis Zy sufficient to validate the desired theory. 
The range ® is to remain general, and the properties specified 
are to be of general reference, that is, defined with respect to 
the general range $. 

It is convenient here to refer to the important memoirs of 
S. Pincherle: 

“Sule equazioni funzionali lineari”. Rendiconti della R. Accademia dei 
Lincei, ser. 5, vol. 14 (1905), pp. 366-374; ; 
* Bulle DET onali lineari". Bologna Memorie, ser. 6, vol.3 (1908), 
E EE 
' pp. 1-38. S 
In these memoirs, from the standpoint of the general theory 
of linear distributive functional operations, Pincherle inves- 
. tigates the problem of foundations for a theory of the equation 


(G) ' £— 9 — 2J'n, 

which includes the equation G, with the basis 
z= (A; P; M; J^, 

where J’ is a functional operation on Mt to M. 


5. Certain Definitions. The Closure Property Cı. Relative 
Uniformity of Convergence. 


We do not however retain the basis 21. With the purpose 
of obtaining finally a general theory characterized by its 
simplicity and by its possession of a number of important 
closure properties, we set up other bases Zs, ---, Za. . When- 
ever a general theory, as a matter of fact, includes, as a special 
instance, a theory analogous to but not a priori one of its 
instances, we speak of a closure property of the general 
theory. The terminology is adapted from that in use in the 
theory of point sets. 

. That the general theory include, as special instances, the 

current theories of the equations I, IL,, IIT, IV with regular 

. kernels is the closure property C;, fundamental to the whole 
inquiry. . 

You are familiar with the notion, uniformity of convergence 

of a sequence of functions over a range of values of the argu- 

ment of the functions, and you appreciate ‘the fundamental 


H 
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rôle played by the notion in the development of analysis 
during the last half century. A sequence {un} of functions 
un (n= 1, 2, 8, -+ +) of the argument p on the range $$ con- 
verges over the range $ uniformly to a function 6 as limit 
' function, in notation 

L'un = 6 (P), 


in case for every positive number e and index n greater than a 
number n,, dependent upon e alone, the difference un(p)— 9(p) 
is, for every value of p on tbe range $, in absolute value at 


most e: 
[m (p —9ep$Se . : 


For investigations in general analysis we need a more gen- 
eral notion, the notion of relative uniformity of convergence, or, 
uniformity of convergence relative to a scale function. If the 
function c (defined on the same range $) is the scale function, 
this relative uniformity, in notation 


Lus = 0 (p; e), 


has the same definition except that the final inequality is 
replaced by 


2 | un(p) — gail Se Jep). 


We speak also of relative uniformity as to a class © of scale _. 


functions; the notation 
Lus =6 ($; 5) 


means that for some function o of the class € we have the 
relative uniformity as to the scale function o, 

One observes that the classical uniformity is that instance of 
relative uniformity in which the scale function is identically 1. 

In illustration of this notion of relative uniformity, consider 
a sequence {un} of real-valued nowhere negative functions us 
of the real variable p on the infinite interval P=1— © 
of the number system, and let the functions ya be individ- 
ually integrable from I to ©. If relative to a scale function 
c of the same kind the sequence {ur} converges uniformly on 
P to a limit function 6, then 0 also is integrable from 1 to co, 
and the integral of 8 is the limit as to n of the integral of pn. 
But the limit function 8 is no longer necessarily integrable 
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from 1 to ©, if the convergence is merely uniform in the class- 
ical sense (c — 1), as appears from the following example: 


wipies iig. (8 OT (o Sn. 
o(p) = Lin (1 & p). 


To facilitate the exposition of the sequel we need certain 
additional definitions. 

Consider a class M of functions u on $ to A, that is, on 
the range ® with functional values belonging to the class X. 
The class Mz, the linear extension of the class M, is the class 
of all functions uz of the form 


Mr = am + us + ce + sun, 


viz., the class of all linear combinations of a finite number of 
functions belonging to the class M with numerical coefficients 
belonging to the class X. Further, € being a class of functions 
c on Ÿ to A, the class Me, the class M extended as to the class €, 
is the class of all functions 0 of the form 


6= L un (P; e), 


a form which has been defined above. The class Mt is con- 
tained in the class Mz and for every € in the class Me. If 
the classes M and M, are identical, the class Mt is said to be 
linear, to have the property L. If the classes M and M 
are identical, the class M is said to be closed, to have the 
property C; otherwise expressed, the class M is closed in 
case every function 6 of the form’ 


deit: (D; x) 


belongs to the class M. The class M, the *-extension of the 
class M, is the class (90;)g, that is, the extension as to M of 
the linear extension of M. The class M? is the class of all 
functions of the form uius or ui(p) ux (p), that is, of all products 
of pairs of functions of the class M, the arguments of the two 
functions being the same. ` 

In illustration of these definitions, if-M is the class MIY of 
all continuous functions on the finite linear interval PV, a-b, 
we have 


4 M = MN, = Mp = My = W, 
Further, if M is the class M™ of all functions u on PU 
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(p = 1, 2, 3, -+ +) such that the series Zpu(p)* converges ab- 
solutely,’ we have 


M = N, S Ma = My; = gun, 


where Mh denotes the class of all functions » on $ such that 
the series Z,u(p) converges absolutely. Thus the classes 
MT: and MİY occurring in the regular cases of equations III 
and IV are linear closed classes of functions. 

Consider further two general ranges ^, P” conceptually but 
not necessarily actually distinct. The product range PP’ 
is the class of all composite elements (p', p") or p'p", the first 
constituent p’ being an element p' of the class $’, and the 
second constituent p" being an element p" of the class 3". 
For example, if P’ is the linear interval a’-b’ and P” is the 
linear interval oi? hi, the product ID is, to speak geo- 
metrically, the rectangle a Sp’ € V, a" S p" S b". The 
product class Dt'M’” of two classes Dt’, M” of functions on the 
respective ranges P, $” consists of all products vu! or 
u (p) u” (p'") of a function y’ of the class Dt’ on P’and a function 
u” of the class M” on R”. The class (MM’)., the X-com- 
posite of two classes Mt’, M” on the respective ranges P’, P” 
is, as indicated by the notation, the *-extension of the product 
class WM’, viz., the extension as to the product class WM’ 
- of the linear extension of the product class WM”. The 
classes WM” and (WM) are classes of functions on the 
product range T3", and accordingly, if the ranges $’, P” 
are identical, TV = P” = 93, the arguments of the functions 
of those classes are variables (p’, p" or pi, ps) ranging inde- 
pendently over ®. 

The suitability of these notions for use in a general theory 
of linear integral equations is indicated by the fact that for 
the regular case of the equation III or IV the functions £ 
and 7 belong to a class M (ME or MY) whose x-composite 
with itself is the class À to which the kernels belong, viz., 


R = (MM). 


6. The Bases Ze, Za, La. 


With the aid of the notions and notations now at hand we 
_are able to proceed rapidly towards our goal. We recall that 


the basis Zi 
Xi = QU; P; M; K; J), 


\ 
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was dictated by the mere form of the general equation G 
(G) Ele) = n(s) — 2Jix(st)n() (8). 


By the consideration that in the typical instances I, Ia, III, 
IV the kernel viet) for every s as a function of the argument t 
belongs to the class M, to which the function y(t) belongs, we 
are led to a basis 23, simpler than Zu, in the form 


X= (A; P; M; NSM; K; J). 


Here the class À is defined as the class Dt? of all products uius 
of pairs of functions of the class Dt, the arguments being the 
same for the two functions; and J is a functional operation 
on À to À, so that for every function v of 9t, Jv denotes a number 
a of the class I. : 

. This system Ze was basal for my lectures at the New Haven 
Colloquium of 1906. "The development of the theory of the 
general equation G on the basis Z requires numerous postu- . 
lates. We must, for instance, arrange to extend the scope of 
the functional operation J from the class À to its linear 
and *-extensions, 9t, and Ny, in such wise that from the equa- 
tions 


v, = nt: tom 0 Lovin (PB; v) 


we have the conclusions 
Jv avy +- ee bandon; JO = LJvn 


Accordingly, if we define the class À as the class My, the *-ex- 
tension of the class D, and take J as a functional operation on 
this class Jt to A, we have a simpler basis Za 


Zs = (A; P; M; N = My; H: J). 


A theory based on Ze requires postulates involving the kernel 
class f. These postulates are avoided if we define the class 
$ as the *-composite of the class: M with itself. Thus we 
obtain the still simpler basis Z4 


Z, = (N; BP; M; NS My; H = MM); J). 
Here J is still a functional operation on R to X. For the 


regular cases of the typical instances I, IT,, III, IV the defi- 
nition just suggested of the kernel class f is appropriate. 
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As to irregular cases, it is clear that a greater variety could be 
treated en the basis Z; or 23 than on the basis Z4. | 


7. The Closure Property Cs. The Basis Ze, 


In response to the desire that our theory of the general 
equation G 


(G) - £(s) = (8) — Se eieiatt) (8) 


shall possess a certain closure property C5, in addition to the 
fundamental property C; of having as special instances the 
current theories for the regular cases of the equations (I, II,, 
III, IV), we are led to the basis Z;. 

Under the postulates to be imposed on the class Mt, the kernel 
«(st) of the class fte (MM); is, as in the typical instances, 
for every s as a function of t of the class M, to which also (t) 
‘belongs: thus, the operation J enters the equation G in the 


form 
Jaß or J,o(p)8(p) 


where « and 8 are functions of the class M. Now for the 


instance II, the expression 
drei or Seilen 
is Grassmann's inner product of the n-dimensional vectors 
a = (all), ---, a(n)); 6 = (8(1), «++, BDO), 


‘and accordingly we term the expression J,a(p)8(p) or Jaß 
the inner product of the functions a, 8. In this we follow usage 
already established for the instances IIT, IV. - 

For the basis Z4 it is convenient temporarily to denote the 
operation J by J* and the equation G by G*. J* is then a 
functional operation on 9t = My? to A. The first question 
Xhat suggests itself is the following: Is it possible to secure 
a basis 3, for the equation G* 


(G9) = q — ux 
of such a nature that the corresponding inner product 


Jap 


* 
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shall have as one of its instances the generalized inner product 
JJ’ o (fo (fu)8 (u), 
where w is a function of the class H? To that end we set 


i Jo = Jiwo OB (u), 
and assign to G the meaning 


(65) '" &(8) = nle) — Wion(st)n(u) (8). 


Further, since the operand a(f)8(w) belongs to the product 
class MM, just as we were led to replace J? on M? by J? and 
Jon N = M, we stipulate that J* shall be a functional 
operation on the class (MM),, that is, on the kernel class À. 
'Thus we have reached the basis 


Zs = (A; P; M; R = MM; J), 


where J is a functional operation on & to 3I. 

This basis Zs is, by the omission of the class N = Dt, 
simpler than the basis Z,. Further, the equation G* is an 
instance of the equation G5, viz., for the operation J* with 


Tine (tu) = Jie(tt) 


for every function o of f. This stipulation is legitimate 
since for every function ei of Ru = (MN My)» the re- 
duced function g(#) belongs to N. = M4 Accordingly, 
the general theory of the equation G based on Ze yields, as a 
special instance, a theory of the equation G* based on Z4. 

Furthermore, in accordance with the derivation of the basis 
Ze the general theory of the equation G* contains as an 
instance a theory of the equation 


(G™) El) = n(s) — JH ix(st)e(bu)m(u), (8), 


where w is a function of &. The operation J* for this instance 
is the operation 
Tie tu) = Jie (tu) (tu) 


for every function e of 8. Under the postulates to be laid 
on the basis Z4 the double operation JJ. is applicable to 
the product c (fu) c (fu) of two functions of the class 8. 

It is to be noted, however, that the geometric analogy, let 
us say, between the sphere and the ellipsoid had as primary 
function not that of enabling us to treat the equation G" ` 
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based on Z, as a special instance of the equation G5 based on 
Zs; at least for the Fredholm theory, the equation G“ may 
be treated as the equation G* with the kernel x(st) replaced 
by Jix(st)e (tu), since under the postulates to be imposed on 
the basis Z, this is a function of the kernel class À and the 
operations J$, J are commutative. Its primary function was 
rather to lead us from the basis Z, to a basis 25, possessing 
in common with 24 the closure property C1, and possessing 
furthermore the closure property Cs—that for the basis Ze a 
similar use of the geometric analogy leaves us on the basis Ze, 
In fact, if we seek a basis = for the equation G of such a 
nature that the corresponding inner product 


Jaf 
shall have as one of its instances the generalized inner product 
| Kult oe (o (ue)3 (w), 
where w is a function of the class À, we are led to set 
Jof = Jaw (08(w); 


thus the new operation J is still an operation J on MM or 
preferably on (MI), = R, that is, an operation of precisely 
the same type as J*. 

As in the preceding remarks, we notice that the equation 


, (09) EG) = (5) eT hex (st)o(ur)n(w) (8) 
may be treated, either as the equation G with the kernel 
x(st) replaced by J¢,.)(st)w(uv), or as the equation G* with 
the operation J?,,, replaced by a new operation J Cs defined by 
the equation : 

Juge (bu) = Troi tu) Dee) 


for every function q of H. 
8. Resumé. 


'To summarize our course to this point: We have as data 
the four analogous equations (I, IL, IIT, IV) with‘their four 
analogous theories. The theories are of two stages: for brev- 
ity, F, the Fredholm theory of the general kernel, and H, 
the Hilbert-Schmidt theory of the real symmetric or of the 
more general hermitian kernel. 
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Guided by the heuristic principle of unification by abstrac- 
tion, we formulate the general equation 


(G) Eq — gJ kn, 


embracing as instances the four typical equations; and we 
seek the foundations, viz., the terminology or basis, and the 
postulates, of a general theory of the equation G which shall 
embrace as instances the four theories of at least the regular 
cases of the respective equations. This is the fundamental 
closure property C1. 

The form of the equation G dictates the basis £1, which by 
‘consideration of the typical equations and of the obvious 
nature of their theories we simplify to Ze, Z3, Z4 in succession. 

The metric-geometric analogy of the sphere and the ellipsoid 
leads on to the present basis 


= (A; m. M; K= (MM); J on Kto W, 
_ with the e equation @ interpreted as meaning 
(6) E6) = ail — 2Jeyx(st)n(u) (8). 


And for this basis and its theory there is the closure property - 
Cs. 

The operation J is a functional operation on & to À, that is, 
if o is a function of the class &, 


Jo = deif) 


denotes a definite number a of the class X. For purposes of ` 
application J or Jau) is often definable as a double operation, 
in the form Juw = dd), For purposes of the general 
theory of the basis £s, however, Jeu) is an indivisible operation. 
Of course Je (tu) is equal, e. g., to Ju e (hw) or Jeu o (vu) 
or dreet e (vw), but it is in general not equal to Jio (tu). 


9. The Definitive Basis 2e. 


The basis Z; is in effect definitive for the general Hilbert- 
Schmidt theory H. Suitable postulates will be given for 
both bases Z4, Zs. However, for the general Fredholm theory 
F the metric-geometric analogy, by leading us from the oper- 
ation J; on N, over to the operation JA, on Riu, enables us 
to proceed to a still more general basis Ze. 
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In fact, for the theory H we have the respective definitions 
| (ts) = «(s) and vd = eist, 
of the symmetry of the real-valued kernel « and the hermitian 
character of the complex-valued kernel x. These definitions 
require the arguments s and ¢ to have the same range $. 
There is, however, no such necessity in the theory F. 
Thus we are led to the following definitive basis for the 
theory F, viz., 
= ER nu 
rar R= MM). 
Here 2. $ are two conceptually. but not necessarily actually 
distinct classes of elements p, p respectively; MW, 9t are two 
classes of functions & on $, & on $ respectively; À and $ are 
the * -composites ot the two classes Nt, Mt in the respective 
orders St, N; Dt, M—that is, the functions x of & bear their 
arguments 7, ? in the order (pp), while the functions x of S ` 
bear their arguments in the reverse order (pp); thus there is a ` 
correspondence of the functions x, X of such a nature that for 
two corresponding functions x, k we have «(pp) = x(pp) 
for every pair of arguments p of Ñ, B of ®; and functions x, X 
occurring together are understood to be in this sense corre- 
sponding functions, each the transpose of the other. Finally, 
‘J is a functional operation on À to X, so that for every function 
x of & the expression "x 


; Jon #to 2). 


Jk BE Jav xiu), 


denotes a definite number a of X. Here, in order to make 
the formulas based on Ze readily comparable with those based 
on Es, we agree that the elements 


D, 8, u, w; 
Bt %  .. 
are generic elements of the classes $; $ respectively. 
Based on Ze we have the general pair of adjoint equations 
@ ` Bea 
'(8) : £9 wi, 


^ 
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with the meanings 
ON E (8) = (8) — awr lst)nlu) (8); 
(G) E = a(t) — xJeon(r)k(t) ©. 
Introducing the functional operation J, the transpose of J, 
by the equation: Jx = Js, for every function x of 8, so that 
J is on & to A, we have the adjoint equation G in the form 
viz., in the form G for the transpose basis Ze which is the 
basis Ze with the interchange of rôles of P, P; M, M; K, R; 
J, d. 

The basis Ze is secured from the basis Ze by the supposition 

DD = Š= N aN. 


Thus the theory for the basis Ze has the closure property C1. 
It has moreover the closure property Cs, on the understanding 
that the function w or c (uv) is any function of the class À; 
that is, the functional operation J' 


‘ Juoe (fu) = JG ud eet (tu) w (wv) 


; for every function ‚p of the class 8, is a functional operation 
of the type J on € to A. Further, as on the basis Z;, the 

equation 

(G) Ele) = IO) — iawl olua) (8) 

may be treated, either as the equation G® with the kernel 

«(st) replaced by Jé,x(st)w(ur), or as the equation GS with 

the operation J* replaced by the operation J’ defined abóve. 

Setting ` 


81 ^tt, 8n N 
Ji SS a] =|x(st) | j=l, 2), 
we define the Fredholm determinant F,(z) of the kernel x 


and the parameter z, for the general theory of the -adjoint 
equations G, G based on Ze, as follows: 


© (— gt Sei 
Ei m SS dent. ei Dë Se 
PI 


th, ttt ty 
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Here Jens) +. ay denotes the k-fold operation 


Jun) end ``" Teta 
The Ath minor (k = 1,2, ---) has the definition 


81, eee sh. 
(e ... bt D 


(— gj 85 °°, 8 
=-(- 9% ET ena: wgl? Uis ha | 


The initial terms (k = 0) of the determinant and of the Ath. 
minor are respectively 


S L3 81 tt, Sh 
1; (— 1) ($ bon 2) 

Under the postulates to be specified below, Hadamard’s 
theorem on determinants may be utilized to show that these 
series are permanently convergent power series in 2, as to 
the Ath minor for all values of the arguments 81, ---, tr 
Further, on every finite circle in the z-plane the Ath minor 
series converges uniformly over the composite range Pı- $5 
relative to the class 


Ra- ve bh = (M, soe Wey, )s; 


and its terms belong to the class H, -+ : 4; and, as this class is 
closed, the Ath minor for every z as a function of the arguments 
81, «++, t belongs to the class &, +++ 4. 

The ul theory of the adjoint equations G, G proceeds 
along the usual lines. Thus, if the parameter z is not a 
root of the determinant F,(z), the kernel x has thé reciprocal 


kernel A 
8 
Sp d 


A (st) = REG j 


* 


belonging to the class À and satisfying the equations 

x (st) + A(st) = BI (owe (80)A Qo) = zJ cowy(g0) (wt) (st); 
and the equations G, G have the solutions 
| 7—t1—3AEb Ss aJ 
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10. Adjunctional Composition. The Closure Property Cs. 


In the algebraic domain we proceed from the single equa- 
tionI 


(I) z=y-—aky 


to the system II, of n simultaneous equations 


(II,) ti = y, = Ze hu ($—1,--:,m). 
3= 


Similarly, on the basis Ze, we proceed from the single equa- 
tion G 


(6) Ele) = »(9 — zJuok(st)n(w) (8) 


to the system G, of n simultaneous equations 
(Ga) ' Es) = ms) — 2 25 Jule) m(u) (s). 
ge 


Here we have given the parameter 2, the n? functions xy of 
the kernel class À, and the n functions %, of the class Dt; and 


we are to determine the n functions 7; of the class Dt. For 
the instance IV on the linear interval a-b Fredholm showed 
how to reduce the system IV, to a single equation IV on the 
linear interval at, (bn = a + n(b— a)). A similar pro- 
' cedure is effective to reduce the system G, on the basis Ze 
to a single equation G on an enlarged basis. The procedure, 
however, is capable of further generalization, and, as thus 
generalized, of an important application to the theory of mixed 
linear equations. 
To this end, consider a system of n bases Zé (i = 1, ---, m), 
viz., 
Pe gu MM 
Ze =(% à a ghé Ge 2 Ji on Š to a), 


The class X is the same in the n bases 2"; otherwise the bases 
are conceptually but not necessarily actually distinct; it is 
however convenient to suppose that no two of then classes 
$ have common elements and that no two of the n classes Pi 
have common elements; this state of affairs, being always 
securable by transformation, involves no restriction of 
generality. 
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As a generalization of. the system G, on the basis Ze we 
have on the system of n bases Zj the system GJ: 


(Gi) "Biel = tel — 22 Jo (PU) (s%), 


of n simultaneous equations. Here we have given the param- 
eter z, the n functions F of the respective classes D, and 
the n? functions vi of the respective classes $t = (DU), 
so that R* Hir: and we are to determine the n functions oi 
of the respective classes D. Then equations (i = 1, ---, n) 
of the system G,'''*" are to, hold for every value of the 
respective arguments s* of the class P’. 

We impose ‘on each of the n bases Z4 the postulates to be 
specified below. Then the adjunctional composite 24 ^^ of 
then bases Z4 is a basis Ze satisfying the same postulates, 
and the system GO." "soi n simultaneous equations is equiva- 
lent to a single equation G on the composite basis Zs. This 
is the closure did C3 of the theory of the linear equation 
G on the basis X 

For the adjunctional composite 24! °°°" of then bases Zei 
the class X is the common class X of ES component bases Zei, 


The ranges qu $ are the are ORE composites or logical sums 
respectively of the ranges qu dq the range f is the ith com- 
ponent of the range $, and the range Pt is the ith component 


of the range $. A function 9 on the range À determines n 
component functions 6* on the respective component ranges 


$5 and, conversely, any n functions 8° on the respective ranges 
PR are the n components of a definite function 0 on the com- 
posite range Ÿ; this function € is the adjunctional composite 
of then functions 6‘. The functions 3 on the range $$ obtained 
thus by adjunctional composition of n functions ff of the 
respective classes Mi on the ranges Pi constitute the ad- 
junctional composite M of the n classes Mt’, The classes M, 


Ñ of functions 7 A, à on the composite ranges R, DU of the com- 
posite basis Z4''''" are the adjunctional composites, in this 


sense, respectively of the classes Mt‘, M of functions g n , ij 


on the component ranges T5, $. The product ranges PR, PR 
are the adjunctional composites respectively of the n? product 
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ranges PP, En Then, under the postulates, the classes 
Re MW), (MW). of functions x, x on the ranges 
PP, PP are the adjunctional composites respectively of the 
classes RY = (MD, Ri = (MH), of functions xË, x on the 
component product ranges Pips, PP, The function 
operation J on the class & of the composite basis Zd "rn is 
the adjunctional composite of the n functional operations J* 
on the respective classes K or Ñ" of the component bases 
Zi, viz., if the function x is the adjunctional composite of the 

functions KY, ‘ 
Je DIR 

vol 

Now we see readily that the linear equation 
(G) KEES 
for the composite basis Zei" *' ^, and the system 
GEMA B= 7-2. JY (= 1,++-,n) 

gel 


of n simultaneous equations for the system of component 
bases Zei, are precisely equivalent. The functions Z 7, « 
T the CES composites respectively of the GEES 
y K 

« Accordingly, the theory of the equation G based on Ze 
covers the theory of the system dAn based on the Zei, 
Thus, if the parameter z is not a root of the Fredholm de- 
terminant F,(z), the kernel x, the composite of the functions 
x, has a reciprocal kernel A, the composite of certain functions 
AU, and, corresponding to the equations 


KHA = adler = 2, 
we have the system of equations 
KÖ H AY = a, J*eh (ij), 
d kml k=l 
and for the system G,!**** we have the solution 


f= FR 22, J'\E EA AR 


Il 


For the adjoint system of equations 
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CAS) aoa gi (Gal oon) 


we have, with the same functions AC, the solution 
| PÈ-aDJÈN Gehen. 


The Mixed Linear Equation.—Consider a basis Ze with n 
functional operations Ji, e Ja (instead of merely one) on 


the class &, and the corresponding mixed linear equation 
EK Jun. 
m 
Here the function Ẹ of the class Dt and n functions e of the 


kernel class 8 are given, and the function s of the class M 
is to be found. 

We may treat this mixed basis as a system of n bases Zei, 
identical except that the functional operations J* of the bases 
Zi are the respective operations J; of the mixed basis Ze, 
Then the mixed linear equation n times repeated constitutes 
a particular case of the system G,l'''^ of n simultaneous 
equations on the system of bases Zei, Accordingly, if the 
parameter z is not a root of the Fredholm determinant, the 
system of kernel funetions x, has, with respect to the system 
of functional operations J;, a reciprocal system of kernel 
functions \,; and we have the equations 


ud * 
HA = eI eed, = 22 eden, (D, 
k=1 Ml 
and for the mixed equation the solution 
D = È— 225 J; NE 
J= 


11. *-Composition. The Closure Property Ca. 


. We have seen that the theory of the general linear equation 

G based on Z4 has (closure property C1) as instances the theories 
of the equations (I, Da III, IV), and furthermore (closure 
property Cs) as instances the theories of the systems Gp, 
G4l'*'" of linear equations based respectively on Ze and on 
a system of bases Zei, Now the step from G on 3; to G, 
on Ze was analogous to and has as instance the step from I 
to Il„. The question arises whether the general theory has 
as Instances the theories of equations arising from G by steps 


1912.] LINEAR INTEGRAL EQUATIONS. 359 


analogous to the steps from I to III, IV, and even to the general 
equation G based on £s. Under the postulates to be speci- 
fied, this question is to be answered in the affirmative, and this 
is the closure properiy C4 of the general theory. 
Consider again a system of n bases Ze having the same class 
N of all real or of all complex numbers, and otherwise conceptu- 
ally, but not.necessarily actually, distinct. From this system 
of bases Z? we determine the *-composite basis 21°''"* or Z* 
as follows. The class X of Z* is the common class X of the 
constituent bases 2°. The ranges $, d of Z* are the product 
classes respectively of the ranges qv. qi of the bases Z*. The 
classes Dt, M of functions on $, Ê are the *-composites re- 
spectively of the classes Mt, Mi on $5, P of the bases Zi. 
Then the product ranges PR, PR of Z* are the product classes 
respectively of the product ranges Du qv, PP of the bases ="; 
and the classes, H = (S, f = (MM). of functions x, « 
= a BB, PP are the %-composites respectively of the classes 
= (M "ta, Ris (MD), of functions vi, x’ on qi PUA $ qe 
S the bases 2°, The functional operation J on the class # has 
the definition 
Jk se di, hk 


for every function x of the class & 

This %-composite basis Z* satisfies the postulates laid 
on the bases Ze, and accordingly the general theory of the 
equation G based on Z4 has as instance the theory of the equa- 
tion G for the basis =*, that is, of the equation 


IGE s -8") = DICH . 8") 
= ad uy: S Jines $ nu: $ ur) (s!- s 8"). 
The x-composition of the bases II, and Ze leads to the 
equation 
Elis) = 7(is) — 2 2J ceux (tsjt)n (ju) (is), 
J= 


which is, notation apart, the system G4 on the basis Za, In 
fact, the *-composite of II, and Ze is identical with the ad- 
junctional composite of n systems identical with Ze, But 
the general adjunctional composition of n systems possibly 
distinct is not an instance of the *-composition here defined. 
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12. Additional Definitions. 


We are to specify postulates on the bases Z4, Zs, Ze enabling 
us to secure general theories F, H. To that end we have need 
of several additional definitions. 

Consider a class M of functions u on the range $ to M. 
We have already defined the properties linearity (L), closure 
(C), and now define two dominance properties (D, Dy) and 
& reality property (R). 

- The function a is dominated by the function £ in case for 
every argument p | a(p) |< |B(pi|. The class M has the 
dominance property Do in case every function u of W is domi- 
nated by some real-valued nowhere negative function wo of 
M; the function uo may vary with u. The class Dt has the 
dominance property D in case for every finite or infinite se- 
quence {un} of functions of M there is a function u of M such 
that the functions un of the sequence {un} are dominated re- 
spectively by certain numerical multiples anu of the function 
p, that is, for every n and p |un(p)| € | anu (p) |. 

A complex number a has a con‘ugate complex -number à. 

A function « has a conjugate function a, whose functional 
values a(p) are conjugate to the corresponding functional 
values a (p), of the function o. A class Dt of functions o has 
a conjugate class Yt consisting of the functions y conjugate to 
the various functions x of the class Jt. A number a is real if 
a=4. A function o is real or real-valued if a=a. Simi- 
larly, a class M is real (R) if 9t = M. Thus, the class of 
‘complex-valued continuous functions on a linear interval is 
real In general, a real linear class of functions is a linear. 
class of real-valued functions or a class of complex-valued 
functions whose constituent functions have real and imaginary 
components which range independently over a linear class of 
real-valued functions. 

Consider a functional operation J on a class PM of functions 
u The operation J is linear (L) in case u = aiu + Gus 
implies Ju = aJ pı + asJ us, The operation J has the mod- 
ular property (M) in case there exists an associated modulus 
M, viz., a functional operation M on real-valued nowhere 
negative functions ue of M such that M uo is a real non-negative 
number, for which a relation [HIS < w(p) holding for 
every p implies the relation |Ju| < M. 


* 
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18. Postulates for the Theory F. 


We secure the general Fredholm theory F of the adjoint 
equations G, G based on the respective systems 24; Xs; Ze by 
postulating that the respective classes Dt; M; M, M have the 
properties L C D Dy, and that the functional operation J on 
N = M; R= MM, À = (MM). has the properties L M; 
and for this theory we have the four closure properties 
Ci C Cs C4; the theory F based on Z, however lacks the 
closure property C2. 


14. Postulates for the Theory H. 


We secure the general Hilbert-Schmidt theory H for the 
complex-valued hermitian kernels x( = x) based on the sys- 
tem Z, or Zi, by postulating that the class X is the class of 
all complex numbers, that the class M has the properties 
LCD D R, and that the functional operation J on the class 
R = M; or R = (MM). has the properties L M H P P, The 
operation J is hermitian (H) in case for every two functions 
a, B of M Jap = JBa, from which, in view of the properties 
of M and the properties L M of J, follows the relation Jy = J y. 
or Jx = JX for every function v of Nor x of H. The operation. 
J is definitely positive (P DA in case for every function u of Dt 
the result Jua (for a hermitian operation J necessarily a real 
number) is (P) a real non-negative number (Po) vanishing only 
if a=0. Thus the operation J may be described as a defi= 
nitely positive (PP;) linear (L) hermitian (HT) operation having 
(M) an associated modular operation M. 

The general theory H based on the system Z, or Ze has the 
four or three closure properties C, Cs Cs or Cy C Cy C, where in 
C; the function w of À is hermitian (= w) and positively 
definite, viz., for every function u of M J cod quy (r)o(st) u(u) 
is à non-negative real number vanishing only if a = 0. 

If we postulate that the class 9 is the class of all real numbers, 
we secure the general Hilbert-Schmidt theory H for (real) . 
symmetric kernels «(x = x) based on the system Z, or Ze, by 
imposing the same conditions as before on the class M and the 
operation J. However there are certain simplifications. Since 
all the functions and the operations J are real-valued, the 
class D is necessarily real (R); and the hermitian property 
(H) of J is the symmetry (S) Jaß = Jo, holding necessarily 
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for the theory based on Z,, and for the theory based on Ze 
implying Jx = Jx; and the property (PPo) of being a definitely 


| _ positive operation J is that Jun is (P) a real non-negative 


number (Po) vanishing only if p = 9. z , 

We have specified the bases or terminologies and the postu- 
lates of the general theories F and H, and conclude this ad- 
dress on the foundations of the theory of linear integral equa- 
tions with the expression of grateful appreciation of your so 
prolonged attention. 


Tas UNIVERSITY OF CHICAGO. 


SHORTER NOTICES. 


Lectures on Fundamental Concepts of Algebra and Geometry. 
By J. W. Young. Prepared for publication with the co- 
operation of W. W. DzNTON, with a Note on the Growth of 
Algebraic Symbolism by U. G. MITCHELL. New York, 
The Macmillan Company, 1911. vii + 247 pp. 

Tas book contains twenty-one lectures on the logical 
foundations of algebra and geometry in substantially the same 
form as delivered at the University of Illinois during the 
summer of 1909, with an appended note on the growth of al- 
gebraic symbolism. “The points of view developed and the 
results reached are not directly of use in elementary teaching. 
They are extremely abstract, and will be of interest only to 
mature minds. They ‘should serve to clarify the teacher’s 
ideas and thus indirectly serve to clarify the pupil’s.” “The 
results nevertheless, have a direct bearing on some of the 
pedagogical problems confronting the teacher.” “Let the ` 
teacher be vitally, enthusiastically interested in what he is ` 
teaching, and it will be a dull pupil who does not catch the 
infection. Itis hoped these lectures may give a new impetus 
to the enthusiasm of those teachers who have not as yet con- 
sidered the logical foundations of mathematics." Such is the 
purpose of the author. i 

‚The first five lectures, of 57 pages, form an introduction 
which makes clear the nature of the problems to be discussed 
and the point of view from which they are approached. 

Euclid's Elements, a non-euclidian geometry, the history of 

the parallel postulate, the logical significance of definitions, 

( 
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‘axioms and postulates, and the consistency, independence 
and categoricalness of assumptions are here discussed. The 
example of a non-euclidean world, which is that of Poincaré 
in more detailed form, is a forceful means of showing the re- 
lation of our intuitional knowledge of space to an abstract 
geometry. The qualities of consistency, independence, and 
categoricalness receive emphasis. 

The abstract but clear development of the cardinal, nega- 
tive, rational, irrational, and complex numbers takes up several 
lectures. The notions of class, order, correspondence, group, 
variable, function, and limit are carefully developed and dis- 
cussed. The lecture on limits deserves the special attention 
of geometry teachers because of its modern point of view. 
The axioms of Hilbert and Pieri are discussed in considerable 
detail. The discussion of spaces of four or more dimensions 
will be of interest in the light of recent popular papers published 
on the fourth dimension. 

Throughout the lectures the historical development of the 
concepts considered is emphasized; this method of presenta- 
tion illustrates the importance of the history of a subject to 
a teacher, for it shows that mathematics is a live and growing 
science and not fixed and finally determined. Professor 
'G. A. Miller (Science, July 7, 1911) has called attention 
to two slight historical errors. Remarks on pedagogical 
principles found scattered through the book make it clear 
that the author is fully aware of the limitations to the 
use of purely abstract methods in elementary teaching. “No 
formal proof of any proposition should be attempted which 
seems obvious to the pupil without proof." “With all our 
insistence on the formal logical procedure, the important fact 
must not be lost sight of that formal logie is in only a small 
minority of cases the method of mathematical discovery. 
Imagination, geometric intuition, experimentation, analogies 
sometimes of the vaguest sort, and judicious guessing are 

. instruments continually employed in mathematical research.” 

Such statements show that the author retains a proper per- 

spective while emphasizing the value of the abstract method. 

The following definition of mathematies forms the climax 

reached in the last lecture: “A mathematical science is any 

body of propositions which is capable of an abstract formu- 
lation and arrangement in such & way that every proposition 
after a certain one is a formal logical consequence of some or 
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all the preceding propositions. Mathematics consists of all 
such mathematical sciences." The appended note treats from 
a historical point of view the three stages of rhetorical, syn- 
copated, and symbolic algebraic notation. 

The book is strongly commended to teachers and prospec- 
tive teachers and will be very useful to those giving teachers' 
eourses. While a few discussions, such as that of the first 
three known infinite cardinal numbers, may not be appreciated 
by those whose knowledge of mathematics is limited, yet prac- 
tically no use is made of the technique of higher mathematics. 
The ability for abstract thinking required of the reader is 
considerable, but the careful reading of such a book cannot fail 
to have a broadening effect particularly upon those teaching 
elementary mathematics and in daily contact with immature 
minds. There is a need for scholarly contributions to mathe- 
matical literature in English sufficiently elementary in char- 
acter to be useful and inspiring to progressive secondary 
teachers, and we believe the book uncer review to be just such 
a contribution. 

Ernest B. LYTLE. 


Leçons de Cristallographie. Par G.FrepeL. Paris, Hermann, 

1911. 8vo. vi+310 pp. 10 fr. , 

Two things have been kept in mind by the author in writing 
this book. One is the purely utilitarian view of furnishing 
some knowledge of the subject to students of the mining 
college. The other is the purely cultural view of the subject. 
The latter might seem a little strange, considering the title. 
But from a mathematical standpoint, there is a distinct cul- 

- tural value in the study of geometrical properties in crystallo- 
graphic form. This becomes evident when we remember 
the thirty-two types of crystals and the related finite groups. 
We can assert from experience, having tried the experiment 
for several years, with freshman classes, that such a study is 
fully worth the time put upon it, even worth more than some 
other branches of elementary mathematics. After the class 
has drawn all the types of crystals, and manufactured one or 
more apiece, considering in each case the symmetry involved, 
the rotations possible, the way each face is produced from the 
original one, they are in & position to know something of 
group theory, at least in a very concrete form. A half-semester ' 
is ample time to cover the ground. The interest shown in 
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mathematics from this simple study is gratifying; the im- 
provement in geometrical imagination is valuable, and the 
idea of the mathematical Study of essential structure is one 
that will go a long way in placing the correct estimate on the 
necessity of mathematics in a liberal education. If such a 
course is given by a mathematician rather than a mineralogist, 
and its bearing on the various problems in mathematics that 
it opens up is fully brought out, there are few subjects more 
stimulating to the student. 

The text is based upon the “law of Bravais"—that crystal- 
line structure is a finitely periodic reticulation. This law 
includes the law of rational indices. The first part is devoted 
to the study of the individual crystal, the second to the com- 
plex crystalline structures, There are two sections in the 
first part, the first of them being on the geometry of the 
crystal, the second on the physics of the crystal. In the 
latter the properties are classified as those due to discontinuous 
vectors, those due to continuous vectors. The treatment 
as a whole is clear and well put. The text is elementary. 

JAMES BYRNIE SHAW. 


Nouvelles Tables Trigonométriques Fondamentales. By H. 

ANDOYER. Paris, A. Hermann. 4to. xxxii-L 602 pp. 

Ir is not easy to arouse much enthusiasm over a table of 
logarithms. Most of those who use aids to calculation are 
apt to regard them as tools necessary to the workshop, which 
are taken up and laid down with absolute indifference and 
with absolute confidence in their complete accuracy. Perhaps 
the latter is justified as far as the ordinary four-, five- and 
seven-place tables are concerned, and if this new issue were 
one of the many reprints that appear almost annually it 
would scarcely call for notice in the pages of the BULLETIN. 

But there are features of M. Andoyer's work which merit 
special mention. 'The main portion of the work consists of 
the logarithms of the sines, cosines, tangents and cotangents 
to fourteen places at intervals of ten seconds of arc for the whole 
quadrant. An additional table gives the logarithms of 
sin ole, tan afa for the same interval and for the first three 
degrees. Four further tables used in the calculations are 
printed: a page of logarithms to eighteen places of certain 
numbers; a page of formulas for the expansions of log cos rx 
— log (1 — a?) in powers of a? as far as x", and similar 
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expansions for the sine and tangent; the logarithms of the 
trigonometric functions for every hundredth part of the quad- 
rant to seventeen places, together with their variations as far 
as the latter are sensible; and finally the logarithms of the 
functions to fifteen places at nine-minute intervals, together . 
with their variations per 10" to the seventh order in the case 
of the cosines. . 

. In undertaking the work, M. Andoyer had two courses 
open to him. One was the usual plan of getting the results 
from other tables by a more or less sustained effort at cor- 
rection, interpolating where the older tables were not suffi- 
ciently subdivided. As he tells in his preface, there are only 
two original tables which aim at the degree of accuracy he : 
wishedto attain. The first is the Trigonometria Britannica of 
Henry Briggs published in 1633, the other the Tables du Ca- 
dastre computed between 1794 and 1799 under the direction of 
de Prony but never issued in printed form. Vlacq's well known 
tables were also published in 1633 but were only carried to 
ten places. All the tables of later date are founded on these. 
The tables of Briggs can be relied on to a unit in the thirteenth 
place, those of de Proney to the twelfth place. 

The accuracy of observations has so much increased during 
the last fifty years that the common seven-place tables no 
longer satisfy the demands of those who have engaged in re- 
fined work, especially in astronomy. The problem is not so 
much that of getting the numerica. value of a single function 
or of a few functions: in such cases one can usually adopt ^ 
devices which grind out the result at the cost of trouble and 
time. Many of the present day problems are on a large scale. 
The calculations are turned over to professional computers, 
and special devices which a mathematician can adopt and use 
are frequently not well adapted for the computer who is 
only familiar with the ordinary methods. Extended tables 
and, if possible, mechanical devices are more and more sought 
after in order to economize time and money in scientific 
work, just as in business. 

For various reasons, M. Andoyer decided to abandon the 
attempt to correct and extend the previous tables: there was 
- no other course open but that of computing all the functions 
from the beginning. To anyone familiar with numerical work 
this seems an enormous task. One is astonished to read that 
the whole of it was done in less than two years without as- 
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sistance! I quote from the Preface: “Les calculs nécessaires 
pour l'établissement des présentes tables (sauf la Tgble I qui 
n'est pas trigonométrique) ont été faits entiérement à nou- 
veau, par moi seul, sans aucun auxiliaire, méme mécanique. 
Un travail régulier de chaque jour, et quelque goüt naturel 
pour les calculs numériques m'ont permis, malgré mes 
occupations ordinaires et malgré quelques périodes d'inactivité 
‘ou de tätonnements, de mener à bien ma tâche sans ennui 
en un temps suffisamment court, de juillet 1908 à mars 1910, 
soit un an et huit mois." Is there a single college or univer- 
sity professor in this country whose ordinary duties would 
leave him the amount of free time necessary to carry through 
in twenty months a series of calculations, the results of which 
oceupy 600 quarto pages? 

Even if M. Andoyer, whose publications in the line of 
celestial mechanies are well known, had occupied himself 
solely with the tables, the fact of their completion in so brief 
a time would have been worthy of notice. An examination 
of his Introduction reveals the methods he adopted for the 
purpose of abbreviating the computations. A study of these, 
too long to explein in & review, will repay well anyone who 
aspires to undertake the formation of similar tables. But it 
is in the methods adopted to test the accuracy of the final 
numbers that M. Andoyer has given the best proofs. He is 
not content with the common method of forming differences 
but has made actual use of such formulas as 


T n—1 cos na 
: - |... ge 
COS o: COS (a + d cos (« + = +) SE 


- 








(where n = 4n’ + 1) to test the numerical values of the func- 
tions of angles separated by considerable intervals. One 
may without danger agree with him when he affirms that the 
original manuscript is absolutely free from errors. The same 
care has been taken with the proofs, which have been read 
after the final impression; the list of errata at the end contains 
one error—a unit in the last place of one function,—the rest 
being merely defects of printing and errors amongst the signs 
indieating the magnitude of the remainder following the four- 
teenth place of decimals. 

If a criticism is to be made, itis in the use of the sign just 
mentioned. M. Andoyer, following T. N. Thiele, puts a 


368 SHORTER NOT-CES. [April, 


+ after a number when the remainder lies between a quarter 
and three quarters of the last unit set down. This compels 
anyone who wishes to use the table to insert the sign or to 
provide for & possible error of three quarters of a unit in his 
last place. "The ordinary method with no sign inserted leads 
to a maximum error of half a unit. it seems to the reviewer to 
be preferable to use two signs, a plus, for example, when the 
remainder is between a quarter and a half, and a minus with 
the last figure raised one unit when the remainder is between 
a half and three quarters. These signs can then be dropped 
without adjustment and with the usual error of half a unit. 

This is, however, a very small matter. The author is to 
be greatly congratulated on the successful completion of his 
task, and on producing a volume which will undoubtedly be 
the standard for all future tables of the logarithms of trigono- 
metric functions. The excellent typography—an important 
point—should not be forgotten. The publication has been 
made with aid of a subvention from the Fondation Commercy 
by the University of Paris. 

Ernest W. Brown. 


Annuaire du Bureau des Longitudes pour l'An 1912. Paris, 

Gauthier-Villars. 

THE present issue has its usual share of improvements and 
additions by the alteration to more modern data of some of 
the astronomical and physical constants and the inclusion 
of new matter. For a handy volume of reference in such 
matters, it is probably unsurpassed by any other of the same 
size and cost. But the reviewer has had cause to wonder 
whether some portions of the matter are really of much value. 
This arose from his attempt to use the table of elements of 
the asteroids. On account of the convenient form in which 
they are given, he incautiously adopted the elements for about 
twenty asteroids, not for statistical purposes but for individual 
examinations. Two of them seemed rather remarkable and 
the Berlin Astronomische Jahrbuch was searched for previous 
values. It then appeared that the periods given were er- 
roneous; No. 318 was set down with a period of 2204 days 
instead of 2104 days, and No. 624 with 4229 instead of 4429 
days. These are of course slips in proof-reading, but none 
the less disconcerting. In tables of continuous functions such 
errors are easily seen and corrected; one cannot do this with 
isolated physical constants. 
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The appendices contain an account byl M. G. Bigourdan 
of the mean temperature in different parts of France. The 
subject is illuminated by numerous diagrams showing the 
mean temperatures, daily, monthly, annually, winter, etc. 
M. P. Hatt gives an elementary account of the method of 
least squares illustrated by numerical examples. One of the 
best features is the full index, which enables the reader to 
find anything desired without trouble. For the first time 
the phenomena are given in legal time, that is, Greenwich 
time, which is nine minutes, twenty-one seconds behind Paris 
mean time. The change is due to a law passed on March 9, 
1911, & convenience for which the astronomer as well as the 
traveller is grateful. 

Ernest W. Brown. 


NOTES. 


THE nineteenth summer meeting of the AMERICAN MATHE- 
MATICAL SOCIETY will be held at the University of Pennsyl- 
vania on Tuesday and Wednesday, September 10-11, 1912. 


Tue March number (volume 13, number 3) of the Annals 
of Mathematics contains the following papers: A third general- 
ization of the groups of the regular polyhedrons," by G. A. 
Muxer; “A type of homogeneous linear differential equa- 
tion,” by L. A. HowraNp; “On the complete logarithmic 
solution of the cubic equation," by R. E. GrEAsoN; “The 
circular numbers for a plane curve,” by H. T. Burazss; 
“On the sum of a certain triple series,” by E. W. Brown; 
“A theorem in difference equations on the alternations of 
nodes of linearly independent solutions," by E. J. MOULTON; 
“Periodic quadratic transformations in the plane," by Vrat 
SNYDER; “On the reduction of a system of linear differential 
forms of any order,” by A. DRESDEN; “On the functional 
equation for the sine. Additional note,” by E. B. VAN VLECK. 


AT the meeting of the London mathematical society held 
on February 8 the following papers were read: By A. C. Dixon, 
“Exceptions to extensions of a theorem of Jacobi's"; by W. 
Burnside, “ Some properties of groups whose orders are powers 
of primes”; by G. H. Hardy and J. E. Littlewood, “Some 
results concerning diophantine approximations.” 
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Ar the meeting of the Edinburgh Mathematical Society on 
March 8; the following papers were read: By G. D. C. Stokes, : 
* An analytical study of plane rolling mechanisms "; by C. 
Tweedie, “ The fundamental formula for the area of a triangle 
in analytical geometry"; by E. M. Horsburgh, “ Proof of a 
fundamental relation between the bending moment and load 
curves "; by H. Levy, “An extension of Clairaut's differential 
equation." - 


THE annual meeting of the British association for the 
advancement of science will be held at Dundee, Scotland, 
September 4-10, under the presidency of Professor E. A. 
Schäfer. Professor H. L. CALLENDAR is chairman of section A, 
mathematical and physical sciences. 


Tue thirty-ninth summer meeting of the French associa- 
tion for the advancement of science will be held at Toulouse, 
August 1-7, under the presidency cf Professor Gariel. Pro- 
fessor E. BELoT is chairman of the section of pure and applied 
mathematics. 


Iw response to the wish expressed at the Milan meeting of 
. the international commission on the teaching of mathematics 
for a supply depot in which all the publications of the com- | 
‘mission can be purchased, the firm of Georg et Cie, Geneva, 
Switzerland, has undertaken to provide such a repository, and 
to keep in stock a sufficient supply to meet all regular demands. 
The report of the Milan meeting was published in the Enseigne- 
ment Mathématique, November 11, 1911. It contains a list of 
all the publications of the commission wbich had appeared at 
that time, together with their prices. This arrangement, and 
the provision for receiving the reports of the American sub- 
eommission from the Bureau of Education in Washington 
furnish an excellent opportunity to prepare for an intelligent 
understanding of the full report to be laid before the fifth 
international congress of mathematicians in Cambridge next 
August. 


Reports of American committees XI, “Mathematics at 
West Point and Annapolis,” and VI, “Mathematics in the `" 
technical secondary schools in the United States" of the 
International commission on the teaching of mathematics 
have just been issued by the United States bureau of edu- . 
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cation in Washington. Copies of these and the preceding 
reports may be secured gratis on application. | 


Tue twelfth regular meeting of the Rochester section of 
the association of teachers of mathematics in the Middle 
States and Maryland was held at Buffalo, March 9, 1912. 
The following papers were read: “ Ways in which teachers of 
mathematics may grow,” by C. N. Millard, with formal dis- 
cussion by E. C. Brown and G. G. McEwen; “ Notes on 
teaching radicals," by Miss M. M. Wardwell, with formal 
discussion by Miss M. E. Crofts and Miss J. C. Davis; “Sug- 
gestions on graphs in elementary algebra," by W. Betz; 
“Graphs in advanced secondary mathematics,” by A. S. 
Gale. The association has other sectional organizations in 
New York, Philadelphia, and Syracuse, in all of which regular 
meetings are held. 


Tre firm of B. G. Teubner, in Leipzig and Berlin, has just 
issued & 64 page catalogue of mathematical models prepared 
by H. Wiener and P. Treutlein. The first part consists of 106 
wire models representing quadrie surfaces, helicoids, space 
curves, and linkages. The second part enumerates an exten- 
sive collection of wire frames and wooden models for use in 
solid geometry and in elementary projective geometry. 


Tae following university courses in mathematics are 
announced for the summer semester, April 15 to August 15: 


University or Municu.— By Professor F. LINDEMANN: 
Integral calculus, five hours; Theory of linear differential 
equations and conformal representation, four hours; Quadra- 
ture of the circle, two hours; Seminar, two hours. — By Pro- 
fessor A. Voss: Analytic geometry of space, four hours; 
Analytic mechanics, II, four hours; Seminar, two hours. — 
By Professor A. Donn: Elementary theory of ordinary 
differential equations, four hours; Analytic theory of numbers, 
four hours. — By Professor H. BRuNN: Analytic geometry and 
analysis situs, two hours.— By Professor K. DOoEHLEMANN: 
Descriptive geometry, II, with exercises, six hours; Synthetic 
geometry, Il, four hours; Imaginary elements in geometry, 
one hour. — By Professor G. Hanroas: Differential calculus, 
five hours. — By Dr. K. Bönm: Selected chapters of differential 
geometry, three hours; Theory of probabilities with applica- 
tion to insurance, three hours. 
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UNIVERSITY OF STRASSBURG.—By Professor H. WEBER: 
Definite integrals and introduction to the theory of functions, 
four hours; Algebra, two hours; Seminar, two hours. —By Pro- 
fessor F. Scour: Theoretical mechanics, four hours; Ordinary 
differential equations, two hours; Seminar, two hours.—By 
Professor M. Son: Stereometry of non-euclidean geometry, 
one hour.—By Professor J. WzLrsTEIN: Elliptic and hyper- 
elliptic functions, four hours; Theory of invariants, two hours; 
‘Seminar, two hours.—By Professor R. v. Miszs: Hydrome- 
chanies, three hours; Differential and integral equations of 
mechanics, three hours; Seminar, two hours.—By Dr. P. 
Epstein: Introduction to higher mathematics, two hours; 
Seminar, two hours.—By Dr. À. Spriser: Theory of algebraic 
number fields, two hours; Recent problems in the theory of 
groups, two hours; Proseminar, two hours. . 


Dr. M. Rızsz has been appointed docent in mathematics 
at the University of Stockholm. 


Dr. SLESZYNSKI has been appointed docent in mathematics 
at the University of Cracow. 


Dr. V. POLLACK, of the technical school at Vienna, has 
been promoted to an associate professorship of geodesy. 


Dr. E. T. WnurrrAKER, royal astronomer of Ireland, has 
been appointed professor of mathematics at the University 
of Edinburgh, as successor of the late Professor G. Chrystal. 


Ar Purdue University Dr. E. G. Brun has been promoted 
to an assistant professorship of mathematics. 


RECENT catalogues of second-hand books:—A. Hermann et 
Fils, 6 rue de la Sorbonne, Paris, catalogue 113, 1900 titles in 
mathematies, physies, and mechanics.—W. Heffer and Sons, 
Cambridge, England, catalogue 88, 2100 titles in mathematics 
and science.—Oswald Weigel, Königstrasse 1, Leipzig, cata- 
logue 25, 600 titles in exact sciences.—Joseph Baer und Co., 
Hochstrasse 6, Frankfort, catalogue 599, periodicals 1700 titles. 
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NEW PUBLICATIONS. ' . 


I. HIGHER MATHEMATICS. 


D'ADHÉMAR (R.). See Monrmasus (R. px). 
Bann (W. W. R.). Mathematical recreations and essays. 6th edition. 
New York, Macmillan, 1911. 12mo. 164-506 pp: $2.75 


Buavert (M.). Ueber einige Anwendungen der elliptischen Funktionen 
auf die Theorie des ebenen Gelenkvierecks. (Diss.) Rostock, 1911. 

' Bornu (E.). See Tannery (J.). 

Brauna (F.). Ueber einige V: einerungen des Begriffes der Mann- 
heimschen Kurve. 183.) eidelberg, 1911. 

Caru (A.). Ueber höhere Rückkehr- und Wendepole. (Diss.) Jena, 
1911. d 


Dar Carear (J. I.). Nuevos metodos para resolver ecuaciones numericas. 
Madrid, Romo, 1911. 8vo. 808 pp. 


DiorHANTE. Le traité des nombres polygones de Diophante d' Alexandrie. 
Traduction française avec une introduction, par G. Massoutié. Paris, 
Gauthier-Villars, 1911. 8vo. 32pp. Fr. 1.50 


Düsma (K.) Die Elemente der Differential- und Integralrechnung in 
geometrischer Methode. Ausgabe B. Hannover, Janicke, 1911. 
Eaczrs (G.). Ueber gewisse mit den Kegelschnitten zusammenhängende 
Kurven höherer Ordnung. (Diss). Halle, 1911. 

Farrows (J.). Sur les involutions du quatrième ordre. Bruxelles, Hayez, 
1909. 8vo. 68pp. . Fr. 1.75 

Fexpse (W.). Zur Theorie von verallgemeinerten Bernouillischen und 
Eulerschen Zahlen. (Diss. Jena, 1911. 

FazNzzL (C.). Die Fundamente für eine elementare Einleitung in die 
Differential- und Integralrechnung. (Festschrift zur 50jährigen 
‚ Jubelfeier des Gymnasiums zu Lauenburg. 2ter Teil) Lauenburg, 
1911. 8vo. 47 pp. 

GarpEANO (Z. pm). Algunos conceptos fundamentales en un curso de 
análisis matemático y de las funciones. Zaragoza, Casafial, me 

v2: 

GrÜNBAUM (H.). Funktionenlehre und Elemente der Differential- und 
In nung. 3te umgearbeitete und vermehrte Auflage des 
Lehr- und Übungsbuches der Differentialrechnung. Stuttgart, Grub 
1912. Sea, 12-4196 pp. M. 4.00 

Hezmaozrz (H. v.) Volksausgabe in einem Bande. Von L. Königsberger. 
Bra weig, Vieweg, 1911. 14-356 pp. M. 4.50 

Horrs (E.. Mathematik und Astronomie im klassischen Alterthum. 
Heidelberg, Winter, 1911. M. 7.00 


Innus (R.). A logical notation for mathematics. Kapstadt, 1911. 
JascHmwski (J.). See Minkowskı (H.). 


Jonas (G.). Ueber den Fehler bei logarithmischen Rechnungen. (Progr.) 
Lier Teil. Landsberg, 1911. 19 pp. g 


374 NEW PUBLICATIONS. [April, 


Knesor (AJ). Mathematik und Natur. (Rektorats-Rede, Breslau 
Universität.) Breslau, 1911. 


Kówigssmhamgg (L.). See,HnurMHorrz (H. vi, 
Riesen (H.). Über windschiefe Kegelschnitte. (Diss. Halle, 1911. 


Lon (G.). Poliedri, curve e superficie secondo i metodi della geometria 
-descrittiva. Milano, Hoepli, 1912. : 


MassovurIÉ (G.). See DIoPHANTE. 
MiwEoOWwsSEI(H.). Raumund Zeit. (Russian translation by J. Jaschewaki.) | 

St. Petersburg, 1911. 
Monressus (R. ng)ep'ApHfMAR (R.). Calcul numérique. Ire partie: 
tions arithmétiques et algébriques. 2e partie: In tion. 


cyclopédie scientifique.) Paris, Dom, 1911. . 6.00 
Pumers (J.. Potentialtheoretische Untersuchungen. (Gekrönte Preis- 
schrift.) Leipzig, Teubner, 1911. 8vo. 19--100 pp. M. 6.00 


Remmepes (O.) Die Niveau- und Fallinien auf Flächen insbesondere 
auf Mod en analytischer Funktionen. (Diss. Kiel, 1911. 


REDER . Polynomische Entwicklungen von Funktionen einer kom- 
plexen Variablen. (Diss. Basel, 1911. 

Rınmann (B.). See Wann (H.). 

Tannery (J.). Science et philosophie. Avec une notice de E. Borel. 
Paris, Alcan, 1911. 16mo. 16+336 pp. Fr. 3.50 

TIRHOMANDRITZEY (M.). Eléments de la théorie des intégrales abéliennes. 
Nouvelle édition, revue, corrigée, complétée de notes et en partie 
refaite entiérement. St. Petersburg, 1911. 

Wasare (H.). Die partiellen Differentialglsichungen der mathematischen 
Physik: Nach Riemanns Vorlesungen. bte Auflage. 2ter Band. 
Braunschweig, Vieweg, 1912. 8vo. 675 pp. M. 16.80 

WinsoN (E. B.) Advanced calculus. A text upon select parts of dif- 
ferential calculus, differential equations, integral calculus, theory of 
functions, with numerous exercises. Boston, Ginn, 1911. Bvo. 
566 pp. Cloth. $2.75 


IL ELEMENTARY MATHEMATICS. 
Baker (W. M.) and Bournm (A. A.). A new geometry. Books 1-3. 
London, Bell, 1912. 8vo. 148 pp. 1s. 6d. 
Benpr (F.) Grundzüge der Trigonometrie. 4te Auflage. Leipzig, 
Weber, 1911. 8+185 pp. Cloth. M. 2.00 


Bope (P.). Die Reform des mathematischen und naturwissenschaftlichen 
Rue an hoheren Schulen in der Gegenwart. (Diss.) Leipzig, 
Borcaanpr (W. G.) and Perorr (A. D.). Geometry for schools. Volume 
8, stage 3, section 2. London, Bell, 112. 8vo. la. 


Bournn (A. A). See Baxer (W. M.). 
Bruxo (G. M.). Geometria, con numerosos ejercicios. 2e edición, re- 
i y aumentada. Tours, Mame, -011. 16mo. 3902 pp. 


DISCEMANN. Leitfaden zur Aufgabensammlung für den Unterricht in 
Algebra. Leipzig, Degener, 1911. M. 1.50 
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DowapT (A.). Arithmetik und Algebra zum Selbstunterricht. Leipzig, 
Brandstetter, 1911. M. 4.50 


Evnrert (J. P.). See Stans (C. P.). R 


Exercices de géométrie comprenant l'exposé des méthodes géométriques 
et 2000 questions résolues, par F. G.'M. 6e édition. Paris, de 
Gigord, 1912. 8vo. 24+1302 pp. 


Germeau (J.). Essai d'un cours de trigonométrie rectiligne aveo de nom- 
breuses applieations. 2e édition. Namur, Wesmael-Charlier, 1911. 
8vo. 98 pp. Fr. 1.50 


Grapp (M.). Leitfaden der bautechnischen Algebra. Arte Auflage. 
Leipzig, Teubner, 1911. M. 1.50 


— und LrgEBMANN (A.). Logarithmen und Kurventabellen für den 


Gebrauch an Tiefbauschulen. Leipzig, 1911. M. 1.20 
Goprrex (C. and Sıpvons (A. W.). A shorter geometry. London, 
Cambridge University Press, 1012. Svo. 324 pp. 28. 6d. 


Guersy (E.) See Rousıer (G.). 


GuıcHARD {C.). Traité de géométrie. Tome ler. 4e édition, Paris, 
Vuibert, 1911. 8vo. 84-506 pp. 


Hocevan (F.). Lehr- und Übungsbuch der Geometrie für Gymnasien und 
Realgymnasien. 7te Auflage. Wien, Tempsky, 1912. Kr. 2.80 


Hocmugm (A.). Aufgaben aus der analytischen Geometrie der Ebene. 
Heft 1: Die gerade Linie, der Punkt, der Kreis. A: Aufgaben. B: 
Auflósungen. 4te, vermehrte Auflage, bearbeitet von O. Jahn und 
F. Hochheim. Leipzig, Teubner, 1911. Cloth. M. 6.00 


—. Aufgaben aus der analytischen Geometrie der Ebene. Heft 3: 
Die Kegelschnitte. Abteilung IJ. A: Aufgaben. B: Auflösungen. 
2te, vermehrte Auflage, bearbeitet von F. Hochheim. Leipzig, Teub- 
ner, 1911. Cloth. M. 4.20 


Isvorsxx (N.). Treatise on geometry. I: Plane geometry. Il: Solid 
geometry. (Russian) Moscow, 1911. 266+127 pp. 


KomsmreuL (V. und KowwERELL (R.). Analytische Geometrie. Für 
den Schulgebrauch bearbeitet. Tubingen, Laupp, 1912. 8vo. 8+ 
180 pp. M. 2 40 


` Lippmann (A.). See Granpt (M.). 


Lrerzuann (W.). Der mathematische Elementarunterricht und die 
Mathematik an den Lehrerbildungsanstalten. (öter Band der Ab- 
handlungen uber den mathematischen Unterricht in Deutschland.) 
1tes Heft: Stoff und Methode des Rechnenunterrichts in Deutschland. 
Leipzig, Teubner, 1912. 8vo. 7-+125 pp. M. 3.00 


LoRcHeR (O.). Kurzgefasster methodischer Lehrgang der ebenen Geo- 
metrie nebst Grundzügen der Raumgeometrie. Stuttgart, Grub, 
1912. 8vo. 84-72 pp. M. 1.20 


Mare (J.). Manuel d’algèbre élémentaire. Namur, Wasmael-Charlier, 


1911. 16mo. 79 pp. Fr. 1.25 
MATRICULATION mathematics papers. University of London. 1905-1911. 
London, Clive, 1912. 8vo. 112 pp. 1s. 6d. 


Manu (H.). Bee Scie (C.). 


Muus (C. T.) Technical arithmetic and geometry. 2nd edition, re- 
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DEFINITE INTEGRALS CONTAINING A 
PARAMETER. 


BY PROFESSOR D. C. GILLEBPIR. 


(Read before the American Mathematical Society, February 25, 1011.) 


A FUNCTION f(a, x) is defined for each pair of values of 
a and'z in the closed region 0 a < 1 and 0 € z $1. For 
each value of a in the interval (0, 1) the function J fla, x) is 
an integrable function of z according to Riemann's definition. 
. A function F(a) is thus defined by the equation 


Fa) = [ fes mz. 


The problem considered in this paper is one of uniform con- 
vergence; namely, the determination of the conditions to be 
imposed on the function f(a, x) in order that corresponding 
to any positive number e there exist a number ö independent 
of a such that 


« e, 





IF) — F fle, 8) — 2) 


(ën cz 0, m=1, 41S & < x) 


. QD 


for (z; — xi) < 6. 

Closely associated with this problem of uniform convergence 
are, at any rate, two others which lend interest to it. Of 
these, one is the problem concerning the continuity of F(o). 
Under the assumption that f(a, x) is a continuous function 
of a for each value of x, a necessary and sufficient condition 
that F(o) be a continuous function of « follows from the theory 
developed. The conditions under which the roots of the 
equation F(a) = 0 are limiting points of the roots of the se- 


- quence of equations 


D fe, Ble — a2) =0 


as n becomes infinite is the second problem. 
The absence of continuity conditions does not preclude the 
existence of the inequality (I). 
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Example (a): 
fla, x) = 1 + 2x for a rational, 
f(a, x) = 0 for o irrational, 
F(a) = 2 for a rational; Riol = 0 for a irrational. 


For a fixed value of x, f(a, x) is discontinuous in o at every 
point of the interval (0, 1), and F(a) is also discontinuous at 
every point. Inequality (I) nevertheless exists. 
On the other hand it is not sufficient for the existence of 
the inequality (I) that f(a, x) be limited and F(a) be continuous. 
Example (b): 


fla, x) = sin fora +0, f(«,2) = 0 for a = 0, 


1 2rt o a KÉ 
Pa) (oe e — F cos for a + 0, 


F(a) = 0 for a = 0. 


F(a) is therefore a continuous function of o in the interval 
(0, 1). Let the law of subdivision be such that the end points 
of the yth-subdivisions coincide with those values of x for which 
sin 2yr has maximum values, and let & = x; There will 
then exist an integer n greater than any fixed integer m, and 
a positive number o less than any fixed positive number ô, 
such that 


E re, £)z; Alz 11< 6, 


where eis any preassigned positive number. Since, however, 


lim F(a) = 0, 


the inequality (I) does not exist. 

Nor, again, is it sufficient for the existence of the inequality 
that both F(a) be continuous in a and f(a, x) be a continuous 
function of a for each value of a. 

Example (c): 


4 
fla, 2) = SG for x +1, 


Pio, x) = 0 for x = 1. 
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f(a, x) is then a continuous function of a for éach value of x. 
The function . 


1 
Fiat f flo, z)da = ob arctg = lcd 
—0fora-0 


is continuous in o throughout the interval (0, 1). Let the 
end points of the vth subdivision fall at 





and let £; = a; for? + y and £, = 1 — 1/7; then the sum having 
F(a) for its limits is 


Im 
& 
u 
m 
R 
u 





| For a = 1/» the last term of the sum is 3; the sum of all 
the terms is greater than 4 since all the terms are positive. 
The function F(a) is continuous and equals zero when o equals 
zero, the inequality (I) therefore does not exist. 
'(TuzoREM I. If f(a, x) be a continuous function of the two 
_ variables o and x, the inequality (I) exists. 
This theorem is included in the following more general 
THEOREM Il. If f(a, x) be continuous in a uniformly with 
respect to x, 4. e., if corresponding to any positive number e there 
exists a à independent of x such that |f(a+ h, x) — f(a, £) | < e 
for | h| < 4, the inequality (T) exists. 
This theorem again is a special case of theorem (III). 
Theorems I and II are stated under the assumption that 
f(a, x) is an integrable function of x for each value of a. In 
Theorem III we drop this requirement and assume only that 
fla, x) is a limited function of z-for each a. 


[ 
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Taeorem II. If fla, x) be continuous in a uniformly 
with respect to x, then the upper sum* converges lo the upper 
integral* uniformly with respect to a.t 

Since f(e, x) is a limited function of x for each o, the upper 
integral exists and a function Dia) is defined by the equation ' 


F(a) = f : f (a. a)dz. 


The upper limit of f(a, x) for values of x in the interval (z, 
zi) is denoted by f,(a). Unless the upper sum converges 
to the upper integral uniformly in a throughout the interval 
(0, 1), there exists a point a = b in this interval such that in 
any arbitrarily small interval about b the convergence is not 
uniform. Itis sufficient then to establish uniform convergence 
in the neighborhood of b. 


| FO +9) — 22 RG + a e) 





SE FOG- 2-2 — A6 + Ne 2) 
+ | FO) — Xf) — 2) | + | Fb 4-9) — FO). 


Corresponding to any positive number e, there exists a number 
5; independent of à such that 


| — 6 -- 9 | «5 
for |n|< à. This follows from the assumption that the 


function f(a, +) is continuous in æ uniformly with respect to z. 
The existence of the upper integral 


[re sé | 


renders it possible to choose a number à; such that 


FO — LFW) i e 








< S for (z; — £i) < ô: 





* Cp. Pierpont’s Functions of a Real Variable, vol. 1, p. 337; Hobson's 
Functions of a Real Variable, p. 339. 

f The same theorem holds, of course, for the lower sum and lower 
integral. . 
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103-9 — FO =| [10 E | . 


ciens | [e o rone 


< the upper limit of | f(b + n, x) — f(b, x) |. 
Hence there exists a number 5; such that 
€ 
3 


Thus we have established the existence of a number 5 such 
that 


| | FO+ 2) —F)|«z for [n| X &. 


F6. -EROE aa) «e for [nl <3 


and (x, — t) < ô. 


THEOREM IV. If the function F(a) be continuous in the 
interval (0, 1), and the function f(o, x) be a continuous function 
of a for each x, then under any fixed law of subdivision there will 
correspond to any integer m and any positive number e an integer 
n > mand a number à such that 


FO + 2) — TSO +n alas — 2 9* | efor |a] < à 


THEoREM V. If f(a, x) be a continuous function of a for 
each x, F(o) will be continuous at b provided that, corresponding 
to any positive number e and any integer m, there exist a number 
ô and an integer n > m such that 


|F6+ 9 — È fO s 206 — ze) | < efor |n| < ô. 


The proofs of Theorems IV and V are almost identical with 
the proofs of the two theorems which establish the necessary 
and sufficient condition that the sum of an infinite series of 
continuous functions shall be a continuous function. "These 
‘theorems in infinite series, as well as those stated here for 
definite integrals containing a parameter, are applications of 


* In the function f(b + n, an may be replaced by & provided the 








manner of assigning & is prescribed. 
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the following theorem concerning functions defined by se- 
quence$ of continuous functions. We assume that each of 
the sequence of functions n(x) is continuous in the interval 
(0, 1), and that lim... (2) = v(x) exists. A necessary 
and sufficient condition for the continuity of ¢(x) in the 
interval (0, 1) is that, corresponding to any positive number € 
and any integer m, the condition | e(z) — (x) | < € is 
satisfied for every value of z in (0, 1), where n has one of & 
finite number of values all greater than m, the value to be 
given to n depending on the value assigned to x. 


CORNELL UNIVERSITY, - 
March 2, 1912. 


ON THE V? WITH FIVE NODES OF THE SECOND 
SPECIES IN 8. 


BY DR. B. LEFSCHETZ. 
(Read before the American Mathema-ieal Society, April 27, 1912.) 


Cupic varieties in four-space were first investigated by 
Segre, in two memoirs* which are still classic, and in which 
he gave & generation of those having more than six nodes, 
especially the one with ten nodes, while he also considered 
varieties containing a plane, and gave some of their properties. 
Castelnuovo} investigated also the Vj? with ten nodes, and a 
good account of the theory of the latter is to be found in 
Bertini So far as we know however, varieties having 
nodes for which the hypercone tangent degenerates into one 
cut by any V3! in a cone—points which we define as nodes of 
the second species—have been but little considered. In a 
previous paper $ the writer has given the maximum of these 
nodes for surfaces, or rather a method for obtaining it. This 
method admitted of.an evident extension to n-space, and in 
particular gives for V? in four-space, a maximum of these nodes 
equal to half the number of absolute invariants of the most 

* “Sulle varietà cubiche," Memorie dell Academia di T'oryno, ser. 2, vol. 
39 (1888). "Sulla varietà cubicha con 10 punti doppi," Au di Torino, 
vol. 22 (1887). 

ieee congruenze dell 3? ordine," Atti dell’ Ist. Veneto, ser 6, vol. 6 
| i eometria proiettiva degli iperspazi, p. 176. ne 

“On the existence of loci with given singularities.” Read before 
the Poughkeepsie meeting of the Society, Sept. 12, 1911. 
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general V3, that is five. We propose, in the present paper, 
to show briefly the existence of this variety having five such 
nodes. 
The equation of a Vj! having 5 nodes, one at each of the 
vertices of the pentahedron of reference, is 
E tie 20 
dum. an = ki; y= . 
The hypercone tangent to the Ré at the point (0, 0, 0, 0, 1) 
has for its equation 
S an 


3 
i, a—1 VAT 


and its section by a V3! will be a cone if we have 


0 an an Au 


di» 0 03 ui 
Gig as 0 Oy 
au dy du H 
If we apply now the transformation 
Xiti = X = A = A = Xi, 


our V becomes 
A Esch 


> OX Xx = 0, 

1, kl 
that is, a Eé, which will pass through the five vertices of the 
pentahedron of reference, and will be cut by X, = 0 in a 
quadricone on account of the vanishing of the above deter- 
minant. It will therefore be tangent to X, = 0. It follows 
that to show the existence of a V with five nodes of the second 
species, we need only construct a V3! both inscribed and circum- 
scribed to a pentahedron formed by five Vs. For this purpose 
let us consider an arbitrary H, and three arbitrary Vs! tangent 
to it, which we will denote by A, B, C. We want to find two 
more Hd, say D and E, such that together with the three given 
ones they satisfy the required condition with respect to Vj. 
Let L be the right line intersection of A, B, C; Pa, Pr, P, the 
. planes (BC), (CA), (AB); and Ca, C», €, the conic inter- 
sections of these planes with Va. These three conics have in 
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common the points o, 8 where L cuts Vj. With the conditions 
imposed ät is clear that D must go through « (or 8) and E 
through B (or a). . . . Suppose then that D goes through « 
and E through 8. D and E are to be determined by the condi- 
tions that they shall be tangent to V;? and such that the plane 
(DE) shall meet Ca, Cz, C, respectively in one point. Consider 
now a fixed point a on Ca, and a point b on Ce. There are two 
Val going through a, b, a and tangent to Vs, and if cis the point 
other than a where one of them meets C., there are two V3! 
tangent to V and going through a, c, 8. If b’ is the point 
where one of them cuts (4, it is seen at once that (b, b^) are 
in (4, 4) correspondence, and for any of the 8 coincidences 
it is evident that we have two hyperplanes D, E which together 
with (A, B, C) form a system of the kind required. 
It may be remarked in passing that 


represents a Vj? with four nodes of the second species, and is 
a mere generalization of the cubie surface with three such 
nodes represented by 


zu + vè = 0. 


We reserve for a later occasion the consideration of the special 
cases that may arise in the construction given above. 


LincoLn, NEB., ` 
January 22, 1012. 


WHAT IS MATHEMATICS? 


Principia Mathematica. By ALFRED North WEÆITEHEAD and 
BERTRAND RussELL . Vol. I. Cambridge, 1910. Royal 
8vo. xvi-+ 666 pp. $8.00. 

THE game of chess has always fascinated mathematicians, 
and there is reason to suppose that the possession of great 
powers of playing that game is in many features very much 
like the possession of great mathematical ability. There are 
the different pieces to learn, the pawns, the knights, the 
bishops, the castles, and the queen and king. The board 
possesses certain possible combinations of squares, as in rows, 
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diagonals, etc. The pieces are subject to certain rules by 
which their motions are governed, and there are other rules 
governing the players. A treatise on chess contains all these. 
Further however it also contains openings which have been 
found to be advantageous to one or the other of the players 
and usually contains also various endings of games for the 
tyro to analyse, in order that he may see how to acquire skill 
in foreseeing the situations that may arise in any game. One 
has only to increase the number of pieces, to enlarge the field 
of the board, and to produce new rules which are to govern 
either the pieces or the player, to have & pretty good idea of 
what mathematics consists. 

In mathematics the game is much more complicated. The 
pieces we handle are the members of ranges of a more or less 
elaborate character. These members may be numbers, 
functions, lines, operations, any set of things we can define.* 
The moves on the board are groups of operations that may be 
performed upon these ranges and their members. We also 
must take into account a feature which is present in the game 
of chess in one move only—that of castling. In mathe- 
matics we may handle whole combinations of elements and 
operations upon them, as if they were single things. That is, 
we must take into account complexes of operations and ranges. 

With these elements we do different things, according to our 
taste and ability. First of all there are the developments 
of structure. ‘These include the construction of magic squares, 
and other questions of tactic, arrangements and combinatory 
analysis, factoring, decomposition of fractions, congruences, 
residues, and theory of form, through the structure of groups, 
up to finite fields, multiple algebra, calculus of operations, 
symbolic logic and general algebra. ‘Then there are develop- 
ments of the invariants that occur in different structures. We 
study algebraic and arithmetic forms, group characters, projec- 
tive geometry, differential forms, topology, geometry in general, 
and operational invariants. (We mention necessarily only a 
few sample cases of the problems referred to.) There is also 
the study of correspondences of various types, the whole field 
of analysis or study of functions. In this are such things as 
the functions of a real variable, trigonometric series, algebraic 
functions, general analysis, geometrical transformations, 


* Cf. E. H. Moore, “Introduction to a form of General Analysis," New 
Haven Math. Colloquium, 1910, page 2. 
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automorphic functions, calculus of variations, functions of a 
complex variable, vector fields, differential geometry, and 
rational mechanics. Further, and most difficult, are the 
studies in inversion. It is here that the expansions of the 
‚mathematical game take place. In this line of investigation 
we find algebraic corpora, ideals, modular systems, differential - 
equations, integral equations, functional equations, and in- . 
verses of all kinds. Any theory of mathematies that would 
be complete is forced to account for all these different studies. 
To consider, for example, that one has laid the foundations of 
mathematics when he has produced the irrational number, 
is to confuse the theory of real variables with mathematics. 
Important as the problems of the continuum may be, the 
continuum is not the basis or foundation of structure. A 
knowledge of the different grades of ensembles does not enable 
one to ascertain whether a group is compound or not, or 
whether a number is prime or not. It does not determine the 
list of invariants of the decic, nor does it develop the differential 
parameters of a differential form of the fifth degree. The 
continuum has little to do with the properties of automorphic 
functions as functions. Cardinal and ordinal ranges do not 
play & prominent part in modular systems, nor in algebraic 
ideals, nor in functional equations. Neither likewise does a 
set of postulates for geometry, or some type of geometry, 
assist in determining how many associative algebras there 
are, built on twenty-four units. Indeed the postulates for 
associative algebras in general do not do this. So it becomes 
evident that when one wishes to discuss the principles of 
mathematics he must state what it is he refers to. If the 
analysis above (which was only indicated in a broad way) is 
correct, he may discuss the ranges with which mathematics 
has to deal, or he may discuss operations in general, or the 
principles may be those at the base of multiple algebra. He 
may mean the principles of mathematical composition and 
form, or the principles of the invariance in the transformations 
of forms, or the principles of functionality and correspondence 
in general, or the principles upon which may be founded the 
theory of inversions. For example, Russell’s Principles of 
Mathematics was unable to handle the problem of the intro- 
duction of the imaginary into mathematics, and endeavored 
to crowd the whole theory of hypercomplex numbers into the 
theory of dimensionality. Peano’s Formulaire did better, 
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for the imaginary is defined at least by one of its examples. 
But the imaginary and the quaternion, and all other associ- 
ative hypercomplex numbers, not to speak of those not associ- 
ative, receive scant recognition in either case. A Principia 
Mathematica should cover the field, or it ceases to justify 
its title.* 

Further we must not confuse mathematics and mathematical 
reasoning. It is true we infer in mathematics. But we 
also infer in physics, and history, and in daily life. Mathe- 
matics has no copyright on the process. To define mathe- 
matics as the science that draws necessary conclusions,f or 
as the class of all formal implications,f does not define at all. 
Other branches of human learning draw necessary conclusions, 
and formal implication is not unknown to them. Mathe- 
matics also uses the constructive imagination, the generalizing 
power, the intuition, and other mental processes. To define 
mathematics as “the study of ideal constructions (often ap- 
plicable to real objects) and the discovery thereby of relations 
between the parts of these constructions, before unknown," 
is better.$ This definition brings out the ideal, the con- 
struction, and the discovery, three features which are essential 
to mathematical development. For example, an abstract 
group isideal. Functions of the roots of an equation are ideal 
constructions. "The discovery lies in seeing that the properties 
of the one will explain the relations involved in the other. 
Again, algebraic numbers are ideal. We construct with them 
domains of rationality, and arrive at the Galois theory in 
the relations. 

: However attention should be drawn to the fact that among 
the ideal elements with which we deal are many we invent 
or create entirely new. Examples are easily found. Quater- 
nions were the result of Hamilton's attempt to extend the 
number field. The non-euclidean geometries were the attempt 
to create a new geometry. If any one fact stands out prom- 
inently in mathematical investigation it is this fact of the 
creation of new realms of investigation. Whether these ever 
are applied to real objects is a matter of less importance 

* Cf. Poincaré, Rev. Mét. et Morale, vol. 13 (1905), pP; 815-835; vol. 14 
(1906), pp. 17-34, 294-817, 866-868. Hulbert, Verh. III. Int. Math. Kongr. 
Heidelberg (1904), pp. 174-185. Russell, Rev. Mét. et Morale, vol. 14 
(1906), pp: 627-650. Böcher, Buzzer, vol. 11 (1904), pp. 115-135. 

+ B. Peirce, Amer. Jour. Math., vol. 4 (1881), p. 97. 


iu Russell, Principles of Mathematics, p. 3. 
Century Dictionary (C. S. Peirce). 
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mathematically. It is a simple affair to invent even a new 
logic and mode of inference. Thus, let us imagine that the 
contradictive process were of period three, in place of two. 
That is, to the proposition p there is a first contradictory p’, 
whose first contradictory is p”, the contradictory of the last 
being again p. What becomes of the conventional logic now? 
Yet by symbolism we can develop this kind of logic as well 
as any. This process we may call the mathematicising of 
logic. Indeed the volume before us really does something of 
this kind for logic, as the doctrine of types is close to the 
example above, and the result is labeled mathematical logic. 

The outcome is interesting to mathematicians for several 
reasons. First of all it is a very general or abstract branch of 
mathematics. Secondly this book whose first volume is 
under consideration takes the place of a second volume of the 
Principles, in which the attempt was made to reduce all 
mathematics to symbolic logic, or as it is now called logistic. 
It is expected to demonstrate formally from these notions the 
derivation of the properties of cardinal and ordinal integers, 
irrationals, series, and eventually geometry and dynamics. 
We desire to examine the book from a purely mathematical 
point of view as to the success of the attempt. 

There is an Introduction of three chapters. In some 
cases the fuller development farther on must be read in order 
to see exactly what the explanations of the Introduction mean. 
The first chapter gives a preliminary explanation of the no- 
tations used. These symbols are able to be themselves the 
elements of the entire development, and are thus very funda- 
mental. A complete table is given here for the convenience 
of readers. 


+ it is true that.. — negative of relation () 

i ter c- relation () contained in.. 

~ contradictory of.. [relativo roduct of. 

v..or.. * the referent as to relation () of 

. zand.. R" a the referents of class a 

D ..implies that.. R converse relation of R 

>, . implies that for x, formal im- Œ! thera is a case of relation 
plication ^ null-relation 

= , is identical with.. V universal relation 

= . Df nominal definition relation with domain limited to a 

= ., 18 equivalent to.. c 

=, . is equivalent to.. for x, [ relation with converse domain 
formal equivalence limited to a class ` 

Pa P-seleotions C relation with field limited to a 

1 —» 1 one-one correspondence class 
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1— Cls one-many correspondence 

Cls name for classes 

Rel name for relations 

Cnv converse 

Ex existent 

Cls? class of classes 

D‘ domain of relation.. 

(T converse domain of . 

C' field of.. 

—», 6g, referents of.. 

*—, gs, relata of . 

zQ9 operator of x on () 

9 y operator of () into y 

« 9 y values of x 9 y for z over range a 

RI subrelation 

RI ex existent subrelation 

a proposition about a 

«x proposition about a variable 

gt propositional function 

ælè predicative function 

(z)-pz proposition is true for all 
individuals x 

Oz). et proposition is true for 
some individuals x 

Cx)ez the x with property e 

2(ez) class defined by e 

Type range of x such that ez is 
significant. 

f relation () and relation () 

ú relation () or relation () 
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Y couplet relation, vid. 

N common subclass 

U common superclass * 

— negative of a class 

C contained in . 

V universal class 

A null class 

a! there is a member of 

E! the member of .. exists 

1 the class of unit classes 

l(a) the class of unit classes of 
type o 

P, V, x, 9, functional signs 

?the .. 

e is & member of the class deter- 
mined by . 

ı class of one member, unıt class. 

ia the only member of a 

Greek capitals, constants 

Small Greek letters, usually classes 

Capital italies, variable relations 

P, q4, r propositions 

" g functions 

Ux type in which z is contained 

toa type in which a is contained 

p'« product of classes 

Sie sum of classes 

Cl subclass 

Oler existent subclass 

o 


These symbols may be viewed in two different ways. They 
may be looked upon as furnishing a system of short-hand, 
or pasigraphy and stenography combined, intelligible to the 
initiated, and not only abbreviating the writing, but furnishing 
a mode of expression in which the usual color, shading of 
meaning, and associations of words are missing. This in 
itself would justify their use. Or we may look upon them as - 
being symbols for the abstract elements of reasoning which 
have been found by the analysis, and for which no appro- 
priate name exists. The latter formal view would not be 
taken by those who dislike to think that mathematics is the 
theory of certain combinations of symbols. But it seems to us 
that if we take the formal point of view, we are doing no more 
than when we define a rational fraction as a couple of numbers, 
subject to certain rules, and are able then to identify integers 
with those couples whose second number is1. The foundations 
of arithmetic become solid. So too here if we consider that 
these symbols themselves, as representative of certain well- 
defined terms, are under consideration, we shall find a gain 
in clearness. In fact obscurity arises easily if we try to inter- 
pret some of the statements of the book in other ways. 


392 | WHAT IS MATHEMATICS ? [May, 


We will undertake to give some notion of the ground covered 
in this first volume. All we can do of.course in our limits of 
space is to discuss some of the prominent features of the book. 
The first thing we must consider is the meaning attached to 
certain words that are not used in the usual sense. The one 
we encounter at the beginning is the term implication. To 
this we need to devote & careful study, for it is the real basis 
of the further development. 

Implication. 

The startling statement is made early that “Newton was a 
man” and “The sun is hot” are equivalent propositions. 
From the definition of implication we see also that “Newton 
was not a man" implies that “The stn is hot,” and “ The sun 
is cold" implies “Newton was a man," or 2+ 2 = 4, or 
“John Smith killed Pocahontas.” This is a very different 
thing from what most of us would naturally call equivalence 
or implication. Implication, as used here, is a relation be- 
tween two elementary propositions, or statements about 
particular individuals. We might raise the question as to 
whether there are any such propositions after all. But ac- 
cepting for the time the assertion that they exist, implication 
is merely the statement that either the first proposition is 
false or else the second one is true. Now in the highly special 
sense in which we find terms used throughout the book, we 
feel instinctively that there is & certain artificial quality about 
every definition given or term used. "Thus while we find the 
terms true, false, and not, true, used, as well as truth-value, we 
find no real explanation given of the meaning of these words. 
Indeed we find later that there is a varying truth dependent 
upon the order of the statement. We must conclude then 
that the text throughout is concerned with a certain quality 
of the propositions considered, and not with the propositions 
themselves. When the authors talk about p and q they do 
not mean to discuss the significance of p and q but only a cer- 
tain quality of p or of q. If the argument is about “Newton 
was & man," any other true proposition would do as well, 
for example, 2 + 2 = 4. The assertions are not about the con- 
tent of the propositions in either case but about the quality 
attached to either called its “truth-value.” All propositions 
with the same truth-value are equivalent. 'They may in 
any implication be substituted, one for another. This ex- 


t 
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plains how it is that “Newton was a man" and “The sun is 
hot” are equivalent. It also shows that the first implies 
the second, for either the first, irrespective of its significance, 
has the truth-value falsehood, or else the second has the 
truth-value truth. It is explained later (page 120) that we 
may throughout substitute the number 1 for any proposition 
with the truth-value truth, and the number 0 for any propo- 
sition with the truth-value falsehood, and reduce all formulas 
to the arithmetic of 0 and 1. The notion of truth-value is 
due to Frege,* although something similar is to be found in 
Boole.f 

With regard to this view, we might suggest that whether 
the symbols p and q are to be regarded as equivalent or not 
depends upon the relationship they possess to other things 
in the universe, as well as upon their own significance. It 
would seem bétter to have used a different term to designate 
what the authors have in mind. A specific symbolism will 
make the matter clear. Let us agree to mark every propo- 
sition either with ° or with’. This property of being tagged 
we will call T, thus 

T (Newton was a man) is’, T (The sun is cold) is °. 
We may then state that what is meant by implication is one 
of the alternatives 


T(p) is ° and T(q) is ^, or T(p) is ° and Tg) is’, 
or T(p) is " and Tg) is”. 


It is to be observed that T(q) is tagged ’ if T(p) is ’, otherwise 
it may be either. The one case excluded is evidently: tag 
of pis’ and tag of gis°. We may admit that this is a simple 
thing, but (while it may be an idiosyncrasy on our part) it 
does not seem to be elementary. The notion of two tags, and 
of the property of being tagged, are clearly involved, and unless 
we make the tagging & purely haphazard affair, there is also 
involved the problem of determining which tag must be placed 
on a given symbol. The basal assumption (not mentioned) of 
the entire book seems to be, that we are in a position to say 
with regard to any proposition p about some specifie thing 
whether it is true or not. Often it is the truth that we are 


* Russell, “ The theory of implication," Amer. Jour. Math., vol. 28 (1908), 
p. 160. 
T Laws of Thought, 1854, p. 70. 
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endeavoring to discover. In fact, we have here the first 
example of the assertion that some parts of the book become 
more clear if we treat the results as purely symbolic, the whole 
being a calculus of symbols. If we know how to tag q there 
is no use in mentioning p. If p happens to be false, or if p 
happens to be true, we still confront the fact that we must 
decide that we haveto choose between exactly the alternatives 
stated above. Hence for practical inference, this kind of impli- 
cation seems to us to be worthless, and we therefore think 
another name would be desirable. The definition of impli- 
cation, or rather the meaning given the implication sign, by ' 
Peano,* seems to be more fundamental, and elementary. It 
reads thus: 


p)q 


de p on déduit q; si p, alors q; la p a pour conséquence la o: 

la q est une conséquence de la p; la p est une condition suf- 
fisante de la q; la q est une condition nécessaire de là p. 
We deal here directly with the propositions p and q and not 
with any functions of qualities they may possess. From the 
formal point of view, however, we have obtained a two- 
valued function of the indefinite set of marks, p, q, r, etc., 
that is, T( )is’or°. 

The propositional form that has a variable argument is 
generally expressed by px, and we come next to the impli- 
cations corresponding, that is, to formal implication. Ac- 
cording to the Principles of Mathematics, the formal im- 
plication i is the main thing in mathematics. It means that 
in px we substitute for x any symbol (later it is restricted 
to & given type). The propositions resulting will each 
have a tag, as ’ or °, that is, as true or false. The same 
is done with der, where d is a form into which we put the 
variable x in order to arrive at a proposition. Each of these 
propositions is tagged. Then ex implies (formally) ya if 
in each case the tag on ec is ° or else the tag on yz is ’, the 
same + occurring in each of the two. In other words, we must 
be able to assign for any given x the proper tag for ex and 
for yz, and if we make out a three column table in which the 
first column is marked gx, the second qz, the third vx, and then 
enter the values of x as arguments, and the tags as values 


* Formulaire, 4 éd., page 4; 5 éd., p. 3. 
{If absurd, they are not propositions. 
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in the proper columns, we will necessarily have in the second 
column both ? and ’, and in the third column alsa both ? 
and ’, but with ’ in the second will always come ' in the third. 
We might also state it thus: dor must be true at least whenever 
gxis true. It is explained that we do not need to know or to 
produce every x about which the proposition may be stated. 
The e and y are taken intensively. This is the first case we 
note in which there seems to be a lack of agreement between 
the theory and the practice. The definition calls for a com- 
parison of the tags on two sets of expressions, which from their 
character would usually be infinite in number. As the direct 
comparison is impossible, the practical application goes back 
to a problem in intension, a term the authors endeavor to 
the utmost to shut out of the book. Again, if er happens 
to be false for + in every case, we nevertheless have dr implied. 
This may be true, that from false propositions anything may 
be concluded, but it does not advance mathematics very much. 
It would seem therefore that the attempt to found the whole 
system on the principle of truth-values (which we have called 
tags) is not so very successful, and that it would be better to 
make the undefined implication the base of the system. In- 
deed the authors apparently fall into this habit unconsciously. 
Thus we find as one of the assertions of the book 


VUNENEE AE EA 


which they interpret: if r follows from q provided p is true, 
then r follows from p provided q is true. "This reversal of 
conditions in the theory of functions would work havoc only 
too frequently. Of course the reading should be: consider 
(the tag on p is ? or else the tag on the statement [either the 
tag on q is ° or that on r is '] is ’}, then if we mark all that has 
just been stated in { ] with ', we must mark also with ’ all 
that follows, viz. (the tag on q is ? or else the tag on the state- 
ment [either the tag on p is,? or else the tag on r is ’] is’}. 
This is quite different from the Peano reading given just above. 

We have dwelt upon the idea of implication as set forth 
here because this idea seems to be used more as a test of the 
accuracy of the results obtained than as a working notion. 
It is held in reserve as a court of last appeal. If one starts 
in directly with Section A and not with the Introduction, he 
does not encounter the notion of truth-value until *4.01 on 
page 120. If implication is taken as the fundamental notion 
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and left undefined,'we can define all the other symbols in 
terms ofit and contradiction. This was done in the Principles, 
although the method used: seems unnecessarily cumbrous. 
However, truth-value does not appear in the symbolism, and 
we have practically gained the following fundamental symbols: 


ga, eb, etc., definite propositions about constant subjects 
a, b, etc. 

er, Ve, etc., definite propod acne! functions but variable 
arguments. 

)---, a relation between propositions: called implication. 


Propositional Functions. 


The propositional function is very important. It not only 
includes the usual predicate but may be any kind of a form 
with a blank place left for the entry of the argument. It is 
& symbol for the process that enables one to pass from a given 
argument term to another, the value term. The notation 
is as follows: 


ga, a has the property e or of a we may say e. This’ 
sentence is the value of ¢ for a. 

gt, the propositional function applied to a variable argument. 
This is a symbol for any one of the values of tlie function, 
including statements which are not true as well as true 
statements. 

£i, the function itself, as function. The + appears merely 
to assure the reader that the function really is & function of 
something or other. If the authors could have brought 
themselves to accept the Frege* notion and symbol ¢(), 
the apparent argument could have been omitted. 

(x) - gx, the entire list of values of px are represented by this 
sign. In a large majority of them the truth-value would 
be ° of course. Also the z is restricted to ithe range called 
the type of v. The expression reads "x is every case 
where x belongs to the type of 9." 

(Ax) ez, there are values of x which give e the truth-value '. 
&(ge), this symbol seems to have two meanings, at war with 

each other. In the early part of the book it is defined to mean 

the class (aggregate, ensemble) which consists of those argu- 
ments that make yz true, In other words, to be the set of 


* Beo Principles, page 505. 
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individuals in the class determined by, or defined by, the 
function e. Later it is identified with a symbol yl& which 
is purely a function symbol, and does not represent individuals 
at all. 'This symbol practically defines the class property. 
The latter meaning seems to be the one which the authors 
expect to use, and may be interpreted to be the class as class, 
and not as individuals, but considered as a denoting symbol. 
This use of the symbol to represent the predicative function 
that would define the class collectively seems to be necessary 
in the system to enable us to use classes as arguments of func- 
tions. It is explained that we do not arrive at real classes 
thus, but only incomplete symbols. For example it is some- 
thing like this. If we desire to say “The governors of states 
all wore silk hats," we must recast the statement to read 
"Certain persons were silk-hatted governors of states." 
This use of the class symbol (ex) and the function symbol 
ex is close to that of the phrase "governor of a state," in 
two different senses, one meaning defining the qualifications 
necessary to be the governor of each of the states, the other 
defining the actual governors, so that they could be identified 
among other men. Both are functions. On this basis there 
are no classes, although the word class appears everywhere in 
thebook. ' However, the claim is made that we have something 
just as good as a class, and in fact (page 84) “in mathematical 
reasoning, we can dismiss the whole apparatus of functions 
and think only of classes as "quasi-things," capable of im- 
mediate representation by a single name." An example 
would be the imaginary points of a curve. 

However that may be as a matter of interpretation, we at 
least have arrived at two more symbols, from a mathematical 
point of view: the proposition as function, and the definition 
of solutions of a proposition. We have, in brief, isolated 
the function sign e, and we can speak of “x such that ex." 
It would seem now that the fundamental thing after one has 
exhibited his set of elements with which he proposes to work, 
would be to consider functions of one variable, then synthetic 
processes by which these may be built up into useful structures. 
The importance of the propositional function is sufficiently 
insisted upon, but the uselessness of & mere set of isolated 
individuals is not dwelt upon. Nor is the character of syn- 
thetic processes in general examined at all. Of this we shall 
have something further to say. 
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| Extensions. i 

Considerable stress is laid on the assertion that mathematics 
is primarily concerned with extensions, despite the fact that 
classes have become mere ghosts of themselves. An example 
would be any geometric theorem from Euclid. As “Let 
triangle ABC be isosceles, then triangle ABC has equal base 
angles.” We are apparently discussing the single triangle 
ABC, but in reality we expect what we say to hold good for 
any triangle and thus for every triangle. We have the 
formal implication, which holds between the two sets of 
elementary propositions, one for each and every triangle. 
The ground of the reasoning seems to be an ambiguous case, 
and we seem to reason from any one to all. But is it so? . 
If in a complex mental structure one chooses to pay attention 
only to certain features of the structure, and discuss them, 
ignoring the other accompanying features, are the statements 
about the whole complex structure, or about the portion 
abstracted? In proving the theorem cited above, does the 
color of the crayon used in drawing the triangle also enter the 
argument? Does the size of each individual angle and side 
also enter, or only certain relations they have? In finding 
the limit of the expression 2— (3)" do the particular values that 
n may take enter the argument at all? If one must answer 
no in these cases, that is to say, if one can abstract at all and 
reason about his abstraction, then we see no force in the 
constant appeal to extension. Is not the propositional 
function of the nature of an invariant rather? We say: this 
triangle has two equal sides, so that triangle, so also yonder 
triangle. In all the propositions of this sort that we choose to 
write down, we find the invariant phrase: two equal sides. 
It does not appear to be essentially different from any other 
invariant. If we were to conceive a transformation that could 
convert this into that, and this into yonder, the invariant of 
the transformation would in this case be: two equal sides, 
that is, isoscelism. Now the real question is, whether we can 
discuss invariants apart from the other circumstances in 
the concrete cases in which they are invariant. We certainly 
do this in mathematics. Indeed, is not this present book an 
attempt to discover what are the logical invariants in mathe- 
matics? In mathematics we are dealing with abstract ele- 
ments all the time. The world of. mathematics is an ideal, 
that is, an abstract world. We eitker abstract it from what 
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we find in experience, or we create it de novo. For example, 
no such thing as two exists outside a mathematical mind, any 
more than the rainbow exists as color out there in the sky. 
We build our own structures and determine their relations, 
and no abstraction can be said to be more abstract than any 
other. In Socrates is mortal, Aristotle is mortal, Charlemagne 
is mortal, Socrates, Aristotle, and Charlemagne are abstract. 
No one would call them real men. They are as abstract as 
mortal, and as abstract as all men. Socrates is a word which 
represents the persistence of certain qualities of something 
day after day, and is thus in itself an invariant and therefore 
an abstraction. In one sense the whole of mathematics is 
the study of invariants. 

If this analysis is correct, then when we say that the property 
e implies the property y we do not need an extension to which 
to refer it. It is immaterial whether the extension is there 
or not. We can study the property as well in one case, as in a 
million, or an infinity of cases, if only we can isolate it itself. 
That is what we do in geometry, and in fact all through mathe- 
matical thinking. From this point of view (which may coin- 
cide with that which the authors denominate the philosophical, 
and with regard to which they admit the contention) mathe- 
maties is more concerned with intensions than extensions. 
These remarks apply to the extensional functions of functions. 
Indeed the paragraph in the middle of page 77 says: 

", . . the functions of functions with which mathematics 
is specially concerned are extensional and . . . intensional 
functions of functions only occur where non-mathematical 
ideas are introduced, such as what somebody believes or 
affirms, or the emotions aroused by some fact.” 

It is difficult to see in this any more than the assertion that 
mathematics is not concerned with non-mathematical ideas, 
which no one would pretend to deny, unless it be some 
philosophers who thought that the Principles of Mathematics 
did not diseuss mathematical ideas. 

But there is & further point that we must notice. It is 
that the definition of function and class does not really produce 
the members of the extension at all If we speak of the 
points of intersection of a? + y? = 25 and 2?+ y? = 36 what 
points are given as the extension of this proposition? If we 
speak of the roots of the equation 


xf + 225 — 1374 + a? — 727+ 1lla+ 17 = 0, 
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where is the process in all the development of symbolic logic 
that wil determine them for us? If we ask for the hyper- 
complex numbers that have the characteristic equation 


B Abt o = 2 


who in all the mathematical world will send us the list? Or 
lists, we should say, for this one equation will determine more 
than one certain set of such hypercomplex numbers. Quater- 
nions satisfy the equation 


' but so do other hypercomplex numbers. Take the most 
definite function we can find, and what does it give? Nota 
class in extension, but certain properties that are found in 
some example we may produce, yet which may exist in an 
infinite number of other examples we have never thought of. 
Mathematics is full of discoveries of just such expansions of 
the extension of the notions that we have been using. Itisa 
great advance, as Poincaré says, to find that we can bring 
two things, that is, two extensions under one name. Asa 
simple case again, the notion of prime number is surely & 
definite thing, yet who knows how to ascertain whether 
67989379012301 is a prime or not? The notion of simple 
group is definite, are there then simple groups of odd order, 
other than cyclic groups? When von Staudt called involutions 
on a line complex numbers, were they cases under the definition 
or not? 

There is, as everyone knows, a vast difference between find- 
ing the value of a function for a given argument and finding 
the arguments that will satisfy & given function. In fact to 
meet the latter requirement mathematics has had to invent 
whole new extensions. Symbolic logie does not give us any 
assistance in this work of development nor any new methods. 

. Its problem is only to criticise the character of the inferences 
involved in the process of development. It furnishes neither 
the major nor the minor premise but simply passes upon the 
validity of the transition from both to the conclusion. And 
all it furnishes in the propositional function is a sort of common 
invariant for many sets of classes. The classes may not exist 
in some senses, and may exist in others, just like the imaginary 
roots of an equation. But the propositional function does not 
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point out the particular cases of members of the class it defines 
any more than it solves an algebraic equation. This is quite 
different from the explicit mathematical function,* like sin x or 


jJ: sin dx 
o ge 


but analogous to the implicit function, like 
f V — x dz, where wy — ty = 4. 


Types. 


Chapter II of the Introduction develops the part of the 
Principia which differs most from the Principles, the Doctrine 
of Types. By this doctrine the authors hope they have 
resolved the paradoxes of the Principles as well as others that 
have been stated in discussions provoked by the original ones 
or by the theory of ensembles of Cantor. 

'The net result of the discussion seéms to be that the predi- 
. eate of a sentence is of the nature of a matrix or function 
symbol, and cannot serve as a subject for a sentence which 
has it also as predicate. Thus we might consider the state- 
ment “Triangle ABC is scalene.” The functionality involved 
here, scalenity, cannot be put as the subject of this sentence. 
Scalenity is scalene, would be an absurdity. In this form at 
least, we might all admit that there is a sort of hierarchy of 
functions, if not oftypes. Of course one may talk of scalenity, 
but scalenity does not belong to the range that is itself scalene. 

The type of a function is the class of objects that make it 
significant. That is to say in substituting values for x in ez 
some of them will give true propositions, some will give false 
propositions, some will give statements that are neither true 
nor false. That ensemble which produces with e a proposi- 
tion, true or false, is the type. The outcome is a little curious, 
as it leads to a reincarnated ghost of the buried class. The 
last paragraph of page 173 is interesting reading in connection 
with what has gone before. The difficulty seems to be of the 
same type as that which certain mathematicians find in rec- 
ognizing any symbolie operator as an existent entity of the 
same character as the things it operates upon. Strictly 
speaking, of course there is a difference between 5$ and 5, 


* Russell, Revue Mél. et Morale, vol. 13 (1905), pp. 906-917. 
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at least till we come to see that the invariant properties we 
spoke of, above are the same in the one case as in the other, 
and we identify the two. In just this same way we elevate 
ensembles in general into the region of functions, and then we 
can draw a distinction between + as “unction or as argument. 

Whether we agree or disagree with the philosophy under- 
lying the argument, we have gained one point more in our 
symbolism, that is, that we may make a function sign out of 
any symbol, simple or complex, and we may use any symbol 
as an argument for the proper function sign. In other words 
we may construct more and more complicated forms, and we 
may substitute for any single symbol or set of symbols, com- 
plex symbols. Incidentally we have a relativity theorem 
in mathematics in the doctrine of types. For no type is 
the bottom of all types. "Types are only relative. An indi- 
vidual in today's discussion may be a function in tomorrow's. 
But do we resolve a contradiction by calling it absurd? 

And it is difficult to see how the doctrine of types can be 
reconciled with many mathematical developments. Thus 
if we define the function e by the differential equation 
dex[dx = pr, we seem to have a case in opposition to the 
doctrine. For to define the derivative we must know an 
infinite set of values of the function o, which is itself defined 
by means of the derivative. Apparently then we define a 
function in terms of the function itself. Another case more 
to the point possibly is the integral equation, and the integro- 
differential equation. 


Relations and Descriptions. 


The third chapter of the Introduction is devoted to de- 
scriptions, classes, and relations, under the title Incomplete 
Symbols. It is said that these can be defined only in their use. 


They are analogous to the symbols f , V, sin, ete. However, 


it is pointed out that "the incomplete symbols are obedient 
to the same formal rules of identity as symbols which directly 
represent objects, so long as we consider the equivalence of 
the resulting variables (or constant) values of the propositional 
functions and not their identity. "This consideration of the 
identity of propositions never enters into our formal reasoning.” 
Under the limitations to the use of these symbols we find that, 
while + is always identical with x, yet the round square is not 
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identical with the round square, for the reason there is no 
round square. This surely resembles the argument: Nothing 
is better than heaven, a shilling is better than nothing, there- 
fore a shilling is better than heaven. 

The descriptive symbol is Ger. It is used in precisely 
the same way as, and in fact differs little from, the symbol 
for a class. That is to say, it isa function sign, denoting the 
single object in the class. For example, the author of Waverly. 
This phrase does not point out the individual Scott, yet it 
identifies him. The legal John Doe does the same thing for a 
criminal who refuses to give his real name. These are, in 
the sense defined, function signs. 

The relation is also a function, the function however having 
two arguments. 'lhere are many features common to these 
three incompletesymbols. The logic of relatives has also many 
developments that are not found in the others. 

With regard to the three chapters of the Introduction, we 
desire to remark that they are in general somewhat difficult 
to apprehend as they now stand, for two reasons. First the 
distinctions drawn seem in many cases to be confused. It is 
sometimes difficult to ascertain whether the authors are using 
words in an every-day sense, in a philosophical sense, or in a 
purely technical sense. It is not always clear whether a 
symbol is under discussion, or the meaning of the symbol, or 
the use of the symbol. The introduction of many more good 
examples might have remedied this defect in style. In the 
second place, the statements do not seem to be thoroughly 
consistent. For example, it is not easy to decide what the 
authors mean by extensional. In the early part it seems to 
mean, as ordinarily in logic, the totality of individuals consti- 
tuting an ensemble or collection. Later it seems to mean 
anything intellectual as distinguished from the emotional 
and the volitional. Then on page 196: "Propositions in 
which a function e occurs may depend, for their truth-value, 
upon the particular function e, or they may depend only 
upon the extension of e. In the former case, we will call the 
proposition concerned an intensional function of ¢; in the latter 
case an extensional function of o." Also the apparent dread 
the authors exhibit towards the word concept seems to make 
the explanations often involved. The root of the whole dif- 
ficulty seems to lie in an unconscious, or at least unstated, 
philosophical theory that a general notion is only symbolic 
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and has no real existence of its own, but is existent only as 

it is manifested in some supposed concrete form. This notion 
seems to be the source of many of the peculiar interpretations 
forced upon the symbols. We may in most cases interpret 


. them otherwise, as we have tried to point out; and as a calculus 


of logic, the system given here is very complete. We consider 
next the constructive features of the work. 


y Elements. 


Substantially all that is meant by a proposition is to be found 
in the formal character of the two symbols p and ^». The 
latter is called the contradictory of p. It is of such a nature 
that the function ^ is involutory, that is, ^ p is the same as p. ` 
If we understand then that we have a set of symbols p, q, f, 
or pa, vb, oc, and the like, with the duplicate set of ‚their 
contradictories, we have the elements of the subject as analysed 
in this book. The descriptive symbol is substantially the 
same as we find exemplified mathematically in the symbol 
* 2, which in the present notation would be (1x) (0 z, z?— 2). 
That is to say, we introduce into arithmetic the indefinite 
symbol z with the agreement that we will insert it in our 
number series, and that for z? we will always write 2. This. 
is, in a more general case, like the Kronecker modular theory. 
It is along the line of the algebraicising of mathematics, as 
opposed to the arithmetising of mathematics. Itisimmaterial 
from this point of view whether the thing x exists or not. If 


‚in any sense it does exist then we may use a single symbol 


for it rather than the long form (tz) (px). Practically the idea 
of class is of the same kind. A mathematical example is 


. the definition of a class of algebraic numbers by an equation, 


as z*-- 533 — 223 + 82 — 13 = 0. The idea of a symbolic 
class ought not to disturb a geometer, for he is used to imag- 
inary points, cireular points at infinity, and the like. We 
talk of these ideal things as if they existed, being careful that 
our phrases have meaning when we find the entities do exist 
in any sense. The same notion occurs again in the relative. 
A mathematical example is the equation of a curve. Thus 
gi + y! = 25 furnishes a relation, which finds as its proper 


' representative the curve itself, while the pairs of arguments 


z, y furnish the points on the curve. The curve is a corre- - 
lating agency for bringing together these pairs of arguments. 
Whenever there are entities which may be considered to be 


1912.] WHAT I8 MATHEMATICS ? 405 


represented by these symbols, then we use single letters for 
them and treat them in the old-fashioned manner of handling 
classes. This view of mathematics, and of propositions in 
general, we would prefer to call functional, rather then ex- 
tensional, or intensional. It is surely mathematical, whether 
it is logical or not, and makes mathematics the fundamental 
basis of all reasoning, even more than the specialized inter- 
pretation called symbolic logic. On the philosophical side 
it seems to emphasize the statement that all reasoning in 
the last analysis is not about things but about relations be- 
tween things, for every function expresses a relation between 
its argument and its value, and every relation may be referred 
to an ideal thing at least. 


Combinations. 

We must consider next the combinations that are actually 
built up out of these elements. The general development 
is given in Part I, which extends from page 89 to page 342, and 
is called Mathematical Logic. We desire to consider it apart 
from any meaning of a specific character that might be at- 
tached to the symbols. There is a single combination intro- 
duced, represented thus: p vq. Any two symbols may be 
joined in this manner. It is commutative, that is p v q is 
the same as qv p. Special symbols are used for the combi- 
nations ^pvq, which is written p)g, and the combination 
“Cpvg), which is written p-g, the first being called im- 
plication, the latter logical product, while the basal combi- 
nation is called disjunction. Any two of these symbols may 
be omitted. Indeed for ease of manipulation, it seems that 
to express everytbing in terms of the symbol € would be best. 
Thus for pvq we write ( p- q), and for pvq we write 
“(p-”g). We agree further to certain permissible reductions 
or expansions. "Thus, for example, we may write for p, 


pp, or Dn or p:qvp: q or pv(p: p.a, 
whatever q may be. In fact if we consider that in any product 
p and ^p are incompatible and such product may be dropped 
after the sign v, we arrive at one of the simple methods of 
handling this calculus. We agree further that if we have any 
expression ez, where x is variable, we may write the symbol 
(Gx) ex, and likewise if we have er and gy(*9.1 and *9.11). 
Further we agree that in gv we may substitute for z any 
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symbol a of the same type as z, and also that z may run over a 
given range of proper type (*9.14 and *9.13). Also we agree 
that in any expression pa, where ais a constant, we may consider 
ebe itself as a function, and vice versa (*9.15). We may now 
take any combination of symbols and build more complicated 
ones with the use of the v or thee. We add, however, to the 
symbolism an expression for the range, thus: (x), meaning all 
values of x, and (x) meaning those values which are solutions. 
The name formal implication is given to the combination 


(x) px) ya or ez). 


In using functions of two variables we introduce the abbre- 
viations called relations. To indicate that z is a solution of 
ec we abbreviate thus: z eoa. 

The formulas resulting from these few elements are very 
numerous, and no attempt will be made to go into them. It 
is from the results of these combinations however that the 
authors expect to produce other combinations which will 
have all the properties of numbers, series, etc. 

It is obvious that, out of all the processes the mind goes 
through, others might have been selected as the fundamental 
ones. Whether a commutative combination is in the end 
more useful than one that is not commutative may be a ques- 
tion. We often must use a non-commutative product in 
mathematics, as “if p is first true, anc then q is true, it follows 
.fis true” The whole consideration of mathematical form* 
might from certain points of view be considered to be a pre- 
requisite to the study of any kind of combination. In White- 
head’s Universal Algebra this is partly in evidence. 

We need to note further that the few modes of combination. 
used here are really supplemented later by a free use of re- 
lational symbols, P, Q, R, e, P4, in fact by so many that when 
we remember the few combinations used here we wonder why 
these in particular should have been chosen to be represented 
by arbitrary signs. Indeed"the number of arbitrary symbols 
which have to be memorized is so great in the book that one 
is wiling to conclude that a more significant system could 
have been worked out. But taken as it is, there remains 
still the mathematical problem. Stated in brief it is this: 
given two operations by which from elements or marks new 


* Cf. Kempe, Trans. R. Soc. London, vol. 177 x v p. 1-70; Nature, 
vol. 43 (1800), 1 156-162; Proc. Lond. Math. Soc., vol. 26 1894), 6-15. 
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elements or marks are produced, namely, let us say, given that 
from p, q we construct | 


8— ep, t= dp, q), and u= p,q) 
with the conditions or identities that 


€$—ep—p, plp, q) = (ep, eq) or e9(p,q)-—JW(ep, eq), 
V(»,q) = Ha, p), 0p, 9) = d p). 


We now have the properties of these combinations as com- 
binations to consider. This problem is one of general algebra, 
universal algebra, or multiple algebra, according to the title 
preferred, and has at its base the very fundamental question 
as to what a combination is logically, psychologically, and 
otherwise; and what the operator A. or 6, or V may be, what it 
does to the operand, what operators are derivable from it and 
how; further, what the result of the operation, say 8, t, u 
above, is; how one may pass from the operand to the result, 
and reversely. These are elements that seem to be overlooked 
in the development as given in the book. Before one uses a 
calculus, in other words, he should investigate the laws of his 
calculus. 

In the course of such investigation, it turns out that struc- 
tural laws are very numerous. We may investigate laws 
that have been assigned purely arbitrarily, as for example 
those that actually have been so assigned in the Study of 
multiple algebra. The reduction of all these divers arbitrary 
types of structure to & few simple forms is not possible, and 
the introduction of extra relational symbols merely furnishes 
a symbolism, but does not account for the forms nor does it 
show that they are deducible from the primitive forms laid 
down in tbis book as the basis of all reasoning. And if what 
is meant is that mathematical form consists of relations, then 
nothing is done beyond furnishing a mere name to a class of 
entities. Let us put it otherwise: to single out a few com- 
binations as worthy of special signs, and to represent all others 
as relations, using letters, does not substantiate the claim that 
all terms have been defined in terms of the few combinations. 
"The expressions for relations Selz, y) are combinations and 
the original p vq, p-q, and p)q can be so expressed; for 
each is not different from g(a, b) for a properly chosen e, 
hence are cases of (x, y), therefore define relations. To say 
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that ultimately all logic is reducible to propositional functions, 
would then be the proper outcome. And logic becomes thus 
& branch of general algebra. 


Prolegomena to Cardinal Arithmetic. 

This constitutes Part II of the present book. Part III 
treating of Cardinal Arithmetic, Part IV of Ordinal Arith- 
metic, Part V of Series, are mentioned for the following 
volumes. The subjects treated in Part II are of high impor- 
tance not only for cardinal arithmetic but for the ensemble 
theory. The divisions are Section A, Unit classes and couples; 
Section B, Sub-classes, Sub-relations, Relative types; Section 
C, One-many, One-one, Many-one relations; Section D, Selec- 
tions; Section E, Inductive relations. 

We find 1 defined here by the symbol 


= à (Ezr) a = vo] Df. 


Jn words, 1 is the class of all unit classes, or since we have 
abolished classes per se, we will paraphrase this to read: 1 is a 
function satisfied by nothing but taose functions which are 
true each in one case only. Or again, one is a property pos- 
sessed by functions, namely, uniqueness of argument. For 
example, we speak of the author of Waverly, the President of 
the United States, the sin 30°, all these enable us to put the 
word the in evidence, and the the-ness in their character is 
that common property called 1. Whether this is a logical 
definition of the everyday 1 or not, what is accomplished is 
the construction of a symbol out of those already existing 
which defines the property of unjqueness. We agree to use 1 
in place of the longer form &[(Hz)-a=«‘a]. Likewise 0 is defined 
to be the function satisfied only by those functions which are 
never true. For example, () is not identical with itself, () 
is true when its contradictory is true, and such like. These . 
are in no case true, and the property of their impossibility 
ig the number represented by 0. The cardinal 2 is defined 
similarly as a function satisfied only by functions which define 
couples. If the couple defined were an ordered couple, then 
we define 2,, the ordinal 2. For example, 2 is a property 
possessed by quadratic equations, when we confine our at- 
tention to the solutions they have. From the purely symbolic 
point of view we use 0 and 2 to abbreviate the forms 


O= UA 2= Glas, y) F ya = viy] Df. 
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Mathematically we have thus found that if the words one, 
none, two-are used, we must have in mind the uniqueness of cer- 
tain classes, the impossibility of certain classes, or the dyad char- 
acter of certain classes. We may accept or reject this view of 
what the symbols mean, but practically we have placed 0, 1, 2, 
in the list of symbols which form the range of classes of classes. 
They belong to the second order symbols. The symbolic 
point of view is nearly the same as saying that we start with 
objects, these are entities of any order m. Then we make a 
set of tags to enable us to distinguish the objects without being 
concerned with their other qualities. These tags are m + 1 
order symbols (classes). We then make a set of symbols to 
enable us to talk about the tags. This set of symbols is the 
set of cardinal numbers, and is of the m + 2 order in the process 
of symbolizing or abstracting. 

We begin now to reach arithmetic. As one example of 
what it looks like, we will quote the theorem which is to prove 
later that 1 + 1 = 2, It runs thus 


*54.43 F t+ a, Bel.) anb A = -ar Bed. 


That is in English, if æ and £ are unit-classes with no common 
members, then their smallest superclass is a couplet. 

In Section A we find also the ordinal 2,, which does not differ 
` from the class of alio-vids of C. S. Peirce; and also the ordinal 
2, which does not differ from the class of vids. An ordinal 1 
might be defined by 2 — 2,, which is the common subclass 
of vids and vids that are not alio-vids, that is the class of 
idem-vids. "The connection with the cardinal 2 is in the fact 
that an alio-vid, that is, an asymmetric relation, must have 
two distinct terms, The relation here, being a vid, is between 
one object of thought and one other object of thought. Of 
course we are not far from the theory of quadrate algebras 
and matrices in general after we have arrived at this result.* 

We pass over the next three sections, although they are of 
high importance, to Section E, which treats of generalized 
mathematical induction. The notion of hereditary class is 
defined, y is a hereditary class with respect to the relation R 
if successors of u's are ua, For example if vis the peerage, u 
is hereditary with respect to the relation of father to eldest 
son. If u is numbers greater than 100, y is hereditary with 
respect to the relation of vtov+1. Mathematical induction is 


* C. B. Peirce, Amer. Jour. Math., vol. 4 (1881), p.221. 
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evidently included in this class of relations, and by means of 
it we pass from any finite integral case to any greater integral 
case, but finite. No such proof holds for any infinity. Thus 
we may,say the binomial theorem is proved in this manner 
for any finite integral exponent, but not for all finite integral 
exponents. Indeed the word all here has no sense. We are 
led to consider powers of relations and the analysis of the field 
of a relation. "This belongs to the general theory of operations. 

The whole of the second Part really is mathematical logic 
of a little more specialized character than Part I, and this 
first volume could have properly been called a treatise on the 
mathematics of logic. | | 


Summary. 


In summary, the object that we have had in mind was to 
show that this first volume of the Principia is in reality an 
application of mathematical methods of definition and syn- 
thetic combination to the relationships between the abstract 
things that logic chooses to discuss. By means of a sym- 
bolism, which awkward as it is, is sufficiently comprehensive, 
a study is made of functions: as related to terms in propo- 
sitions, and as shown in the particular forms of descriptions, 
classes, and relations. In one sense the highly ideal character 
of mathematical objects is made more evident. In another 
sense the real mathematical object, though already ideal, 
is sublimated still further into a logical object. The book 
is a culmination of the critical investigation of mathematical 
foundations of recent years, and will no, doubt advance the 
systematization and mutual readjustment of mathematical 
treatments. It will assist in discovering tacit hypotheses, 
and in putting into formal shape the demonstration of many 
facts that have been brought to light by the intuition. If it 
eventually helps in any substantial manner to unify different 
theories and show their common features it will do enough.* 

But while we may admit that it has perhaps placed the 
fundamental principles of the theory of ranges in & more 
definite form, and has done something for the theory of re- 
lations, we insist that the other great theories of mathematics 
are barely touched upon if, indeed, at all. These, we pointed 

* M. Winter, Revue Mét. et Morale, vol. 15 (1907), pp. 186-216. E. 


Borel, ibid., pp. 273-383. H. Poincaré, ibid., vol. 17 (1909), pp. 451-482, 
620-653. H. Dufumier, Bull. des Sciences Meth., vol. 35 (1911), pp. 213-221. 
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out, were the theory of structure and form, the theory of 
^ invariance, the theory of functions as functions, the theory 
of inversions. ‘That these can receive a general treatment 
we do not doubt, inasmuch as some of them are receiving 
such development. In logistic then we find only a very 
definite branch of mathematics, and in this volume we have 
the most complete treatment of logistic that exists. The 
question that many have asked naturally “How far does it 
assist in building up synthetic systems of mathematics” is 
easily answered. It reaches arithmetic only after one volume 
of 666 pages. We would not expect the complete treatise 
then to furnish much that would be of a synthetic nature. 
Indeed that would be as unreasonable as to expect to build 
Eiffel towers and Eads bridges from a study of postulates 
and axioms for the foundation of geometry. While design 
rests upon these things in a sense, design antedates them just 
as language antedates grammar. It is not fair to the book or 
its aim to assert that it does nothing synthetic. Its problem 
is philosophical and analytical. It does enough if it shows 
us what are the characteristic features of reasoning and gen- 
eralizes the types of reasoning. In this respect it is scientific 
as well as philosophical. It examines the rules of the great 
mathematical game. But it does not play the game nor 
undertake to teach its strategy. 
` JAMES BYRNIE SHAW. 


DIFFERENTIAL GEOMETRY. 


Vorlesungen über Differentialgeometrie. Von Lurar Brancur. 
Autorisierte Deutsche Ubersetzung von Max Lukar. 
Zweite, vermehrte und verbesserte Auflage. Leipzig und 
Berlin, B. G. Teubner, 1910. xvi+ 721 pp. 


Iw 1899 Guichard announced (Comptes Rendus 128, page 
232) without proof the following theorems: 

I. Let M be a point of a quadric of revolution Q whose axis 
is of length 2a, F1 and Fa being the foci of Q and «i, es the 
points symmetric to Fi, Fa with respect to the tangent plane 
to Q at M;let S be a surface applicable to Q; as S is applied 
to Q the points Fi, Fs, e es invariably fixed with respect 
to the corresponding tangent plane to Q take positions which 
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are denoted by Fy’, Fs’, ei, es; the loci of these respective 
points describe four surfaces for each of which the mean curva- 
ture is equal to 1/a. 

II. When the quadric Q is & paraboloid of revolution the 
loci of the points F1’ and ed are minimal surfaces. 

The announcement of these theorems marked the beginning 
of a new epoch in the theory of the deformation of surfaces. 
During the following years many eminent geometers attacked 
problems suggested by them, and in particular the deforma- - 
tion of the general quadric. This problem was solved in the 
admirable memoirs of Bianchi and Guichard which were jointly 
crowned by the French Academy in 1908. It is in the ex- 
position of this theory and allied questions that the second 
edition of Bianchi-Lukat’s Vorlesungen differs from the first, 
and is “vermehrt und verbessert.” For the sake of brevity 
we shall refer to the two editions as (I) and (II). 

Chapters 21 and 22 of (I) which deal respectively with 
N-dimensional space of constant curvature and hypersurfaces 
in spaces of constant curvature are omitted from (IL), in 
order to make room for the theory af deformation of quadrics. 
It is to be regretted that this abridgment was necessary and 
that the treatise did not appear in vwo volumes so that this 
important theory, as well as topics subsequently referred to, 
could have been included. In view of this omission practically 
all of the quadratic differential forms which appear in the book 
involve only two variables and so there is no necessity of develop- 
ing the theory for n variables as in (I). One finds accordingly 
that in (II) Chapter 2 is given over to the theory of quadratic 
differential forms in two variables. This makes the treat- 
ment simpler in places, but we cannot see that there was any 
gain made by the change. "There is introduced an algebraic 
proof of the theorem: Two binary quadratic differential forms 
with the same constant curvature are always equivalent, and 
the transformation equations involve three arbitrary constants. 

'The other changes in the first p&rt of the book are a few 
additions to the theory of deformation in general. Those 
double families of lines upon any surface S which become 
asymptotic lines on one of the deforms of S are called virtual. 
asymptotic lines. The determination of these families of 
curves requires the solution of two simultaneous partial 
differential equations of the setond order. Applying the 
theory of the Picard method of successive approximations, 
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it is shown that any two intersecting analytic curves C and 
C' on an analytic surface S determine uniquely a double family 
of virtual asymptotic lines on S to which these curves belong, 
one to each family, and the deform of S on which these curves 
are asymptotic lines is analytic. This theory is applied in 
more detail to pseudospherical surfaces in Chapter 17, but 
it is similar to the treatment of this particular case given in 
Chapter 17 of (I). 

At the end of Chapter 8 one finds a theorem due to Chieffi 
which is of great service in the subsequent discussion. If S 
is a non-ruled surface applicable to a ruled surface R, to the 
straight lines on R correspond a family of geodesics on 6, 
called g. Let a be an asymptotic line of either system on S 
and draw the tangents to the curves g at points a, thus forming 
a ruled surface R4. The theorem of Chieffi is that Rı is applic- 
able to S in such & way that a remains rigid during the de- 
formation. > 

In Chapter 17 we begin to find traces of the results growing 
out of the theorems of Guichard. After developing the theory 
of Bäcklund transformations of pseudospherical surfaces as 
found in (I) (in places the treatment is slightly different), 
the author considers the real transformations obtained by 
combining conjugate imaginary ones, and more particularly 
the result of taking two opposite transformations B, and 
B_, in applying the “theorem of permutability” (Vertausch- 
barkeitssatz). Let two such transformations be applied to a ` 
pseudospherical surface S, and let Sı and Ss be the resulting 
surfaces and BI the fourth surface which is the transform of 
these two; the normals to Sı and 84 meet in a point Mo equi- 
distant from these surfaces and likewise the normals to S 
and S’ in a point Mo’. The two surfaces Sy and Bai, the re- 
spective loci of Mo and Mo’, are applicable to the same surface 
of revolution and are complementary to one another. How- 
ever, So is not a pseudospherical surface as stated on page 483. 
According as o is zero, real and different from zero, or pure 
imaginary, the meridian curve of the surface of revolution 
is different, when the latter surface is real. But for all three 
types of o the surface So is applicable to the surface of revo- 
lution of an imaginary ellipse. Thus one is brought inci- 
dentally into contact with the problem of deformation of 
quadrics. 

With the exception of the first five pages the material in 
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Chapter 18 does not appear in (I). By means of a change of 
variables- the equations of the preceding chapter are given 
a form which define arBücklund transformation of spherical 
surfaces, that is,,surfaces applicable to the sphere, with the 
difference that all of the first transforms are imaginary. 
However, these may be combined into real transformations 
as described in the following theorem: If S; is an imaginary 
Bücklund transform of a spherical surface S by means of a 
transformation Be, (sei = a + ib), and Ss is the transform 
of S by Bz, (zi =a — ib), the fourth surface 8’ given by the 
“theorem of permutability" is a real spherical surface. When 
b = 0, the normals to S and S’ meet in a point Mo, and the 
normals to Sı and 8; in a point M; the surfaces Sy and Sy’, 
the loci of these points, are complementary surfaces and are 
applicable to the same prolate ellipsoid of revolution. When 
b = $x, So and Sy’ are applicable to a hyperboloid of revolution 
of two sheets. 

The second part of Chapter 18 is given over to the proof of 
the two theoréms of Guichard stated at the beginning of this 
review, and converses of these theorems. In preparation for 
this discussion the author considers congruences of 'spheres, 
' whose surface of centers So undergoes a deformation, and also 
congruences of lines invariably fixed to & surface which is 
being deformed. If one of the sheets of the envelope of spheres 
has constant mean curvature as S, is deformed, the same is 
true of the other sheet. If two sheets are minimal surfaces, 
So is applicable to a paraboloid of revolution P, the radius of 
a sphere being the distance between the corresponding point 
on P'and the focus. If the mean curvature of the two sheets 
is different from zero and constant, 8, is applicable to a pro- 
late ellipsoid of revolution E or a two sheeted hyperboloid 
of revolution H, and the radius of a sphere is the distance 
between the corresponding point on E or H and a focus. 

The Bäcklund transformations of a pseudospherical or a 
spherical surface S may be looked upon as transforming the 
surface elements of S, that is the points of S (called the centers 
of the elements) and small portions of the tangent planes 
about the points, into 00° surface elements in space which can 
be grouped so as to be the surface elements of oo! surfaces, 
the transforms of S. This point of view is not peculiar to 
these transformations. As a matter of fact it is thus that 
the author sets up the transformations of surfaces applicable 
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to any quadric in the following very simple and remarkable 
manner: Let Q be any quadric and Q a confocal‘quadric; 
let a surface element f have for center F, a point of Q, 
and for its plane r the tangent plane to Q at F; this plane 
m meets Qı in a curve C; take a point Fı of C as the 
center of the surface element fı whose plane m, is determined 
by the line FF, and one of the rulings of Q, through F, it 
being understood that rulings of the same family are used in 
setting up the surface element for each point of Q; the plane ei 
is tangent to Qı at some point of the ruling. The funda- 
mental theorem is the following: 

TuronEM (A): If Q is deformed in any manner into a surface 
S and in the deformation to each element f there are invariably 
coupled oo! elements fı, obtained by varying the point F, of C 
for each point F, these oc? surface-elements can be correlated 
into a unique family of ©! surfaces Si, each of which is applicable 
to S and to Q. 

This transformation which converts S into a surface $1 is 
called a transformation Bz, where the subscript k is a constant 
determining Q, among the quadrics confocal to Q. The proof 
of this theorem for the case when Q and Q; are hyperbolic 
paraboloids occupies, with certain allied problems, the whole 
of Chapter 19. "The processes are in keeping with the general 
treatment of problems of differential geometry in the former 
chapters of the treatise and as a matter of fact it is essentially 
that followed by Bianchi in his prize memoir. The coordi- 
nates of Q and Qi are given in explicit form in terms of param- 
eters referring to their generators. By straightforward 
steps the relations between the surface elements f and f; are 
established and it is shown that the correlation of the oo? 
elements fı arising from the oo? elements determined by a 
surface S, into oo! surfaces S; requires the integration of an 
equation of the Riccati type. When the linear element of 
S; is calculated, it is found that it is not of the same form as 
that of S; consequently S and $1 are not applicable in such a 
way that the centers of corresponding surface elements 
correspond in applicability, if at all. Since Q and Q are 
confocal paraboloids of the same family, the orthogonal 
trajectories of the family establish a correspondence between 
Q and Qi, namely corresponding points lie on the same trajec- 
tory. This is the transformation of Ivory of the one quadric 
into the other; it plays a very important role in this theory, 
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as we shall see. Let S be any deform of Q and S; one of the 
surfaces ‘defined by the correlation of the displaced surface 
elements fi. If M; on 8, corresponds to F, on Qi, and M on S 
to the point F on Q which is the Ivory transform of Fi, the 
surfaces S and Sı are applicable with the points M and M, 
in correspondence. The proof of this result covers ten pages 
most of. which involves extensive calculation, so that at times 
the reader's interest lags, but throughout the whole treatment 
the geometrical ideas are extremely clear. "There is no indica- 
tion of the reason for hitting upon this correspondence of Ivory 
astheoneleading toapplicability. Laterinthechapter certain 
properties of the Ivory transformation are derived as a means 
to the proof of the theorem: If 8; is the transform of S by a By, 
then S is a transform of S, by the same B;; these properties 
may have led to the suggestion of the trial of the transforma- 
tion as a good guess, but the reader is left in the dark. The 
development of the results throughout the chapter is simpli- 
fied and made more interesting by associating with the surfaces 
S the ruled surfaces E, applicable to S, as derived by means 
of the Chieffi theorem. Among these results one finds this 
pretty theorem: If the quadric Q rolls upon an applicable 
ruled surface R, each of the congruences T, T generated by the 
lines of the first and second system on a confocal quadric Qi 
may be arranged in a unique manner into a simple infinity 
of ruled surfaces Rı, each of which is applicable to Q and to R; 
moreover, the applicability of H, on R is accomplished by a 
continuous deformation. The surfaces R and R; of the fore- 
going theorem possess the following property in common 
with the non-ruled deforms of Q: 

THEOREM (B): The lines M M; joining corresponding points 
on a surface S and a surface Sı, resulting from S by a trans- 
formation By, constitute a W-congruence of which S and Sı are 
the focal surfaces. 

The remainder of Chapter 19 is given over to the proof of 
Theorem (B) for the case where Q is a hyperbolic paraboloid. 
The method is much simplified by use of the results for the 
ruled surfaces R and P. 

In Chapter 20 Theorems (A) and (B) are established for 
the case where Q and Q, are confocal hyperboloids of one 
sheet. The method followed is similar to that of the pre- 
ceding chapter with very little abridgment. In fact the 
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formulas differ only in form, and if anything they are more 
involved in the present case. Consequently the geometrical 
results are practically the same in the two chapters. From 
a historical point of view this fact is very interesting, since 
the earlier methods which were fruitful in the study of the 
deforms of paraboloids could not be applied in the case of 
central quadrics. It should be mentioned, however, that the 
exceptional case of hyperboloids of revolution leads to a 
theory of transformation of Bertrand curves analogous to the 
transformation of Razzaboni. 

From the manner of construction of the surface elements 

fiit follows that if Q is real these elements are real only when 
d has negative curvature. Hence whatever be the type of Q, 
if only real, the surfaces S applicable to it admit real trans- 
forms Sı. However, the Ivory transformation makes real 
points on Qı correspond to imaginary points on Q, when the 
latter is not a hyperbolic paraboloid or a hyperboloid of one 
sheet. In this case the applicability of S and Sı is ideal. 
These cases are treated in Chapter 21. By a slight change of 
notation the formulas of the two former chapters are used 
to establish Theorems (À) and (B) for the elliptic paraboloid, 
the hyperboloid of two sheets, and the ellipsoid. A novel 
converse result is that any real surface applicable in tbe ideal 
sense to a quadric of any of these three types admits of oo! 
transforms S, applicable to the same quadric in the real sense. 
In a like manner there are real surfaces applicable in the ideal 
sense to the hyperbolic paraboloid and the hyperboloid of one 
sheet; such a surface is transformable by a B, into a real surface 
applicable to the same quadric in the ideal sense. The 
discussion of these transformations closes with the following 
“theorem of permutability:” 
‘ If S is a surface applicable to a quadric Q, and S; and Sz 
are two transforms of S by means of transformations B, 
and Br, where kı and ks are different constants, there is a 
fourth surface S’, also applicable to Q, which arises from Si 
and S; by transformations B, and By’, respectively. 

For the proof of this theorem the reader is referred to the 
third volume of the second Italian edition. Here and in the 
memoir presented to the French Academy one will find also a 
treatment of surfaces applicable to the imaginary quadrics. 
One is inclined to feel that owing to the similarity of treat- 
ment of the several cases and in view of the existence of these 
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details elsewhere much of Chapter 20 and part of Chapter 21 
should have been omitted, and the space thus gained should 
have been used for other material appearing in the second 
Italian edition which sets forth new ideas. For example, 
there might have been included the treatment of surfaces : 
with plane or spherical lines of curvature, or an exposition of 
the Weingarten method of deformation. If the latter had 
been developed in the manner of the second Italian edition, 
the ideas and formulas of moving axes would have been 
introduced, although rather late. We feel that the omission 
of this operator from the German editions is a serious one. It 
is to be greatly regretted that both the German and Italian 
second editions were not rewritten to such an extent that 
the moving axes could have been used to advantage. 

The last three chapters deal with triply orthogonal systems 
of surfaces. The contents and treatment in the first two of 
these chapters are essentially the same as in the first edition. 
By far the greater part of the second chapter deals with 
confocal quadrics and geodesics on quadrics. This material 
could have been introduced into Chapter 6 and it would have 
served as a fine illustration of the general theory there set 
forth. We have always felt that this should have been done 
in the first editions. In fact we cannot see the reason for 
concealing this. subject matter in a chapter which a beginner 
is not likely to read. The last chapter of (I) deals with 
Lamé families of pseudospherical surfaces. In the last chapter 
of (II) the treatment of spherical surfaces as well is included, 
together with that of certain surfaces applicable to quadrics. 

We were pleased to find a fairly complete index in addition 
to a table of contents, which appears in (I) alone. The 
translation is well done, there are very few typographical 
errors and the bookmaking is up to the standard of the 
Teubners. 

LUTHER PFAHLER EISENHART. 
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NOTES. 


Tus April number (volume 13, number 2) of the Transac- 
tions of the American Mathematical Society contains the following 
papers: “A generalization of Weierstrass's preparation theo- 
rem for a power series in several variables," by G. A. Buiss; 
“ An existence theorem for periodic solutions," by W. D. Mac- 
Miuvan; “A condition that a function in a projective space 
be rational,” by W. F. Oscoop; "A method of proving cer- 
tain theorems relating to rational functions which are adjoint 
to an algebraic equation for a given value of the independent 
variable,” by J. C. Pets: “The dependence of focal points 
upon curvature for problems of the calculus of variations in 
space," by M. B. Warre; “ Orthocentric properties of the plane 
directed n-line," by J. E. Hopeson; “Certain singularities of 
point transformations in space of three dimensions," by S. E. 
Urner; “ Multiple correspondences determined by the rational 
plane quintic curve,” by J. R. CONNER. 


THE April number (volume 34, number 2) of the American 
Journal of Mathematics contains: “The groups of birational 
transformations of algebraic curves of genus 5,” by J. V. Mc- 
KzLvEY; “The general theory of linear g-difference equa- 
tions," by R. D. CARMICHAEL; ‘Concerning linear projective 
order,” by A. R. SCHWEITZER; “On certain expansions of 
elliptic, hyperelliptic, and related periodic functions," by F. 
R. Moto: “On cubic birational space transformations," 
by H. P. Hupson; “On the definition of multiplication of 
irrational numbers," by OswaLD VEBLEN. 


Tux Library of Congress will have ready for distribution in 
July the first of a series of catalogue cards forming the begin- 
ning of a dictionary catalogue of all articles in the Encyklo- 
püdie der mathematischen Wissenschaften and the Encyclo- 
pédie des Sciences mathématiques. "The material for all parts 
of the two Encyclopedias thus far issued has already been 
supplied by Brown University, which will continue to supply 
the material as future parts appear. 


AT the meeting of the London mathematical society held 
on March 14 the following paper was read: By G. T. BENNETT, 
“The cubic surface as a degenerate quartic." 
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Tue date of the Fifth international congress of mathe- 
maticians at Cambridge, England, is August 22-28. Series 
of lectures are announced by F. Borez, E. W. Brown, A. 
KNESER, E. G. H. LANDAU, J. Larmor, and Sir W. WEITE. 
The American members of the organizing committee are 
Professors M. Bécher, J. C. Fields, E. H. Moore, F. R. Moulton, 
B. O. Peirce, J. Pierpont, and A. G. Webster. Requests for 
information regarding the congress should be addressed to 
the general secretary of the organizing committee, Professor 
E. W. Hobson, Christ's College, Cambridge. 


THE academy of sciences of Paris announces that the grand 
prize (3000 frs.) will be awarded in 1914 for the solution of 
the following problem. “To perfect the theory of functions 
of one variable which can be represented by trigonometric 
series of several arguments which are linear functions of the 
variable. The academy will be pleased to consider important 
applications to mathematical physics and to celestial me- 
chanics.” The following problem is proposed for the Four- 
neyron prize (1000 frs.) in 1914. “Theoretical and experi- 
mental study of turbines.” 


THE royal academy of sciences oi Belgium proposes the 
following prize problems for 1913: “An important contri- 
bution to the infinitesimal geometry of curved surfaces" 
(800 frs.). “Summarize the theory of systems of Space cubic 
curves and make a new contribution to the theory" (800 frs.). 
Competing memoirs should be sent to the secretary before 
August 1, 1913. i 


Tee first congress of Russian mathematicians, including - 
university professors and teachers in the secondary schools 
was held at St. Petersburg, January 6-16, 1912, in which more 
than 1200 persons participated. The president of the con- 
gress, Professor A, VASSILIEF, delivered an able address “On 
instruction in mathematics and philosophy in the secondary 
schools,” Extracts of the papers will appear in an early 
number of Enseignement Mathématique. 


Te following university courses in mathematics are offered 
during the summer semester of 1912. 


. University or BERLIN. — By Professor H. A. Schwarz: 
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Space curves and surfaces, four hours; Analytic functions, 
four hours; Hypergeometric series, two hours; Colloquium, 
two hours; Seminar, two hours. — By Professor G. FROBENIUS: . 
Determinants, four hours; Seminar, two hours. — By Professor 
F. Scaotrky: Quadric surfaces, four hours; Riemann's theory, 
four hours; Seminar, two hours. — By Professor R. LEHMANN- 
nts: Mechanics, four hours; with exercises, one hour. — 
By Professor G. Herren: Introduction to ordinary differ- 
ential equations, two hours.— By Professor J. KNOBLAUCH: 
Applications of elliptic functions, four hours; Integral calcu- 
lus, four hours; Selected chapters of analytic geometry, one 
` hour, — By Professor I. Schur: Elliptic functions, four hours ; 
Differential calculus, four hours; with exercises, one hour. 


University or Boww.— By Professor E. Srupy: Differ- 
ential and integral calculus, four hours; with exercises, one 
hour; Quaternions, two hours; Seminar, two hours. — By 
Professor F. Lonpon: Descriptive geometry, four hours; 
Analytic geometry, II, three hours; with exercises, one hour. 
— By Dr. J. O. MürrER: Theory of numbers, three hours. 


UNIVERSITY oF GóTTINGEN.—By Professor F. KLEIN: 
Analytie geometry, four hours; Seminar, two hours.—By 
Professor D. HrrBERT: Ordinary differential equations, four 
hours; Mathematical foundation of physies, four hours.— 
By Professor C. RunaE: Mechanics, II, six hours; Seminar, 
two hours.—By Professor E. Lanpau: Algebraic numbers 
and ideals, four hours; The Galois theory of equations, two 
hours; Mathematical games and recreations, one hour; 
Seminar, two hours.—By Professor F. BenNsTEIN: Theory of 
probabilities, three hours; Mathematics of insurance, two 
hours; Seminar, two hours.—By Dr. O. Toxpuız: Differential 
and integral caleulus, with exercises, six hours; Theory of an 
infinite number of variables, two hours.—By Dr. A. Haar: 
Celestial mechanics, two hours.—By Dr. E. WEYL: Curves 
and surfaces, four hours; Theory of real variables, two hours; 
Exercises in analytic geometry, two hours.—By Dr. C. v. 
KXRMAN: Applications of the calculus of variations, three 
hours.—By Dr. R. Scuimmacu: The international commission 
on mathematieal instruction, two hours. 


Tue following university courses in mathematics are an- 
nounced for the academic year 1912-1913. 
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COLUMBIA Univertiry.— By Professor‘ C. J. KEYSER: 
Modern theories in geometry, three hours; History and sig- 
nificance of central mathematical concepts, three hours. — By 
Professor T. S. Fiske: Introduction to the theory of functions 
of a real variable, three hours; Functions defined by linear 
differential equations, three hours. — By Professor F. N. COLE: 
Introduction to the theory of functions, three hours; Theory 
of plane curves, three hours. — By Professor JAMES Macrav: 
Theory of numbers, three hours, first half-year; Differential 
equations, three hours, second half-year. — By Professor D. 
E. Sarr: History of mathematics, three hours. — By Profes- 
sor EDWARD KASNER: Integral equations, two hours; Seminar 
in differential geometry, three hours.— By Professor W. B. 
Frrg: Calculus of variations, three hours. — By Professor H. 
E. Hawxes: Modern higher algebra, three hours, second half- 
year.— By Dr. H. W. Reppicx: Differential equations, three 
hours, first half-year. —By Dr. N. J. Lenners: Projective 
geometry, three hours. 

The mathematical colloquium will meet at intervals of about 
two weeks. 


CORNELL Unrversity.—By Professor J. McManon: Theory 
of probabilities, two hours; Vector analysis, two hours.—By. 
Professor J. I.. Hurcamson: Linear differential equations, 
two hours; Elliptic integrals, two hours (first term).—By 
Professor V. SNYDER: Analytic geometry of space, three hours 
(second term).—By Professor F. R. SHARPE: Introduction 
to mathematical physics, three hours.—By Professor W. B. 
Carver: Theory of equations, two hours; Descriptive ge-' 
ometry, three hours (first term).—By Professor A. RANUM: 
Differential geometry, two hours.—By Professor D. C. GIL- 
LESPIE: Principles of mechanics, taree hours.—By Dr. C. F. 
Craig: Elementary differential equations, two hours.—By Dr. 
F. W. Owens: Projective geometry, three hours.—By Dr. J. V. 
McKervev: Algebraic curves, three hours.—By Dr. L. L. 
SILVERMAN: Advanced calculus, three hours.—By Dr. W. A. 
Hurwrrz: Theory of functions of a complex variable, three 
hours. 


Tax following doctorates in methematics were conferred 
by the French universities during the academic year 1910- 
1911: 
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Paris, Doctorat d' Etat. 


CavsnET, P. “Etude des principales inégalités du mouve- 
ment de la lune qui dépendent de l'inclinaison." 

Cuazy, J. “Sur les équations différentielles du troisième 
ordre et d'ordre supérieur dont l'intégrale générale a ses points 
critiques fixes." 

SIRE, J. "Sur les fonctions entiéres de deux variables d'ordre 
apparent total fini.” 

CHATELET, A. “Sur certains ensembles de tableaux et 
leur application à la théorie des nombres." 

Gau, E. “Sur l'intégration des équations aux dérivées 
partielles du second ordre par la méthode de M. Darboux." 

ANNYCKE, TH. “Contribution à l'étude thermomechan- 
* ique des tiges et des plaques." 

GARNIER, R. “Sur les équations différentielles du troisième 
ordre dont l'intégrale générale est uniforme et sur une classe 
d'équations nouvelles d'ordre supérieur dont l'intégrale gén- 
érale & ses points critiques fixes." : 

JANISZEWSKI, S. “Sur les continus irréductibles entre 
deux points." 

Var, H. “Sur la résistance des fluides." 


Doctorat d’ Université. 
Gramont, A. de. “Essai d'aérodynamique du plan.” 
LeMAIRE, P. “Théorie des compas gyroscopiques.” 
Nancy, Doctorat d' Etat. 
ARNOULT, J. “Sur le mouvement d'un fil dans l'espace." 
Lille, Doctorat d' Etat. 


Bannf, E. “Sur une classe de solutions des équations 
indéfinies de l'équilibre d’élasticité,” et “Application de la 
géométrie cinématique à la théorie des surfaces engendrées 
par une courbe variable." 


Prorzssor G. B. Guccra, of the University of Palermo, 
has been elected a national member of the Royal Institute of 
Venice. 


Prorsssor G. Damsoux, of the University of Paris, has 
been elected an honorary member of the Royal Irish academy. 
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Dr. L. N. G. Fron has been appointed professor of applied 
mathematics at the University of London. 


THE mathematical prize of the Prince Jablonowski society 
for 1911 has been awarded to Professor ERNST NEUMANN. 


Proressor W. Kurra, of the “echnical high school at 
Aachen, has been appointed full professor of mathematics at 
the technical high school at Stuttgart. 


PnorrssoR G. D. Brrxunorr, of Princeton University, has 
accepted a call to an assistant professorship of mathematics 
at Harvard University. 


AT the University of Missouri Dr. Louis INaorp has been 
promoted to an assistant professorship of mathematics. 


AT Columbia University Dr. L. P. SicEvorr has been pro- 
moted to an assistant professorship of mathematics. Mr. C. 
A. Fischer has been appointed instructor in mathematics. 


Mr. R. W. Bureess has been appointed assistant in mathe- 
matics at Cornell University. 


At Dartmouth College Di. E. G. Betr, of Purdue Univer- 
sity, has been appointed assistant professor of mathematics, 
Drs. J. E. Rows, of Haverford College, and F. M. MORGAN, 
of Cornell University, have been appointed instructors in 
mathematics. 


PROFESSOR J. AMSLER-LAFFON, inventor of the polar 
planimeter, died at Schaffhausen January 3, at the age of 89 
years. 


Dr. Eat, LEMOINE, recipient of the Francoeur prize for 
several years, died at Paris, February 21, at the age of 72 
years. 


PROFESSOR OsBoRNE REYNOLDS, of Owens College (now 
the University of Manchester) died February 21, at the age of 
70 years. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Berry (W. J). Differential equations of the first species. New York, 
Van Nostrand, 1012. 12mo. Cloth. 


Bosmans (H.). Notes sur l'arithmétique de Simon Stevin. Louvain, 
Ceuterick, 1911. 


BrorL (G.). Mehrdeutige Verwandtschaften zwischen Punktfeldern» 
insbesondere solche, welche durch Raumkurven veranlasst werden- 
(Diss.) Breslau, 1911. 8vo. 86 pp. 


Bücher, Neue, über Naturwissenschaften und Mathematik. Die Neuig- 
keiten des deutschen Buchhandels, nach Wissenschaften geordnet. 
Mitgeteilt Winter 1911-1912. Leipzig, Hinrichs, 1912. 8vo. pp. 


69-02. M. 0.30 
Casoni (F.). Notes on the history of geometry and algebra. Boston, 
Heath, 1911. 8vo. 25 pp. Paper. $0.10 


Czuser (E.). Vorlesungen über Differential- und Integral rechnung. 
lter Band. Ste, sorgfaltig durchgesehene Auflage. Leipzig, Teubner, 
1912. 8vo. 14+605 pp. Cloth. M. 12.00 


ENGELHARDT (P.). Ueber die graphische und n&herungsweise numerische 
Auflösung von Gleichungen 2ten und 3ten Grades mit einer Unbe- 
kannten im Unterrichte an der Mittelschule. (Progr. Würzburg, 
1011. 8vo. 33 pp. 


Forrsrer (O.). Ueber Cassinische Kurven auf der Pseudosphäre. (Diss.) 
Münster, 1911. 


GRANDJEAN (K.). Ueber die mit einer Schläfischen Doppelsechs zusam- 
menhangende Fläche F?, (Diss. Strassburg, 1911. 


Heizung (J. L.). Naturwissenschaften und Mathematik im klassischen 
Altertum. (Aus Natur und Geisteswelt. Nr. 370.) Leipzig, Tab 
ner, 1912. 8vo. 44-102 pp. Cloth. . 1.25 


JoAcHMI (O.). Ueber Kurven bei denen die beiden Krümmungen durch 
eineq tische Beziehung verknupft sind. (Diss) Munster, 1911. 

KrxzBzR (A.). Ueber einige mehrdeutige Verwandtschaften zweier Ebenen. 
(Diss.) Rostock, 1911. à 

Kreererq (R.). Ueber die Diskriminantenflächen der Gleichungen 
A cos z+ B sin äs + C cos 2x + D cos 3z = 0. (Diss) München, 
1911. 8vo. 87 pp. 

Krarr (K.) Das Normalenproblem an Kurven und Flächen zweiter 
Ordnung in den endlichen Raumformen. (Diss. Munster, 1911. 

Lôwenewrz (A.). Die Frenet’schen Formeln im R,41. (Diss) Königs- 
berg, 1911. 8vo. 73 pp. 

MoxRmann (H.). Normalflachen und projektive Gruppen. (Habilita- 
tionsschrift.) Karlsruhe, 1911. 4to. 30 pp. 

Mtem (A). Beweis des Fermatschen Prinzips. Berlin, Reimer, 1911. 
8vo. 3 pp. M. 0.30 

Osrer (E.). Zentralperspektive, stereographische Projektion und quad- 
ratische Binarformen. (Diss.) Strass ‚1911. 
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Pert (E.). "Untersuchungen über Differensenkoeffisienten erster und 
zweiter Toran insbesondere über ihren Zusammenhang mit verwandten 
(Diss.) Königsberg, 1911. 8vo. 126 pp. 


visis für die Studierenden der Mathematik und Physik an der 
Universität Jena. 3te Auflage. Jena, 1912. 
Roames (R. A. Di See Sarmon (G.). 


SALMON on A treatise on the analytic geometry of three dimensions. 
ee A. P. Rogers. 5th edition. In two volumes. vonte 
ork, Longmans, 1912. 8vo. 22-470 pp. 


AE (A.). Ueber die allgemeinen Bezieh der' Ya 
- aoe und Erkenntnis. (Antrittsrede.) ` 


STELZNER (O.). Mathematik und Naturwissenschaften an den neu- 
humanistischen Schulen, unter Einwirkung von Gesner, Ernesti, Heine 
und Wolf. Ein Beitrag sur Geschichte des mathematisch-natur- 
wissenschaftlichen Unterrichts. (Diss. Leipzig, 1911. 


Storrats (Abbé E.). Cours de mathématiques supérieures. 8e édition 
entièrement refondue Tome 2: Courbes et surfaces. Equations . 
différentielles. Paris, Gauthier-Villars, 1011. 8vo. 365 PP; 166 

T. 


Sturm (A.). Geschichte der Mathematik bis zum Ausgange des 18ten 
Jahrhunderts. (Sammlung Göschen, Nr. 220.) 2te, verbesserte 
Auflage. Leipzig, Göschen, 1911. 8vo. 155pp. Cloth. M. 0.80 


Taux (A.). enge en über dia est Ar + By = Ca. 
idenska ee kriter.) Utgift for Fridtjof Nude fond. 

> Dybwad, 1911. 8vo. 7 rp. M. 0.50 

———. Ueber einige in ganzen Zahlen + und y unm iche Gleichungen 
Pio, y) =0. 0. Fer for Fridtjof Nansens fond. istiania, Dybwad, 
1911. 8vo. 7 pp. . 0.50 


Toscar pI Fagnano (G. C. De’). Opere os pubblicate sotto 

gi auspict dela società italiana per il p e scienze dai soci 

Volterra, G. Loria, D. Gambioli. Volumi I-II, che contengono 

la materia dei tomi I e II delle Produsioni matematiche. Milano, 
Albrighi, 1911. 8vo. 904-474 pp; 9+471 pp. 

ÜUMFAHRER (J.). Beweis der Richtigkeit des “Grossen Fermatschen 

Satzes.” München, Eher, 1012. 8vo. 16 pp. M. 0.50 


II. ELEMENTARY MATHEMATICS. 
AMALDI (U.). See Enriques (F.). 


BARNARD (S.) and Camp (J. M.). A new algebra. Volume 2, rn 
parts 4-6. With answers. London, acmillan, 1912. ee, - 


Bznrxow (A.) und NarmmG (A.). Lehrbuch der Algebra. 2ter De 
bearbeitet von A. Nathing. 3te Auflage. St. Petersburg, Eggers 
1911. 8vo. 8-+179 pp. M 8.00 


BzmicHrE über den mathematischen Unterricht in Österreich. 10tes 
Heft, von O. Bimony, E. Kobald, A. Mikuta, uud K. Reich. Wien 
Hölder, 1911. 8vo. 39 pp. M. 1.20 


Bos (H.). Géométrie élémentaire. 22e édition. Paris, n 1912. 
16 mo. 288 pp. Fr. 2.00 
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Camp (J. M.). See Barnarp (B.). 
Converse (H. A). See DunELL (F.). E 


DunzLL (F.. Plane and spherical trigonometry. With chapters on 
plane surveying by H. A. Converse. Also logarithmio and trigono- 
‘metric tables. New York, Merrill, 1912, 8vo. 295+82 pp. $1.40 


———. Schoolalgebra. New York, Merrill, 1911. 12mo. 507pp. $1.10- 
Exnriques (F.) e Amarni (U.). Elementi di geometria, 4a edizione ridotta. 
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—— , Elementi di matematica. Volume I. 6a edizione, completamente 
rifatta. Firenze, Le Monnier, 1912. 8vo. 44-204 pp. L. 1.60 


——. Elementi di matematica. Volume III. 5a impressione. Firenze, 
Le Monnier, 1911. 8vo. 206 pp. L. 1.50 

—. Nozioni intuitive di geometria elementare. 8a impressione. . Fir- 
ense, Le Monnier, 1012. 8vo. 112 pp. L. 1.00 

Suzzarro (EL). The teaching of primary arithmetic. A critical study of 
recent tendencies in method. With an introduction by D. E. Smith. 
(Riverside educational monographs.) Boston, Houghton Mifflin, 
1911. 16mo. 10--123 pp. $0.60 

Torowzr (G.). See SERRET (G. A.) and Socci (A.). 

'TREUTLEIN (P.). See Wımnar (H.). 


Watts (W.). Complete trigonometry. Revised edition. Boston, Heath 
1911. 12mo. 6+163+9+23 pp. $1.08 


WIENER eo) ma TREUTLEIN (P.). Verzeichnis Mathematischer Modelle 
für chulen. 2te A: e. Leipzig, Teubner, 1912. 


II. APPLIED MATHEMATICS. 


ABRAHAM (M.). Theorie der Elektrizität. 2 Bände. lter Band: Ein- 
führung in die Maxwellsche Theorie der Elektrizität. Mit einem 
einleitenden Abschnitte von A. Föppl. 4te Auflage. Leipzig, 
Teubner, 1912. 8vo. 18-410 pp. M. 12.00 

ALKINDI, Trogus und Pssupo-Evxum. Drei optische Werke. Heraus- 
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THE APRIL MEETING OF THE CHICAGO SECTION. 


thirtieth regular meeting of the Chicago Section of the 
GE n Mathematical Society was held at the University of 
p n Friday and Saturday, April 5-6, 1912, extending 
S half-day sessions. The total attendance was 
Roue the following fifty-six members of the 


Eesen 
seventy-fiv 
Society: 

Mr. Charles ) Ammerman, Professor R. P. Baker, Professor 
G. N. Bauer, Dr. E. G. Bill, Professor G. A. Bliss, Dr. R. L. 
Bórger, Professor W. H. Bussey, Professor R. D. Carmichael, 
Professor H. E. Cobb, Dr. A. R. Crathorne, Professor D. R. 
Curtiss, Professor S. C. Davisson, Mr. W. W. Denton, Dr. 
Arnold Dresden, Professor L. E. Dickson, Professor W. B. Ford, 
Dr. T. H. Gronwall, Professor A. G. Hall, Professor E. R. 
Hedriek, Dr. T. H. Hildebrandt, Professor O. D. Kellogg, 
Professor À. M. Kenyon, Professor Kurt Laves, Professor 
A. C. Lunn, Dr. G. F. McEwen, Professor Malcolm McNeill, 
Dr. W. D. MacMillan, Professor G. A. Miller, Professor E. H. 
Moore, Professor F. M. Morrison, Professor F. R. Moulton, 
Mr. E. J. Moulton, Professor Alexander Pell, Professor W. D. 
Pemberton, Professor H. L. Rietz, Professor W. J. Risley, 
Professor W. H. Roever, Miss Ida M. Schottenfels, Mr. A. R. 
Schweitzer, Mr. T. M. Simpson, Professor C. H. Sisam, 
Professor E. B. Skinner, Professor H. E. Slaught, Mr. V. M. 
Spunar, Dr. E. B. Stouffer, Professor E. J. Townsend, Pro- 
fessor À. L. Underhill, Professor E. B. Van Vleck, Dr. G. E. 
Wahlın, Mr. C. W. Wester, Professor J. K. Whittemore, Pro- 
fessor E. J. Wilczynski, Professor R. E. Wilson, Professor A. E. 
Young, Professor J. W. À. Young, Professor Alexander Ziwet. 

Professor D. R. Curtiss, chairman of the Section, presided 
throughout the four sessions, except during the presentation 
of his own paper, when Professor E. B. Van Vleck occupied the 
chair. 

On Friday evening about fifty members dined together in 
the café of the University Commons and enjoyed another of 
those seasons of social intercourse to which all look forward 
with increasing interest. 

At the business meeting on Saturday morning attention 
was called to the fact that the next meeting of the Amer- 
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ican Association for the Advancement of Science: is to be at 
Cleveland, Ohio, in December, 1912, and that this occasion 
wil afford an excellent opportunity for holding a general 
meeting of the American Mathematical Society at the same 
time and place. In this connection the following resolution - 
was unanimously adopted: That the members of the Society 
in attendance at the April meeting of the Chicago Section 
respectfully request the Council to consider the advisability 
of holding the next annual meeting of the Society in Cleveland 
in affiliation with the American Association. 

Under the bead of "informal notes and queries," which was 
introduced into the programme in order to give the members an 
opportunity for the interchange of mathematical suggestions 
not related directly to any of the papers, there was a variety 
of interesting discussions participated in by Professors Moore, 
Hedrick, Curtiss, Dickson, Baker, Bliss, Moulton, Lunn, Dr. 
Bill, Dr. Gronwall, and Miss Schottenfels. 

The following papers were presented at this meeting: 

(1) Dr. S. Lerscherz: “On birational transformations of 
three-space related to four-space varieties.” 

(2) Professor W. H. Rover: “Optical interpretations in 
higher geodesy." ` 

(3) Professor W. H. Rover: “Mechanisms for illustrating 
lines of force." 

» (4) Professor W. H. Roever: “ Deviations of falling bodies 
for a distribution not of revolution. Second paper." 

(5) Professor ArnoLp Emcx: “The geometry of conformal 
rational transformations in a plane." 

(6) Professor Kurt Laves: “The present state of the theory 
of Jupiter's five minor satellites." 

(7) Professor D. R. Curtiss: “An extension of Descartes’ 
rule of signs. Second paper." 

(8) Professor J. K. Wurttemore: "Equality in geometry.” 

(9) Professor G. O. James: “On the relation between the em- 
pirical and the inertial trihedrons of gravitational astronomy." 

(10) Professor E. J. Wrnozvwsxi: “A forgotten theorem of 
Newton on planetary motion and an instrumental solution of 
Kepler's equation." 

(11) Dr. G. E. Wastin: “The relative number field 
K(Va).” 

(12) Dr. E. G. Bur: “Analytic curves in non-euclidean 
space. Second paper.” 
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(13) Professor L. C. KARPINSKI: "Algebra i in the Quadri- 
partitum numerorum of Johannes de Muris.” 

(14) Professor G. A. Mruter: "Infinite systems of indi- 
visible groups." 

(15) Mr. W. W. Denton: “ Projective differential geometry 
of developable surfaces." 

(16) Professor R. P. Baker: “The method of monodromy 
and its application to three-parameter quartics.” 

(17) Professor R. D. CARMICHAEL: “On transcendentally 
transcendental functions." 

(18) Professor R. D. CARMICHAEL: “On the theory of 
linear difference equations." 

(19) Professor J. W. GLOVER: “A general formula for the 
valuation of securities." 

(20) Dr. E. L. Dopp: “On ordinary plane and skew curves." 

(21) Professor FLORIAN Cajomr: “On the Spanish symbol 
U for thousands." 

(22) Mr. E. W. Carrrenven: "Infinite developments and 
the composition property (KiB1)4 in general analysis." 

(23) Mr, V. M. Spunar: “Note on Mersenne's num- 


(24) Dr. E. B. SrvourrER: “The projective differential 
geometry of three-spreads generated by oo! planes in five- 
dimensional space." 

(25) Professor E. H. Moore: “Multiplicative interrelations 
of certain classes of sequences of positive terms." 

(26) Dr. T. H. Gronwazz: “On a theorem of Fejér's 
and an analogon to Gibbs's phenomenon." 

(27) Dr. T. H. GRONWALL: “Some asymptotic expressions 
in the theory of numbers." 

(28) Professor F. R. MouLton: “Closed orbits of ejection 
and related periodic orbits in the problem of three bodies." 

(29) Dr. T. H. HirpEBRANDT: "Necessary and sufficient 
conditions for the interchange of limit and summation for a 
special type of series." 

Mr. Chittenden's paper was communicated to the Society 
through Professor Moore. In the absence of the authors, the 

apers of Dr. Lefschetz, Professor Emch, Professor James, 

Professor Karpinski, Professor Glover, Dr. Dodd, Professor 
Cajori, and Mr. Spunar, were read by title. Abstracts of 
the papers, except that of Mr. Spunar, follow below in the 
order of the titles above. 
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-- 1. It is known that from two depictions of a rational surface 
we can obtain a birational transformation between two planes, 
' which however is only a product of several quadratic ones. 
The same holds true for rational feur-space varieties, except 
that the transformations obtained are not in general the prod- 
uct of simpler ones. In this paper Dr. Lefschetz considers. 
the transformations deduced from depictions. of quadratic 
and cubic varieties. The V}? give the well known quadri- 
quadric transformations, having for base a conic and a point 
in each space. Several resulting transformations are con- 
sidered, the simplest being related to a Hä having two conic 
nodes. ‘This is obtained by projecting the first space on 
the variety from one of. the nodes, and then reprojecting 
from the other on the second space; it is a cubo-cubic trans- 
formation, the fundamental elements. being in both spaces 
a sextic intersection of a cubic and a quadric surface and a 
point onit. This transformation is then applied to the depic- 
tion of a sextic surface having the fundamental sextic for 
nodal curve and the fundamental point for quadruple point 
with an elliptic quartic tangent cone, which is obtained from 
a quadric, and has, as can also be easily verified, py = Pn 
= P = 0, which are the conditions of rationality of a surface 
as given by Castelnuovo. 


2. At a point Po of the rotating earth, the vertical is the 
straight line which coincides with & plumb-line of which the 
bob is at Ps; the meridian plane is the plane which passes 
through the vertical and is parallel to the axis of rotation of 
the earth; the east-and-west line is the normal to the meridian 
plane; the latitude is the complement ¢ of the angle which the 
vertical (to zenith) makes with the axis (to north); the longi- 
tude is the angle A which the meridian plane makes with a 
fixed plane through the axis. See Pizzetti, Geodesia Teo- 
retica, 1905, 85. 

On a level surface, that is, a surface at each point of which 
the normal is the vertical, a curve of constant latitude is a 
locus for which & is constant, for the equator A = 0; a curve 
of constant longitude is a locus for which X is constant; an 

' east-and-west curve is: a locus at each point of which the 
tangent is the east-and-west line. In general, a tangent to a 
curve of constant latitude is not an east-and-west line. With 
the foregoing understanding of the terms involved, Professor 
Roever shows: 
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I. The curves of constant latitude are the lines of constant 
intensity of illumination on a level surface, with respect to a 
source of light infinitely far away in the direction of the axis. 
In particular, the equator is the line of shade. 

II. The curves of constant longitude are the loci of the 
brilliant points of the east-and-west curves on a level surface, 
with respect to infinitely distant pairs of points. That is, if a 
level surface of the earth, supposed metallie, were scratched 
along its east-and-west curves, an observer on the moon, or 
any other distant body in any general direction, would see as 
a curve of light some curve of constant longitude, the curve 
being the assemblage of the images of the sun, which may be 
in any general direction, in the reflecting scratches. 

Definitions of brilliant points, and photographs of the curve 
of light formed by the images of a source of light in the 
scratches which a circular saw receives during the process of 
polishing, are given in & paper by the author in the Trans- 
actions, volume 9, number 3, pages 245-279. A brass sphere, 
properly scratched, was exhibited in order to show the truth of 
the second theorem for a special case. 


3. In Professor Roever’s second paper the first mechanism 
consists of a pair of overlapping wheels, about 83 inches in 
diameter, with radial spokes. These are mounted on parallel 
axles and rotate in planes which are as near together as pos- 
sible. ‘These wheels can be made to rotate in the same direc- 
tion or in opposite directions with equal or different angular 
velocities. When the wheels rotate rapidly, an observer 
properly situated will see a well-defined system of curves. 

The second mechanism is so designed that the effect is the 
same as that which would be produced by the first mechanism 
in the limiting case in which the radius of one of the wheels 
becomes infinite. The author has already shown for what 
fields of force the systems of curves exhibited by these 
mechanisms are the lines of force. See Transactions of the 
Academy of Science of St. Louis, volume 7, numbers 9 and 12, 
and BULLETIN, volume 12, page 425. 

In his Researches in Chemistry and Physics, page 292, 
Faraday describes the phenomenon observed in viewing one 
carriage wheel obliquely through another, and also that of 
viewing a rapidly running carriage wheel through a palisade 
or railing. Beyond stating that the curves in the first case 
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resemble the lines described by iron filings between the poles 
of & magnet, Faraday does not identify the curves with any 
particular fields of force. 


4. Ina recent paper* Professor Roever derived an expression 
for the southerly deviation of falling bodies, under the assump- 
tion of a distribution of revolution, that is, that the potential 
function of the earth's gravitational field of force is of the 
form f(r, z), where r is distance from the axis of rotation and z 
is that from a fixed plane perpendicular to the axis. He 
showed that for a potential function for which the standard 
spheroid is a level surface formula (3) below gives values 
nearly five times as great as the formula of Gauss, 


n 
| duran T 


In the present paper he derives, under the assumption of a : 
distribution not of revolution, the following expressions for 
the easterly deviation (E. D.) and the southerly deviation 


(S. D: | 
ra ee h 5W, 
(1) E. D. 3 1 2w cos ki VW, 8 W, A : 


' La 
(2 S.D. = [2 sin 29 + SW ea] 6m, 
v2 à A 
TB [9 sin dW ys + cos $Wadl yr 


where w is the angular velocity of the earth’s rotation, h is 
the height through which the body falls, ¢ is the latitude of 
the initial point Po, W is the potentiel function of the relative 
statical field, that is, the field of force in which the plumb line 
is in equilibrium, z, y, z are distances measured to the north, 
east, and downward from Po, and W,, Was, Wys, Wey are the 
values of the derivatives of W, with respect to the indicated 
subscripts, at Py. Hence d 
og og 
Wa = g, Wa äer, Be = ag 
where g is the acceleration. | 
* Transactions, vol. 12, No. 8, pp. 335-353. 
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For a distribution of revolution Wy, = 0, Wey = 0; hence 
the second terms disappear, being negligible in cpmparison 
with the first, that is, 

: ag V? 
S. D. = (2° sin 26 t5 c. 

The second derivatives of W which appear in (1) and (2) 
can be measured experimentally by & method due to Baron 
Eötvös.* Ina certain survey made by Baron Eótvós| values 
of ög/dx were found more than ten times as great as the value 
which corresponds to the potential function which yields the 
standard spheroid. It is thus seen that it is possible to ac- 
count for southerly deviations which are nearly fifty times as 
great as those given by the formula of Gauss. 


5. A conformal rational algebraic transformation between 
two planes may be established by an irreducible rational frac- 
tion w = f(x)/g() of the complex variable z. Writing 
f(z) = u + in, g(z) = r + is, and separating real from imag- 
inary parts, 

ru + st su 


TU — 
wa ape t sgg 





Professor Emch's paper deals with the properties of the 
system of curves u = 0, v = 0, r=0, 8 = 0, ru + 80 = 0, 
rb — su = 0, 2 H e = 0, sr +8 — 0 and their relation to 
the complex domain. In conclusion some geometrical appli- 
cations of particular cases are given. . 


6. This paper forms part of an account of the theory of the 
satellites of the solar system prepared by Professor Laves for 
the sixth volume of the Encyklopädie der mathematischen 
Wissenschaften. It calls attention to the very important 
recent improvements in our knowledge of this much neglected 
subject. Indications are not lacking that the theory of 
Laplace-Souillart must in tbe near future be replaced by a 
completely new theory, which abandons the method of varia- 
tion of constants and takes the equator of Jupiter as the 





* Encyklopadie der mathematischen Wissenschaften, Band VI, 1 B., Heft 


2, $23, p 160. 
+ Verhandlungen der 15. allgemeinen Conferenz der internationalen 
Erdmessung 1906, 1, p. 337. 
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fundamental plane, and not Jupiter’s orbital plane, which has 
so far been the adopted plane of reference. It stands to 
reason that Professor Griffin’s paper in volume 9 of the 
Transactions will form the foundation for this new theory for 
the satellites I, II and III. 


7. Ina paper read at the April, 1910, meeting of the Section, 
Professor Curtiss proved the theorem that for any polynomial 
f(z) there exist polynomials $(z) such that the number of 
variations of sign in the product f(x) ¢(z) is exactly equal to 
the number of positive roots of f(x). Before this paper was 
published, an article by Meissner appeared in the Mathemat- 
tische Annalen, discussing the case where f(x) has no positive 
roots, and introducing certain geometrical methods. This 
suggested new phases of the problem which are discussed in 
the present communication. A second proof of the funda- 
mental theorem is given, based on a well-known theorem due 
to Laguerre. The determination of all cartesian multipliers, 
dia), of given degree r, is made to depend upon properties of a 
configuration of linear (r — 1)-spaces in space of r dimensions. 
Preliminary evaluations for the least degree possible for a 
cartesian multiplier are made, and various formulas are 
compared in a simple case. 


8. The proofs generally given of several theorems of funda- 
mental importance in solid geometry are based on intuitive 
relations assumed to exist between geometrical and physical 
objects, and are not admissible in a rigorous treatment 
of geometry. Among these are: dihedrals having equal 
plane angles are equal; symmetrical trihedrals are equal if 
isosceles, otherwise not; two prisms are equal if a trihedral of 
one is equal to a trihedral of the second, and if corresponding 
face angles of the equal trihedrals are corresponding angles of 
equal faces of the prisms. 

Professor Whittemore shows that rigorous proofs of these and 
other theorems may be given on the basis of two simple assump- 
tions and the following definition of equality of two geometrical 
configurations: Two configurations C and C’ are equal if 
there is a one to one correspondence of all points A of space 
to all points A’ of space such that (1) if À is on C, A’ is on C’, 
and conversely, if A’ is on C’, A is on C; (2) all relations of 
number and order of points A are identical with the relations 
of number and order of points A’. 
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9. In this paper Proféssor James, following the method of 
Seeliger, considers the effect of an assumed motion of the 
empirical trihedron of gravitational astronomy relative to the 
inertial on the outstanding differences between observation 
and theory in the motion of the four inner planets as derived by 
Newcomb. After correction for this motion, the effect of re- 
placing the newtonian law of attraction by one consistent 
with the relativity theory is studied and the equations of mo- 
tion of an infinitesimal planet about the sun 


de PM S 
eS EM C tre tae) (A =) @=1,2,3), 





set up by Professor de Sitter, are integrated and the ex- 
ponent n so determined as to remove the excess in the motion 
of Mercury’s perihelion. It is shown that the empirical 
terms in the motion of the four inner planets then become less 
than their mean errors. 


10. If the mean anomaly M, which is proportional to the 
time, and the radius vector r of the planet be considered as 
rectangular coordinates, the (M, r) curve is a trochoid. This 
theorem, due to Newton, seems to have been almost universally 
forgotten. Professor Wilezynski points out that this the- 
orem is important in the first place as giving an intuitive 
notion of the functional relation between the radius vector 
and the time, and in the second place as offering the possi- 
bility for the construction of & simple instrument by means 
of which r may be obtained without any caleulation whatever. 
Thus, the solution of Kepler's equation would become alto- 
gether unnecessary if the instrument were constructed with 
the requisite degree of accuracy. In all cases, however, even 
& moderately accurate machine of this kind would be of great 
assistance by giving & close approximatión to the value of the 
eccentric anomaly E, the final value then to be obtained by 
the application of the usual differential formulas. 


11. If we denote by k any algebraic number field, and let 
a be any integer in k which is not the [th power of an integer in 
the same field, where / is a rational odd prime, then Va 
determines a field K of degree l relative to k. Dr. Wahlin 
gives in this paper & complete determination of the decom- 
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position of the prime ideals of k into their prime factors in K. 
The paper is a generalization of the one presented by the 
author at the April meeting, 1911, as well as of the first part 
of the article by Westlund in the Transactions, 1910. The ` 
same problem for the case | = 2 is solved in an article by . 
Hilbert in the Mathematische Annalen, volume 51. 


12. This paper is a continuation cf the work which Dr. Bill 
presented at the December, 1911, meeting of the Chicago 
Section. Having classified all the analytic curves of non- 
euclidean space and derived the Frenet-Serret differential 
equations for the so-called regular curves, he comes to & 
discussion of the natural equations cf this latter set of curves. 


18. Johannes de Muris, who flourished in the first half of 
the fourteenth century, wrote extensively on music as well as 
mathematics. His *Quadripartitum numerorum" has been 
referred to by many writers, but only a small portion of the 
second book dealing with \arithmetic has been published. 
Professor Karpinski continues his studies in medieval algebra 
by a discussion of the contents of the third book of the Quad- 
ripartitum, which deals with algebra. This book is entitled 
* Novus algorismus de additis et diminutis.” The study shows 
that de Muris drew not only from Al-Khowarizmi, but further 
that he took many problems almost word for word from 
Leonardo of Pisa. Inserted between the third and the fourth 
books is a so-called Semi liber which treats of the extraction 
of roots and again follows Leonardo. This study is based upon 
the Codex Pal. Vind. (Vienna), 4770, in which the third book 
‘is found on pages 229ver.—261rec. 


14. À group is said to be divisible if it is the direct product 
of two or more groups none of which is identity. If it is 
not such a direct product it is said to be indivisible or prime. 
If a group is divisible it can be resolved into indivisible factor 
groups in essentially only one way. Professor Miller considers 
mainly various infinite systems of indivisible groups which 
are such that no two groups of the system have the same order. 
Among the theorems established are the following: A neces- 
sary and sufficient condition that a solvable group is a direct 
product of a Sylow subgroup and another subgroup is that 
its group of inner isomorphisms involves the corresponding 
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Sylow subgroup as & factor of a dei product, whenever it 
involves such a Sylow subgroup. A group of order p”, p 
being any prime number, whose central is cyclic is hae 
indivisible. A necessary and sufficient condition that the 
holomorph of a cyclic group is indivisible is that the order 
of this cyclic group is a power of a single prime number. 


15. In this paper Mr. Denton presents the details of a pro- 
jective differential theory of developables, which was indicated 
by Professor Wilczynski at the April, 1909, meeting of the 
Chicago Section.* 


16. Professor Baker’s paper has for its aim the establishment 
of an effective technique. It is proved that ordinary points 
on the discriminantal locus give rise to simple transpositions 
as elements of the monodromy group. The singularities, 
including the intersection of the various sheets in the case of 
reduction, give any other types of substitution which arise. 
By birational transformation of the resolvent equations three 
parameter quartics of each of the transitive groups are made 
available as material. In the case of non-symmetric groups, 
this can be so arranged that one parameter is removable 
by a rational ‚process and is ineffective for monodromy. Ex- 
amples are given of all cases of irreducible three-parameter 
quartics with assigned group and assigned invariant sub- 
group as monodromy group; also of the determination of the 
algebraic number whose adjunction reduces the group to the 
monodromy group. 


17. Following the classification made by Moore in his 
fundamental paper f on transcendentally transcendental func- 
tions Professor Carmichael calls a transcendental function y 
of x algebraically or transcendentally transcendental accord- 
ing as it does or does not satisfy an algebraic differential 
equation. In the first part of the paper attention is confined 
to functions y of x expansible in the form 


y = do + aie + aga? + age? + ---, 
where ag, gu, ds, «++ are rational fractions in their lowest terms. 


* BULLETIN, vol 15, p. 436. 
t Math. Ann., vol. 48, pp. 49-74. 
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Among the general results obtained the following may be 
mentioned: (1) If y is an integral of an algebraic differential 
equation, then there exists an integer r such that, for increasing 
n, the denominator of a, ultimately becomes and remains less 
than n". (2) If y is an integral of an algebraic differential 
equation and if the denominator of a, is written in the form 
7454, Where 2, is prime to nl and to the denominator of every 
d $ < n, then there exists an integer e such that, for increasing 
n, 8, ultimately becomes and remains less than ne. (3) Let 
bo, bn, ba, ---, be a set of rational fractions in their lowest 
terms, an infinite number of which are different from zero; 
let them have the property that a number N exists such that, 
for n > N, neither the numerator nor the denominator of b, 
contains a prime factor greater than n. Leta and 8 be rela- 
tively prime positiveintegers. "Then the series 

by 
da Qc as 

+ bn n.L... 

Gere 





if it converges, defines a function which is transcendentally 
transcendental. Here k; is an integer and kan 1 for an in- 
finite number of values of n for which b, # 0. (4) Particular 
examples of functions coming under this theorem are those 
which are analytic at zero and which satisfy the following 
functional equations, where g is rational and | q| #1, 0: 


giel (rela), gin ail el, sing, etc. 


In the second part of the paper it is shown that every an- 
alytic function integral of the equation 


glg) = (1+ g), |gl +1, 0, 


is transcendentally transcendental. Finally the following 
important result is obtained: Two essentially different classes 
of transcendentally transcendental functions are defined by 
linear difference equations with rational coefficients and by 
linear g-difference equations with rational coefficients. 


18. Guichard, Appell, and Hurwitz have each proved by 
indirect means the important theorem that if G(x) is any 
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entire function then there exists another entire function u(z) 
verifying the relation . 


u(z + 1) — u(x) = G(x). 


In the first part of his second paper Professor Carmichael 
proves this theorem by direct means; that is to say, a power 
geries ig assumed for u(x) and substitution is made in the 
‘above equation. There results an infinite system of equations 
for determining the coefficients of this power series. This 
system is solved by what is believed to be a novel method of 
importance, and in such way that the resulting function u(x) 
is entire. 

The remainder of the paper is devoted to certain generaliza- 
tions of the above result. 


19. Professor Glover derives a formula for the valuation 
of a very general type of security. The security is redeemed 
in r equal instalments at intervals of ¢ years, the first redemp- 
tion being made after f years. The annual rate of dividend 
is g payable in m instalments and the security is purchased 
to realize the investor a nominal rate of interest with frequency 
of conversion m. The value is expressed in terms of a single 
function, namely, the present values of immediate annuities 
certain. 


20. Dr. Dodd shows that the conditions of continuity, dif- 
ferentiability, and convexity imposed by Pringsheim* in 
defining an ordinary arc and its function y = f(x) are 
not coextensive with the conditions used by Du Bois- 
Reymond,t who, in place of convexity, requires that there 
should not be an infinite number of maxima with respect 
to any straight line. But Pringsheim’s conditions necessitate 
the continuity and univariance of the first derivative except 
at the end points of the interval, where being univariant it 
may become infinite. Pringsheim's ordinary arc is Osgood’s } 
regular arc defined by 


t= e, y= du, CEA 


* Encyklopádie, IX, A. 1, p. 22. 
i£ , vol. 19, p: 32. 
Lehrbuch der Funktionentheorie, p. 43. 
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where e and y are continuous and have. continuous first de- 
rivatives which do not simultaneously vanish in (tp, E ), with 
the added condition that die! be univariant'in (to, t). 

The definition of an ordinary arc is then restated to make 
it invariant to rotation, a generalization for three dimensions is 
given, and finally straight lines, ordinary plane arcs, and or- 
dinary skew arcs are distinguished by means of the Wronskians 
of the first derivatives of the defining functions, and the minors 
of the Wronskians. . 


21. Professor Cajori points out that, at the beginning of 
the nineteenth century and for three hundred years previous, 
Spanish-American manuscripts often contain, along with the 
Hindu-Arabic numerals, symbols taking the form of a U or 
V or O, or sometimes an old form of the Greek letter sigma, 
to designate “thousands.” Thus, 7U291 = 7291. 


22. In the "Introduction to general analysis” E. H. Moore 
has formulated a theory of developments of a general range 
P. A development of P is defined to be a denumerably in- 
finite sequence of stages, each stage consisting of a finite system 
of subclasses of P. In terms of a development Moore and 
À. D. Pitcher have secured & body of theorems relating to 
classes of functions on a general range. Mr. Chittenden 
considers developments whose stages are denumerably infinite 
systems of subclasses and obtains theorems which include those 

- of Moore and Pitcher and cover additional cases. 


24. The projective differential geometry of ruled surfaces 
in ordinary space has been developed by Professor Wilezynski 
by means of a system of two linear homogeneous differential 
equations of the.second order. In the present paper Dr. 
Stouffer develops by similar methods the projective differential 
geometry of three-spreads generated by oo! planes in five- 
dimensional space by making use of a system of three linear 
homogeneous differential equations cf the second order. The 
three-spreads for which any two consecutive generating planes 
intersect are excluded from the theory. 


25. Consider sequences a: 85, 85, ag ++ of positive terms and 
denote by Cu, where u is a non-vanishing real number, the class 
of all sequences o whose u power sequences a“ of positive terms 
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have convergent sums aan + 85" + ag + ---, and by Du the 
class of all sequences a whose u power sequences a“ have 
divergent sums. Then, d, e, f being three positive numbers 
such that (d + e)f = d + e, we have the multiplication 


theorems 
Cg, = Gy, C.D» = Dy. 


These theorems are convenient normalizations, slightly gen- 
eralized, of theorems due to Pringsheim* and Landau, which 
especially for (d, e, f) = (2, 2, 1) play a réle in the theory of 
functions of infinitely many variables. 

Professor Moore determines a closed multiplication table 
for a set of classes of sequences of positive terms whose defi- 
nitions involve, besides the notions u power and convergence, 
the notions finiteness and exponent of convergence. 


26. Let f(z) be continuous and |f(z)|=M for 0=2= 
2x, and suppose that the Fourier coefficients of f(x) satisfy the 
inequalities 

| an| S Afn, .|b.| S Bin (n= 1,2, ). 
Let 
Selz) = ag + a cos g + by sing + ++ + a, cos nz + b, sin nz 


be a partial sum of the Fourier series for f(x); Fejér has shown 
that 


e [SM + (AE eom BE sin wal. 


whence 


len(z) | < M + 4 + B. 


In Dr. Gronwall's paper, this inequality is replaced by the 
following closer ones: 


le.(z) | < M + VA? + D 
for any values of A and B, and 
be 
[s |< M+44+5°B 
for BE V3A. 


* Münchener Berichle, vol. 32 (1902), p. 177. 
t Göttinger Nachrichten, 1907, pp. 25-27. 
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"Making 
D 1 e 
U, (x) =; p(s] + | cos 2z | + --- + | eos nz |), 


Vale) = H sine] + | sin 2e| + b | sin na |), 


it is further shown that lim U,(a) and lim V,(x) are pointwise 


` discontinuous functions of x, having the following values: 
For z = 0, 


lin U,(z) = 1, lim Va(z) = 0; 


n-—o 


for z = E x, Where p (+0) and o are integers and relative primes, 


4q 


Im Hate) = Ls 


“lim U,(x) = x (cot Z + (— 1)" tan E), 


Ek 
for + : r irrational, 


lim U,(x) = lim PAS) = : 


It is finally shown that 
+ = min, lim U,(2) = lim min. Dei < max. lim Us(z) = 
= lim max. U,(x) = 1, | 
0 = min. lim Valz) = lim min. Vn) < max. lim Vala) = 
= SÉ lim max. Vala) = 0.724 - 
max. Haal < max. Vus), 


so that V, (x) presents an analogue to Gibbs’ phenomenon, 
while there is none in the case of H, ei, 
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27. Let 


8.(2) = B d* 


be the sum of the ath powers of all divisors of the integer +. 
Dr. Gronwall shows that 


lim sup Si = a) fore 1, 
jus ce un ef foro — 1, 


zo tloglogz 
| log &,(z)/a* | 1 
m (log z)"*/llogglgz Le 


where £(o) is the Riemann zeta function and C the Eulerian 
constant. 


for 0 € a « 1, 


28. In this paper Professor Moulton proves the existence 
of orbits of ejection which are also orbits of collision with 
the same finite body. "These orbits are the limits of two 
classes of periodic orbits. 

In his Stockholm lectures Painlevé conjectured that an orbit 
satisfying a certain analytic condition would be an orbit of 
ejection or collision. In this paper it is proved that any 
point and an arbitrary positive velocity may be selected, and 
that an orbit of collision and one of ejection exist which pass 
through the point with the given velocity. "The direction of 
motion is an analytic function of the coordinates of the point 
and the velocity. 


29. 'The chief theorem in Dr. Hildebrandt's paper is the 
following: Suppose m > 0, 


È | tap |” 
p 
` convergent for every value of n, and 
lim, tnp = 25 
for every value of p. Then the necessary and sufficient condi- 


tion that 
2; | Tp |" 
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be convergent and | 
lim, Do | tap |*= Z | ay |" 
is that 
lim, * | tap — £p [^] 0. 
p 


In the proof of this theorem there arises another necessary and 
sufficient condition concerning itself with the limit of the sum 
of a sequence of series of positive terms. 


H. E. SLAUGHT, 
Secretary of the Section. 


THE TWENTY-FIRST REGULAR MEETING OF THE 
SAN FRANCISCO SECTION. | 


THe twenty-first regular meeting of the San Francisco 

Section of the Society was held at Stanford University, on 
Saturday, April 6, 1912. About fifteen persons were present, 
including the following members of the Society: 
- Professor R. E. Allardice, Mr. B. À. Bernstein, Dr. Thomas 
Buck, Professor H. F. Blichfeldt, Professor G. C. Edwards, 
Professor M. W. Haskell, Professor L. M. Hoskins, Professor 
D. N. Lehmer, Professor H. C. Moreno, Professor E. W. 
Ponzer. 

Morning and afternoon sessions were held, Professor 
Hoskins, chairman of the Section, presiding. 

'The following papers were presented at this meeting: 

(1) Mr. B. A. Bersstem: “On the relation between spaces 
in n-dimensional space and their concrete representation for 
the space of four dimensions." ` 

(2) Dr. THomas Buck: “Some periodic orbits of three 
finite bodies." 

(8) Dr. S. Lerscaerz: “On cubic surfaces and their nodes." 

(4) Professor H. F. BurcurELDT: “On the order of linear 
homogeneous groups. Fifth paper." 

. (5) Mr. B. A. BrgNsTEIN: “On an algebra of probability” 
(preliminary communication). 

In the absence of the author the paper by Dr. Lefschetz 

was read by title. Abstracts of the papers follow. 
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1. In this paper Mr. Bernstein derives synthetically 
theorems concerning the fundamental relations between spaces 
in a hyperspace, including general formulas relating to the 
dimensionality of any space in any other space aselement. He 
then shows how those relations can be represented concretely 
for four-dimensional space. 


2. The orbits considered by Dr. Buck are obtained by the 
method of continuation as to a parameter which has been 
developed by Professor Moulton in connection with similar 
problems. The results are given as power series in the param- 
eter which are known to converge for all values of the param- 
eter sufficiently small. When the parameter is put equal to 
zero the solutions found reduce to the circular Lagrangian 
equilateral triangle solution of the problem of three bodies. 
For the other admissible values of the parameter the motion 
may be described as an oscillation about the vertices of this 
triangle. ' 


3. In this paper Dr. Lefschetz gives a treatment of the cubic 
surface S? derived from a generation given by R. Sturm. The 
surface is obtained as the locus of the variable twisted cubic 
common to two quadrics which pass respectively through two 
other twisted cubics Kj? and R, having a point O in common, 
and which also pass through a common variable line through 
O. It is shown by the principle of correspondence that both 
curves have 6 common bisecants, not going through O, and 
which are therefore on S*, The existence of the other 21 lines 
on S? and their properties are readily established. The modi- 
fications necessary in order to obtain the 21 non-ruled cubic 
surfaces are given except for the surface U3 (Schlafli’s classi- 
fication—Salmon, Geometry of Three Dimensions, page 395), 
for which it is here proved that it contains no twisted cubic, 
being the only S? having this property. For the three surfaces 
with a node (Us, Ur, Us) a second construction is given, based 
on a modification of the construction of an S? by projective 
pencils of quadries and planes (Steiner). In addition to their 
being new, the interest in these constructions consists first, 
in the geometric classification of cubic surfaces, according to 

‚the mutual position of Rı? and Rs in space, and second, in 
making it possible to show the properties of each of the sur- 
faces without considering them as limiting cases. This is 
illustrated for the case of the surface with a binode. 


450 MEETING OF THE SAN FRANCISCO SECTION. [June, 


4. On the basis of a principle discovered by Bieberbach, Fro- 
benius proved the following theorem ‘Berliner Sitzungsberichte, 
1911, page 373): Let a finite group @ of linear homogeneous 
substitutions contain a substitution S whose “multipliers” 
(i. e., the roots of its “characteristic equation," necessarily 
roots of unity) a1, o», ---, a possess the property arc (o;/o;) 
< 60°; then all the substitutions of G of this character are 
mutually commutative. It follows that G is not primitive. 
Professor Blichfeldt's paper, based on the same principle, 
contains & number of theorems of which the following are 
noted here: | 

(1) If are (@,/a;) = 72°, then G is not primitive. 

(2) No abelian subgroups of a primitive collineation group 
in n variables can be of order = 5". 

This maximum order, of importance in fixing a limit to 
the order of collineation groups, is presented in much lower 
(and correspondingly much more complex) form for large 
values of n. A more general theorem is given, of which the 
following is a special case: 

(3) If the characteristic equation cf a substitution of prime 
order p has only three distinct roots, then p=13, or the 
group is not primitive. 


5. The theory of probability has underlying it both numer- 
ical and logical assumptions. Mr. Bernstein, in his second 
paper, presents a set of postulates for a numerico-logical 
theory of probability and establishes on this foundation a . 
general method of solving the problem: Given pi pa, *:*, Pr» 


the probabilities of the events Ej, Es, ++, En; to find the 
-probability x of the event E = f(Eı, Es, ---, En). 
'T. M. PUTNAM, 


Secretary of the Section. 


1912.] IMPLICIT FUNCTIONS. 451 


IMPLICIT FUNCTIONS DEFINED BY EQUA- 
TIONS WITH VANISHING JACOBIAN. 


BY MR. G. R. CLEMENTS. 
(Read before the American Mathematical Society, April 28, 1911.) 


Ler 
as = Än, Un) (i = 1,2, n) 


be n functions, each analytic in the neighborhood of the point 
(y) = (0). The case in which the Jacobian 


a d S 
J 2 Oy; OYs OYn 


does not vanish in the point (y) = (0), and the case in which 
J vanishes identically in the neighborhood of this point, are 
familiar. I wish to state here some theorems which I have 
obtained for the intermediate case that J vanishes in the point 
(y) = (0), but does not vanish identically in the n variables y. 
For a number of the theorems n is restricted to the value 2. 

If x, ---, £n denote n independent complex variables, any 
region which constitutes at least the.totality of all points 
(a, 29, +++, Zn) for which 


|æ — m| < e |2 — a| < e 1, |En — an| < e 
for some e > 0, is called a complete neighborhood of the point 
(a, a, °°"; Gn). 
Any region which satisfies the conditions that 
(1) for every e > 0, it contains points (zy tr *‘:, Zn) 
for which 


restes | zs — a| < e t, |En — an| < 6; 
(2) for no e > 0, every point (zi, 25, +++, Zn) for which 
[n—a|« €, [m — œ| < 6; se, [En On | < € 
is a point of the region 
is called a partial neighborhood of the point (a, as, «++, a5). 


For purposes of simplicity, the neighborhood of the point 
(0, 0, ++., 0) is considered throughout this paper. In what 
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follows, the unqualified word neighborhood is used to mean 
complete neighborhood. 
Consider the transformation 


T: x = flu, 9), y = o(u,*), 


(a) f(u, v) and e(u, v) denoting functions of the complex vari- 
ables u and v, single-valued and analytic throughout a 
neighborhood R of u=0,»=0, and satisfying the 


conditions 
(b) . TO, 0) ES 0, elt, 0) = 0, 
e Ju fr = 
(o) J(u, v) dus #0, J(0,0)=0. 








To any point (u, v) of R, there corresponds, under T, one and 
but one point (z, y) of the (z, y) space. The totality of points 
(x, y) which thus correspond to points (u, v) of R, constitute a 
finite region R of the (x, y) space. In general, more than 
one point (u, v) will yield the same pair of values for z and y. 
We shall count a point (z, y) but once, thus regarding it as 
completely characterized by its coordinates, and seek an inverse 
transformation . 


u= Fla, y) v= ga, y) 


which will put in evidence all those points (u, +) of R which 
correspond under 7 to any point with coordinates (x, y) of R. 
Thus the functions f(z, y), (x, y) are to be defined only in the 
points of R, and there uniquely or as multiple-valued functions. 


THEOREM I. The transformation T can never have an in- 
verse 


u = fiz, y), o= (y) 


such that f(x, y) and p(z, y) are both analytic throughout a com- 
plete neighborhood of x = 0, y = 0. 
The theorem holds for any value of n. 


. THEOREM IL. If inthe transformation T, f(u, v) and p(u, v) 
have no common factor in the point (0, 0), then there exists an in- 
verse, defined throughout a complete neighborhood of x = 0, 

= 0, everywhere continuous, finitely multiple-valued, analytic 
except along a complex one-dimensional locus, and having the 
, value u = 0, v = 0, when x = 0, y = D. : ` 
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If instead of the transformation T, we consider the trans- 
formation 7", whose definition differs from that of T in that 
it omits the condition (c), we deduce " 

THEOREM III. If to each point (x, y) of the region R 
there corresponds from T’ a single point (u, v) of a region R, 
then u and v are analytic in x and y in the point x = 0, y = 0, 

It follows from Theorem I and from Theorem III that there 
can not exist a transformation T for which the inverse is 
single-valued throughout any neighborhood R of the point 
z=0,y= 0. 

The proof for Theorem II and for Theorem III, depends on 
the Weierstrassian implicit function theorem.* Theorem IV 
is a generalization of this. 


THEoREM IV. The system of equations 
fim t5, Zn) Yy 7775 Yp) = 0, 
Alan c) Eaj Yo cto Yp) =O, 


fm; tt, Tn; Yi n V») = 0, 
where | 
(1) f; is an analytic function of its arguments throughout a 
neighborhood R of (x) = 0, (y) = 0; 
(2) fi(O, +++, 0,0, +--+, 0) = 0 (= 1,2, -+-, p); 


(3) Jı = Df, fs, X d 


Diy, Yas Up) unie = 4 ai à 0, 


Da fo, :: S fo) 
J 
E Ds Ya ss Yo) 


Le Dex, fa, s, fo) 
` Di, Yas" +s Yp) 


defines yı Yas ****, yp 08 functions of 2, 23, +++, Em, continuous 
throughout the neighborhood of (x) = 0. With a suitable count- 
ing of multiplicities everywhere present, this solution is k-fold; 
it is analytic with the possible exception of complex (n — 1)- 
dimensional loci where determinations of the root, in general 
distinct, become coincident. When (x) = 0, (y) = 0. 

* Weierstrass, Abhandlungen aus der Funktionenlehre, p. 105; Bliss, 
Buttery, April, 1910, p. 356; Macmillan, ibid., December, 1910, p. 116. 





= 0 when (x) = 0, (y) = 0, 





+ 0 when (a) =(0, (y) = 0, 
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THEOREM V. The transformation i 
a= fiy, zur, y) = flys res, Yn)s La fn, tee, Ya) 
where 

(1) f, is a single-valued and analytic function of zi, +--+, Yn in 
the point (0, - --, 0) and vanishes there (i = 1,2,- n); 

_ Dif, cs fn) 


— Diy, t5 Un) mi 


TT Vs 
(y) =0 





(2) Jı(0, +++, 0) 
x Da fr, rn) 
Dm, js c5 Yn) 


DA, Sey WW: fa) 
= — © —— 0, 
Din, Bay c5 Yn) a 


has a k-valued continuous inverse, defined throughout a complete 
neighborhood of (x) = 0. This inverse is analytic, with k distinct 
determinations, except along a complex (n — 1)-dimensional 
locus, where it is continuous and less than k-valued. When 
(a) = 0, (y) = 0. 

The remaining theorems have to do with a detailed study 
of the transformation T. Theorems VI, VII, and VIII yield 
a complete discussion for the case in which at least one ele- 
ment of the determinant J, say fu, is not zero at the origin. 

Tueorem VI. If the transformation T satisfies the further 

(1) f.(0, 0) + 0, 

(2) f(u, v) not a factor of (u, v) im the point u = 0, v = 0, 
then, for the sequence of functions 


D(f, D(f, 
Ji(u, d = ps 2, yvy Jin(u, v) = E : 


Ji1(0, NV 0) = 0, 


(y) =0 





d, ..., 0) 











there exists an indeger k=2 such that 
Ji(0, 0) =... = Jr-1(0, 0) = 0, du, 0) + 0, 


and for the transformation there exists a k-valued continuous .' 
inverse, defined’ throughout a complete neighborhood of x = 0, 
y= 0. This inverse is analytic, with k distinct determinations, 
except along a complex one-dimensional locus, where it is con- 
tinuous and less than k-valued. Finally u = 0, 0=0 when 
2=0,y = 0. 
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Termorum VIL If the transformation T is of the form 
z = flu, v), y-lf(u, v)l"g(u, v), 


DI #0, g(0,0) = 0, 


and where f(u, v) is not a factor of glu, v) in the point u = 0, 
9 = 0, then to the point x = 0, y = O corresponds the locus 
f(u, v) = 0, and to any other point (x, y) 

(1) of fugo — fogu #0 when u = 0, v = O, there corresponds 
one and only one point (u, v), the relationship being defined by 
functions of x and y, single-valued and analytic in this poini; 

(2) 4f fuge — fogu = 0 when u = 0, v = 0, there correspond in 
general m points, m 2:2, the relationship being defined by m- 
valued continuous functions of x and y. 

THEOREM VIII. A transformation T for which f(u, v) is a 
factor of e(u, v), can be replaced by a transformation 


um = flu, al, h = h(u, v), 


where hlu, v) is a single-valued and analytic function of u and v 
in the point (0, 0) and vanishes there, and where f(u, v) is not a 
factor of hlu, v) in this point, followed by a finite number m of 
transformations of the form 


where 


z=u y= ut, 
combined with not more than m translations of the form 
z=u y=0+c. 
TueorEM IX. A transformation T which has the form 
w= f(u) = anu" + nut! + +++ (as +0), 
y = eu, ?), 
can be replaced by two transformations, T = b-a, where 
a: uU = U Nan + ant + c, D plu, v), 
b: x = ui, y—u. 
The inverse of (a) is defined by analytic functions, or can be de- 
termined from Theorems VI, VIT and VIII. 
'TugongM* X. If k = 2 in Theorem VI, the transformation 


* Cf. L. 8. Dederick, Harvard doctoral thesis ee “Certain singu- 
larities of transformations of two real variables,” p. . 
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T can be replaced by three transformations which are one-to-one 

and analytic both ways, combined with one transformation of the | 

"m pri yor. ; | 
TmxoREM XI. If the transformation T has the form 

' z= f(u, v) = esu? + yun + eet? + cui + ++», 

y = plu, v) = dui? + dunn + dogo? + dou? + - --, 


` where the terms quadratic in u and v are not identically zero for 
either f or p, and where these quadratic terms have no common 
factor, then there exists a four-valued continuous inverse, defined 
throughout the complete. neighborhood of x = O, y = 0. This in- 
verse is analytic, with four distinct determinations, except along a 
complex one-dimensional locus, where it is continuous and less 
than jour-valued. Finally, u = 0, v = 0 when x = 0, y = 0. 
Manson, Wie. 


DARWIN'S SCIENTIFIC PAPERS. 


Scientific Papers. By Sim GEoreE Howard Darwin, K.C.B., 
F.R.S., Plumian Professor in the University of Cambridge. 
Vol. IIT, Figures of Equilibrium of Rotating Liquid and 
Geophysical Investigations, xv + 527 pp.; Vol. IV, Periodic 
Orbits and Miscellaneous Papers, xviii + 592 pp. Cambridge . 
University Press, 1910, 1911. Royal 8vo. 

THE first two volumes of Sir George Darwin's researches 
bave already been reviewed in the columns of the BULLETIN.* 
They contained papers on the practical and theoretical tidal 
problems which the oceans present and his earlier attacks 
on the past history of the earth-moon system. The third and 
fourth volumes contain his investigetions on the relations of 
fluid masses in rotation about an axis under gravitational 
forces, on the periodic orbits which a particle can describe 
when attracted by two bodies of finite masses moving in 
circular orbits about one another, and a number of papers 
on other matters. KU" 

Of the forms which a single mass of fluid can take when 
revolving without relative motion about an axis under its 
own gravitational attraction only, two have long been known. 
Maclaurin’s ellipsoid is one of revolution about the axis of 
rotation and its eccentricity will have a value which depends 


* Vol. 16, pp. 78-78. 
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on therate of angular rotation. Jacobi’s ellipsoids have three 
unequal axes. These forms are of little interest unless the 
motion is stable. As the eccentricity of the Maclaurin el- 
lipsoid increases, the series reaches a point where stability 
changes to instability. At this place the Jacobian series 
changes from having three unequal axes to an ellipsoid having 
the two axes in the equatorial plane equal, that is, to the . 
Maclaurin ellipsoid and, what is more important, from sta- 
bility to instability. 

If the stable portion of the Jacobian series be now followed 
from this point, there comes a place where the motion changes 
from stability to instability and at this place it crosses a third 
series, known as the pear-shaped figures of equilibrium which 

there degrade into a Jacobian ellipsoid. These pear-shaped 
` figures werefirst known through a memoir by M. Poincaré which 
appeared in 1885. 

Is it possible to carry the investigation further along the 
same lines so as to discover figures of relative equilibrium in 
which, as a certain constant alters, the fluid mass shall sepa- 
rate into two parts, the motion remaining stable? From 
the point of view of the development of the earth-moon and 
similar systems, this is the principal question. 

While Poincaré was carrying the development to the stage 
mentioned above, Darwin had already attacked the problem 

from the other end. In the paper “On figures of equilibrium 
. of rotating masses of fluid" he considers two equal masses 
revolving near to one another in relative equilibrium and 
examines the forms they will assume as they approach towards 
contact. By the use of spherical harmonic analysis he carries 
the solution to the stage where they are not only in contact 
but actually overlap. The last is of course a physical impos- 
sibility but it leads directly to the possibility of the existence 
of a figure formed of two masses joined by a narrow neck. 
The stability question is not, however, settled at this time. 
Severa] cases where the two masses are unequal are also con- 
sidered. 

In the attempt to use spherical harmonic analysis, the 
numerical applieations become doubtful when the deviation 
from a sphere is too great. Darwin therefore undertakes 
a laborious and detailed investigation into the properties of 
ellipsoidal harmonies, so that & start may be made with an 
ellipsoid instead of with a sphere, and that the deviations from 
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the ellipsoidal form may be computed. More than a quarter 
of Volume III is devoted to this subject, but the space is not 
extravagant in view of the fact that the papers which follow 
mainly owe their success to the completeness with which he 
has developed the theory of these complicated functions and 
to the methods he has adopted in order that numerical results 
might be deduced from them. 

The first step is a computation to find the critical Jacobian 
ellipsoid where this series crosses the pear-shaped series. 
It is found that the axes are nearly in the ratio 8 : 10 : 23, 
the actual values being given to five significant figures. The 
ellipsoidal harmonic analysis is then applied in order to find 
out in what way the pear-shaped figure develops from this 
critical case. Itis shown that the principal changes take place 
at first in the longest axis. One erd of this is lengthened and 
narrowed, the other shortened and blunted. In the following 
paper the approximation is carried to a higher order with the 
the result that the deviation from the ellipsoid is small every- 
where except at the narrowed end and it there takes more nearly 
the form of a protuberance. Sir George Darwin conjectures 
that the further stage in the development would be the ap- 
pearance of a furrow at this end, suggesting an ultimate de- 
tachment of a small portion of the mass. The general re- 
semblance to a pear is much less striking than in M. Poincaré’s 
conjectural figure drawn without a reduction to numbers. 

The chief object of this second paper is, however, the de- 
termination of the stability of the series. Sir George Darwin 
comes to the conclusion that they form a stable series up to 
some point not determined. He is nevertheless careful to 
state M. Liapounoff’s dissent from this conclusion in spite 
of the fact that a reexamination of his own work and a repe- 
tition of his calculations has not altered the coefficient by 
which the stability is determined. 

In the last paper of volume III * On the figure and stability 
of a liquid satellite," the problems with which the series of 
memoirs originally started, as well as other kindred prob- 
lems, are finally solved. The author opens with a tribute to 
Edouard Roche whose paper on fluid masses was published 
in 1847-50 at Montpellier but was neglected for many years, 
Roche’s problem was the determination of the figure and sta- 
bility of & liquid satellite revolving without relative motion 
in a circular orbit about a planet which is spherical and rigid. 
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Sir George Darwin replaces the rigid planet by a mass of fluid 
which can take the form appropriate for relative equilibrium, 
but he remarks that the analysis for both is practically the 
same up to the point where tbe stability has to be considered. 
He considers cases of different as well as of equal masses. 
In both problems the liquid assumes approximately ellipsoidal 
forms, so that the deformations may be conveniently deter- 
mined by ellipsoidal harmonic analysis. At the limit of sta- 
bility of the Roche figure, it is shown that the surfaces of the 
two bodies are separated by an interval which is not zero. 
When both the masses are liquid, the geries of figures can be 
continued until they overlap, so that the dumbbell-shaped 
figure again appears as a possibility. Unfortunately, these 
figures before junction become very unstable and the author 
considers that it is inconceivable that a junction by a narrow 
neck of fluid should render them stable. 

'Thus the gap between two detached liquid masses and a 
single mass is not yet filled by stable figures of equilibrium. 
That one may not draw final conclusions concerning the 
genesis of a two-body system from this result is sufficiently 
certain. There are possibilities pointed out by the author— 
other figures of equilibrium, changes produced by heterogeneity 
of density, turbulence of motion during the fission,—not yet 
investigated, any one of which may furnish the desired solution 
of the problem. 

The short paper entitled “The approximate determination 
of the form of Maclaurin's ellipsoid,” published in the Trans- 
actions of the Society in 1903, is to be recommended as a be- 
ginning in a study of the methods employed to reach these 
conclusions. This problem, which of course admits of an 
exact solution, is treated by the methods employed in the 
more complicated cases. As the analysis is comparatively 
simple and is only carried to the degree of approximation 
necessary for clearness of exposition, it is easy to follow the 
several steps and to obtain a comprehensive view of the method. 

One further paper on cosmogony is placed in Volume IV. 
Of this, Sir George Darwin says "I find it very difficult 
to estimate its value. If it is to be judged by the amount 
of comment to which a paper gives rise, it is a failure; for it 
has received but little notice." Perhaps an estimate fairer 
to its author would be that it was published (1889) somewhat 
ahead of the time when the need for such an investigation 
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became pressing. Briefly, it consists of an attempt to show 
that under certain conditions, fully defined, the nebular hy- 
pothesis of Laplace will lead to developments in the early 
history of a planetary system somewhat resembling those 
produced by the accretion of meteoric matter. While the 
former of these hypotheses has received a degree of attention 
commensurate with the time it has been before the scientific 
public,'the latter is comparatively young and has yet to under- 
go extensive criticism and development before it may take a 
place beside its older rival. It is not hard to believe that 
before long this paper may form a foundation for the com- 
parison of the two hypotheses ard that the methods used 
therein may serve as a basis for a reconciliation or a distinction 
which may lead to the general acceptance of one or the other. 

When Dr. G. W. Hill published in 1877 his now famous 
papers on the motion of the moon, probably neither he nor 
his ‘early readers imagined that they would open up a new 
field in the study of problems concerning the motions of 
particles and bodies. He showed that it was possible, under 
certain restrictions, to obtain a closed orbit relative to certain 
moving axes and he gave a series of figures of such orbits for 
different values of the lunar month. M. Poincaré, taking up 
the idea, developed it in his essay of 1891 on the problem of 
three bodies, under the name of the periodic solution. Sir 
George Darwin, however, had evidently recognized their 
value before this time, for he made a recommendation to the 
reviewer to undertake a study of Hill’ papers as a beginning 
likely to lead to results. He himself, however, published 
nothing on the subject until 1897 when the long paper entitled 
“Periodic orbits” appeared in the Acta Mathematica. Dr. 
Hill had taken the disturbing body (the sun) of infinite mass 
moving uniformly round the earth at an infinite distance, 
and had considered the periodic motion of a satellite of the 
earth; he finds a portion of a single family of orbits, the moon 
belonging to one member of the family. Sir George Darwin 
` took the sun to be moving uniformly in a circular orbit at & 
finite distance and to be of mass equal to ten times that of 
the earth or planet, and he studies rot only the satellite orbits 
of the third body but also the planetary orbits which are 
periodic. The main difficulty arises from the adoption of 
so small a mass of the sun relative to the planet. The or- 
dinary methods of development in series become inapplicable 
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owing either to lack of or to extreme slowness of convergence. 
He therefore resorted to mechanical quadratures; Starting 
at an arbitrary place on the sun's radius vector with a given 
velocity, the orbit is traced piece by piece until it crosses the 
axis on which it started. If it proves to be reentrant, the 
periodic orbit is obtained; if not, the starting point is changed 
and anew orbit computed. After several attempts, by judging 
the initial point from the previous failures, an orbit is at length 
obtained which is exactly periodic. There is practically one 
unknown constant and this has to be determined in each case 
by the trial and error method just explained. The devices 
for performing this work accurately, so that errors shall not 
accumulate, are ingenious. 

The determination of the stability is a more difficult ques- 
tion, since it involves the making of an harmonic analysis 
of the orbit, and the computation of a determinant of many 
rows and columns, but it is essential and is carried out in each 
case with complete success. Many orbits belonging to several 
different families are found. This is pioneer work into a region 
practically untouched previously and has opened the way to 
further investigation. In a later paper improved methods 
and some additional orbits are given. 

The remaining papers in the two volumes cover a variety 
of subjects and several of them are highly suggestive. They 
include astronomical and cosmogonic investigations, mechan- 
ical devices, thrust of a mass of sand, the formation of ripple 
marks in sand, the treatment of observations, and two sta- 
tistical papers (1875) on the effects of marriage between first 
cousins. A detailed mention of them would take us too far. 
There are also three addresses which one is glad to have in 
permanent and convenient form, as well as the English version 
of “The Tides" written for the Encyclopüdie der mathe- 
matischen Wissenschaften. 

The care which the author has bestowed on tbe editing of 
his papers has added greatly to the value of the collection. 
Besides the correction of small errors, calculations have oc- 
casionally been repeated and in tbe cases where he considers 

‚that his work has been in error, such portions are omitted and 
an extract or even a whole paper by another writer who may 
have furnished the correction is inserted. One is struck 
too by the generous and full acknowledgment which is 
given to those ‘from whose papers, letters, or remarks the 
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author has derived any ideas or assistance. The fourth volume 
completes the list of papers published up to the end of 1910: 
we hope that as further material accumulates it may be cast 
into the same form. 


Ernest W. Brown. 
YALE ÜNIVERBITY. 


MATHEMATICAL ECONOMICS. 


Manuel d'Economie politique. Par VILFREDO PARETO. Paris, 

Giard et Briére, 1909. 695 pp. 

IN the year 1906 Pareto's Manuale di Economia politica 
con una Introduzione alla Scienza sociale was published at 
Milan. Three years later a French translation by Alfred 
Bonnet, with revisions by the author, appeared as volume 38 
in the Bibliothéque internationale d’Economie politique. 
This work, although written by the economist who has most 
insistently stood for the scientific mathematical method in 
economies, is not itself primarily mathematical except in 
spirit. The text to be sure, uses curves freely, is replete 
with logical keenness, and draws considerably upon mathemat- 
ical language and upon mechanical, or even thermodynamical, 
analogy in discussing and illustrating economic equilibrium; 
but the strictly mathematical treatment, which might be 
technical to the point of causing some of the world's best 
literary economists insuperable difficulties, has in every 
instance been relegated to the long appendix of 133 pages. 
This arrangement has also been adopted by Irving Fisher in 
his recent work on The Purchasing Power of Money. So 
long as only a few students of political economics acquire 
the necessary knowledge of caleulus such a segregation must 
remain inevitable. 

In the first place, as there seems to be no very widespread 
notion among mathematicians, perhaps even &mong econo- 
mists, as to what mathematical economics is and does, it 
may be well to define a little. 

It is clear that the individual as a social unit and the state 
ds a social aggregate require a certain modicum of mathe- 
matics, some arithmetic and algebra, to conduct their affairs. 
Under this head would fall the theory of interest, simple and 
compound, matters of discount and amortization, and, if 
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lotteries hold a prominent place in raising moneys, as in 
some states, questions of probability must be added. As 
the.state becomes more highly organized and more interested 
in the scientific analysis of its life, there appears an urgent 
necessity for various statistical information, and this can 
be properly obtained, reduced, correlated, and interpreted 
only when the guiding spirits in the work have the necessary 
mathematical training in the theory of statistics. (Fig- 
ures may not lie, but statistics compiled unscientifically 
and analyzed incompetently are almost sure to be misleading," 
and when this condition is unnecessarily chronic the so- 
called statisticians may well be called liars.) The depend- 
ence of insurance of various kinds on statistical information 
and the very great place which insurance occupies in the 
modern state, albeit often controlled by private corporations 
instead of by the government, makes these theories of para- 
mount importance to our social life. 

As all these subjects of study are generally treated at our 
universities by the departments of political economy, if 
indeed they are treated at all, it might be natural to classify 
them as mathematical economics. And one doubtless recalls 
that M. Cantor adopts (from Petty?) the title Politische 
Arithmetik for his popular little text on such matters. But 
the term mathematical economics as Paretot uses it, and as 
it is generally used, implies something very different, some- 
thing much more akin to theoretical economics, just as the 
term mathematical physics does not denote the use of math- 
ematics to reduce physical observations or even to give the 
theory of special physical apparatus so much as it connotes 
general theoretical physics. It is evident to every physicist 
who lifts his nose from the grindstone of his lengthy experi- 
ments, who frees and rests his mind from the ofttimes exas- 
peratingly human perversities of his instruments, that it is 
only with the aid of mathematics that the salient facts of 
physics can be adequately set forth and correctly correlated, 
the underlying concepts and suppositions critically analyzed 
and properly refined. It is evident that notwithstanding 
the magnificent genius of Faraday, electromagnetism needed 





* Those who have followed critically the government crops reports, 
emanating from the Department of iculture, have not failed at times to 
complain that better and plainer ts might somehow be obtained. 

+ We would not imply that Pareto has not been interested in statistical 
questions; his researches in these lines are well known. ` 
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its Maxwell and its Lorentz, that howsoever wondrously 
Regnault might measure, thermodynamies needed its Gibbs 
and its Planck. 

All this is true of economics, but here it is not true that 
every economist sees it. So intricate are the interrelations of 
economie phenomena, so hopeless are any extensive experi- 
mental methods, so fragmentary are as yet the desirable 
statistics, and so far removed from the possibility of accurate 
quantitative formulation does the subject seem to be, that 
perhaps the majority of economists, doing their best to grope 
their way through a fog of details and & mist of prejudices, 
feel it to be impossible, or at best a useless work of supereroga- 
tion, to introduce mathematical methods into economics. 
Now, to be sure, if economists expect of the application of the 
mathematical method any extensive concrete numerical re- 
sults, and it is to be feared that like other non-mathematicians 
all too many of them think of mathematics as merely an 
arithmetical science, they are bound to be disappointed and 
to find a paucity of results in the works of the few of their 
colleagues who use that method. But they should rather 
learn, as the mathematicians among them know full well, 
that mathematics is much broader, that it has an abstract 
quantitative (or even qualitative) side, that it deals with 
relations as well as numbers, and that it has been defined 
as the science which draws necessary conclusions.* 

There is no doubt that economists draw conclusions. Of 
these some are tenable, some are not. A few of those tenable 
are necessary, many are not. Indeed it is inevitable, and 
for a long time will remain so, that economics, especially in its 
applieations, should be an art, and that its conclusions, far 
from being necessary, should largely be a matter of the opinion 
of the individual economist. But just because the way is 
dark with detail and shrouded in prejudice and impossible of 
complete clarification, is that any reason why any one should 
scorn whatever illumination mathematics can bring, whatever 
precision of statement it may suggest, whatever necessary 
conclusions it offers? If one knows precisely what his premises 
are and just how much he can draw from them, is he not the 
better off for exercising his judgment when strict deduction is 





* For a discussion of what mathematics is, see M. Bôcher, “The funda- 
mental conceptions and methods of mathematics,” in this BULLETIN, 
vol. 11, pp. 116-185, 
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no longer possible? So it seems to us, and we must admit that 
when we read anything that Pareto writes, whetlrer a short 
article in a popular review or an essay* in the mathematical 
encyclopedia or a vast manual of political economy, we are 
agreeably impressed not alone with the cogency of the proofs, 
but even more with the soundness of the judgments. 

Two quotations may be of interest as showing how vitally 
economists differ as to the use of mathematics in their field. 

* Mathematics has influenced the form and the terminology 
of the science, and has sometimes been useful in analysis; 
but mathematical methods of reasoning, in their application 
to economies, while possessing & certain fascination, are of 
very doubtful utility.” t 

“The effort of the economist is to see, to picture the interplay 
of economie elements. The more clearly cut these elements 
appear in his vision, the better; the more elements he can 
grasp and hold in his mind at once, the better. The economic 
world is a misty region. The first explorers.used unaided 
vision. Mathematies is the lantern by which what before 
was dimly visible now looms up in firm, bold outlines. The 
old phantasmagoria disappear. We see better. We also 
see further."1 


* We use this word advisedly; for it does not seem that Pareto's ore e 
article (with apparently more to follow) in the new, French, edition o the 
mathematical encyclopedia is other than an essay, excellent in itself, but 
as an encyclopedia article on mathematical economics decidedly inferior to 
his earlier 25-page presentation of the same subject in the German edition. 
However, the whole' encyclopedia, whether German or French edition, 
seems of late to have run riotously and fruitlessly to leaves. 

+ From the Encyclopedia Britannica, 11th edition, vol. 8, p. 902, in 
the long article on Economics which is signed W. A. 8. H. Asthis signature 
is not reproduced in the key at the beginning of the volume, it is difficult 
to identity the author, but as this one sentence is his only reference to the 
vast literature of mathematical economies we are forced to believe that the 
editors of the new edition of the Britannica have in ‘this instance, as in 
some others we have observed, let out an important subject to a man who, 
however eminent he may be, has not that complete command of his subject 
and that full sympathy with all its phases which are necessary and which 
alone bring competence for writing with the poise, dignity, and authority ap- 

ropriate to a great encyclopedia. We should have had much more con- 
ER in an article signed F. Y. E. On the other hand we must admit that 
W. A. S. H. is, in comparison with some others, extremely inoffensive and 
even gracious toward his mathematical confréres. 

t From p.119 of Irving Fisher's " Mathematical investigations in the 
theory of values and prices,” Transactions of the Connecticut Academy, 
vol. 9 (1892), pp. 1-124. e cannot cite this work without commending 
it to all for the clearness and precision with which the economie problem 
is stated, for the keen appreciation of the limitations, as well as the ad- 
vantages, of the use of mathematics in economics or other sciences, and 
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The foregoing paragraphs may seem rather remote from a 
review of-the book under discussion; but they are not. For 
one of the things which the author makes clearest, by constant 
reference to it at all stages of his work, is the scientific attitude 
which he is taking, the attitude which he, believes should be 
-taken toward theoretical economics. He nowhere claims to 
do the impossible, he does not desire to overrate the usability 
of mathematics in applied economics, but he does insist upon 
an analysis, as thorough as possible, of the underlying founda- 
tions of economic theory. He is even willing to minimize 
the value of mathematics in the discussion of the simpler 

_ cases, where the reasoning may readily be carried out in words,* 
for the sake of emphasizing the fact that it is the interdepend- 
ence of the totality of economic phenomena which brings in 
the complications necessitating the introduction of mathe- 
matics, 

Let us begin now with the appendix. We consider an 
idealized individual, the homo ceconomicus, who lives in the 
presence of and is possessed of certain goods and whose actions 
will result from his desire to obtain the greatest pleasure from 
the appropriation or “consumption” of the goods. If he is 
in possession of given amounts x, y, -:- of different goods, he. 
will generally be equally satisfied, neither more nor less, by 
certain other combinations of amounts. If his possessions be 
represented by a point in & space of as many dimensions as 
the number of goods considered, the totality of the points 
which represent equal satisfaction will constitute a surface of 
one dimension less in that space. This surface is a surface 
of indifference, that is, of equal desire or pleasure. By con- 
sidering that he could have a choice between some different 
combination and its totality of equivalents, another surface 
could be drawn. Thus the space is ruled off with a family of 
for the critical diseussion of the case against mathematics as presented 
by ita opponents. The readers of Pareto’s manual and of Fisher's mono- 
graph cannot fai] to remark the similarity between the scientific points of 
view of the two authors. 

* For instance on p. 557 he says: Nous estimons que |’ e des mathé- 
matiques, pout des problémes du genre de celui d’un individu et de deux, 
ou méme de plusieurs biens, ne donne pas des résultats dont l'importance 
puisse se comparer à ceux que l'on obtient dans les cas de l'équilibre 
économique général. A notre avis c'est l'interdépendance des phénoménes 
économiques qui nous oblige à faire usage de la logique mathématique. 
Cette manière de voir peut être bonne ou mauvaise; mais en tout cas elle ne 


‘doit pas &tre confondue avec celle des économistes qui établissent des 
théories en négligeent précisément cette interdépendance. : 
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surfaces ot indifference ; 
fen D=0 or I= y) or I= Fey) 


where the parameter I may be taken as the index of pleasure 
or ophelimity.* 
We may now pass by differentiation to the equation 


dl = F'y,da + Hut: = 0, 


which is the differential equation of the surfaces of indifference. 
This equation merits a comment. The negative partial deriva- 


tives such as 
E 2) = + Ye 
(2 "oS 


which it defines, express the rate at which one “good” will be 
indifferently exchanged for another. This, however, is nothing 
but the price of one good relatively to another. Hence the 
ratios 


Wei Wy ict = Pip 


are the price ratios p relative to a fixed good as base. Be it 
observed, however, that these are not in general the actual 
market prices, but the prices which the given individual would 
himself establish. Moreover, the actual terms like F’y; = Is 
are the rates of increase of J on the marginal amounts dz, and 
so forth; that is, they are the marginal ophelimities or utilities, 
which are so fundamental in economics. my 

Now conversely, one may estimate the price ratios of in- 
different exchanges and may thus set up a differential equation 


edit + gydy + ++: = 0 


of which the integral would be J or a function of J. This, 
however, implies that such an integral exists. The discussion 
of the existence of this integral was suggested as a necessity by 
Volterra in commenting on the Italian edition of the manual.f . 


* The functional symbol F may be taken more or less arbitrarily ac- 
cordi the scale on which J is estimated; for although the value of I 
may be distinguished from a greater or a smaller value, the estimation of 
I is hardly quantitative. 

+ The same suggestion was made already in 1892 by Fisher, loc. cit., 
p. 88, on mathematical grounds; but I believe that considerations indi- 
cated by Gibbs have since led him to abandon the suggestion. 
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The author now gives a careful treatment of the question, 
which is.necessarily somewhat complicated by the every-day 
fact that the consumption of certain amounts, dz, dy, --- of 
the various goods may yield very different increments of 
pleasure according to the order in which they are consumed— 
not many would care to reversé the order of their dinner menu. 
(Pareto, page 251). : 

Now this reference to a menu is exceedingly liable to cause 
confusion; for the order of consumption which is in question’ 
as regards the integrability of the above differential is merely 
& conceptual order or curve in the space of the goods x, y, ---, 
whereas the order of consumption which is involved in the 
menu is a time order which either has nothing to do with the 


- other order or has some very fundamental and subtle and 


neglected relation to the whole question of utility. Suppose 
that we could integrate the equation and thus obtain an index 
of pleasure; this index ought, it would seem, to ‘apply either 
at a given instant (and to contain the time as a parameter, 
owing to the fact that at different times the price ratios and 
integrating factor are different), or it ought to apply to an 
interval of time such as a day or a year during which conditions 
were supposed to remain the same (and the time would then 
not enter at all). ‘Fisher in his memoir distinctly takes the 
latter point of view, and indicates its advantages in smoothing 
out capricious elements, whims instead of well balanced desires. 
This is the time-average way of obtaining definite results. But 
the homo ceconomicus may well be considered an idealized 
averaged individual free from caprice. This is the ensemble- 
average way of getting definiteness. Pareto seems to us to 
take this point of view. (Students of statistical mechanics 
are acquainted with the two types of average and with their 
essential identity for many problems.) But in neither case 


does the time enter into the determination of the equilibrium 


or of the conceptual path followed to attain the point of 
maximum pleasure—unless, indeed, the whole analogy with 
mechanics and thermodynamics is to break down in a vital 


` point. We must remember that in statics the time element 


is ignored and that in thermodynamics changes are supposed 
to take place infinitely slowly. The difference in the increase 
of pleasure which & person would experience in eating his 
dinner in inverse as opposed to direct order cannot, we believe, 
be logically taken into account, and we are inclined to think 


id N 
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that the whole discussion of the order of integration, a point 
that naturally occurs to the mathematician, can be thrown out 
of court by the economist. For on the ensemble-average 
basis with an instantaneous comparison of the desirability of 
increments of different goods, there is no period of time during 
which they can be consumed in temporal order, the “con- 
sumption” is mere conceptual appropriation; whereas on the 
time-average basis the consumer is free to consume in the 
temporal order he chooses. The author in places comes pretty 
near saying this himself; he might have decided to say it if 
he had observed that to eat one's dinner in the proper order 
with too little leisure or with too lengthy waits between the 
courses would be quite as bad as to have to eat it in the wrong 
order, for we suppose he would hardly desire to include the 
intervals of time themselves as consumed goods so as still to 
have different orders. 

We have spoken of the exchange ratios or price ratios which 
the given individual would regard as fitting his desires. ‘These 
are not in general the market prices, or proportional to them. 
Hence the homo ceconomicus will avail himself of this diver- 
gence to make exchanges which will increase his value of I, 
and he will pursue these exchanges until his private exchange 
ratios become identical with those of the market. He will thus 
come into equilibrium with the market with those particular 
amounts 2, y, -:- of goods which will maximize I subject to 
the imposed constraints. For example, if he starts with the 


amounts zo, Yo, ::- and if the market prices are constant,* 
his exchanges must satisfy the equation 
(x — 20)Pa + (y Mixte 0, 


and his price ratios must satisfy the n — 1 equations 


Ps : Py ttt? = Pa : Duer", 


Thus there are just n equations wherefrom to determine 
the final or equilibrium values-of the n quantities x, y, ---. 
The problem is determinate. 


U* Although in the last analysis it is the desires of all which regulate the 
prices in the market, it is permissible as a first approximation to many 
d these prices as constant for, any one individual; his 


phenomena to ropar 
purchases and sales are insufficient materially to change the market quo- 





tations. 


+ 
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This simple problem in the determination of a point of 
equilibrium is typical of the various more complicated prob- 
lems of the same sort. The analysis really amounts to formu- 
lating the equations, counting the number of unknowns, and- 


‘ checking it with the number of equations. To many modern 


mathematicians the fear that the equations might be either 
redundant or incompatible would probably be so strong as to 
deter them from seeing much of value in the analysis. But 
it should be remembered that not so very long ago the method of 
counting constants was widely used in pure mathematics even 
though the science was then much more highly developed toward 
arithmetic equations than is now the case with economics. 
Moreover, in a physical science the question of rigor is very 
different from that in mathematics; to be ultra-rigorous mathe- 
matically may be to be ihfra-rigorous'physically. To throw 
out Gibbs's phase rule because its proof, being essentially a 
count of constants, is no proof at all would be equally good 
mathematics and equally bad phvsics. On the other hand, 
setting up exact mathematical relations, compatible and 


: uniquely soluble, over the whole range of variation of the 


variables might be & wonderful mathematical tour de force 
while being viciously misleading physics in the neighborhood 
of certain critical points where a slight change of the variables 
introduces such wide variations in the functions as to make 
the problem just as indeterminate physically as it has become 
determinate mathematically. 

It would not do, however, to give the impression that the 
use of analysis in economics is restricted to counting constants. 
It is necessary to study the general properties of the surfáces 
of indifference, and this leads to the quadratic differential form 
for the second differential d'7. The law of demand and supply,. 
in the simple case of a single individual in relation to the whole 


- market, requires partial derivatives and transformations 


among them which are well comparable to those required 
in thermodynamic theory. If space permitted, we should be 
glad to stop at this point and sketch the proof of the law that 
the demand decreases as the price rises. It would perhaps 
be still more indicative of the usefulness of mathematics if 
we could run through the author's analysis of Marshall’s 


' hypothesis that for small variations of price and of quantities 


‘the marginal utility of money could be treated as constant; for 


Pareto shows by an extended series of reductiones ad absurda, 


\ 
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LA 


which apparently would be difficult to establish without some 
use of mathematics; that the hypothesis is not tengble. Fur- 
ther on, in the discussion of production, which is probably 
the most complicated in the whole appendix, it becomes 
necessary to maximize integrals, and the author is therefore 
led to introduce into his analysis the ordinary algorisms of 
the caleulus of variations. : : 

Tt.is thus seen that it is not merely the mathematics of a 
first course in calculus which may be used to advantage in 
economic theory. Interesting as it would be to pursue these 
matters in detail, we feel that we must come back to the main 
text and offer some short account of it. In the first chapter 
on general principles the author first analyzes the different 
aims which may lie bebind the study of political economy and 
carefully delimits himself to the single one of developing 
theoretical economics. He then turns his attention to dis- 
cussing the relation of a theory to the actual phenomena of 
which it is the theory. Although he is writing with his own 
subject in view, this introductory essay is conceived and 
carried out in such a broad spirit that it may serve almost 
equally well as a sort of prolegomenon to the study of any 
scientific theory, and as such it can be recommended for 
general reading. 

Chapter II, an introduction to social science, is delightful 
reading and forms a sort of amplification. of the preceding 
chapter upon the social and moral side. Honest and manly 
in its views, pithy and pungent in its epigram, it calls to mind 
the direct diction and unrelenting exposition of W. G. Sumner's 
Folkways. ‘Pareto, however, did not make use of, and perhaps 
did not have at hand, the mass of detailed references to folk- 
ways which Sumner adduced to drive in and rivet in his 
opinions. For this reason those who are especially interested 
in this chapter should supplement their study of it by reading 
the Folkways. Indeed if economics is a’ misty region under a 
pall of prejudices, where fierce war is often waged around the 
banners of certain words—trusts, protection, supply and 
demand, single tax—of the meaning of which the combatants 
have not always a very clear perception, even more is this 
true of social science, and one who would really attain a free 
and independent judgment in this field has to exercise the 
greatest care. @ne of the most interesting observations of 
the author is (page 122) that there is an antagonism between 
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the conditions of action and of knowledge, that faith alone 
drives men to action, and that it is not for the good of society 
that very many persons should be occupied with the scientific 
study of social questions.* 

It is the next four chapters, Notion générale de l'équilibre 
économique, Les gofits, Les obstacles, L’équilibre économique, 
which contain for the most part that portion of the text which 
is supplemented by the mathematical appendix, and which 
is most scientific in its development. It is this part which 
- seems so different from the older treatises on economics, not 
only on account of the generous use of curves as in à number 
óf modern texts, but particularly because of the great'care 
with which the problems arising are divided into separate 
sub-problems and the exhaustive manner in which the various 
sub-cases are treated. We have tried to give an idea of 
economic equilibrium in a simple case; for any idea of the 
multifarious distinctions which arise in the presence of various 
degrees of free,competition and monopoly we must refer to 
the text. But to show how conscientious the author is in 
exhibiting real as well as theoretical phenomena, we will cite 
an-instance or two. It is a statement often found in texts on 
economies that the more we have of a thing, the less valuable 
to us are equicrescent increments of it; that is, the marginal 
utility of anything decreases with an increasing amount of it. 
And many an author states this as a general law. Pareto, 
however, makes clear the fact that there are exceptions. It 
does no harm to amplify the matter even further, to point out 
that in this life our desires consist of a lot of little ones and a 
few big ones, that to satisfy the latter large increments of 
certain goods (say, of money) are necessary, and that there- 
fore the curve of marginal utility of money consists in ' 
reality of long slow descents (in the intervals where the little 
desires are better and better satisfled, but the satisfaction 
of one of the large ones seems hopelessly remote) interrupted 
by sharp ascents (in the intervals where the fulfilment of one 
of the greater desires seems imminent). In another place the . 
author, when discussing the proposition that the returns on, 





*A footnote appended to these remarks may be of interest. Par 
example le livre de M. Roosevelt, American Ideals, pourra peut-être servir 
à pousser à l'action les citoyens des Etats-Unis, mais assur&ment il n'ajoute 
rien à nos connaissances, et sa valeur scientifique est très voisine de zéro. 
Pareto never minces matters in the expression of his opinion, and to a 
careless or prejudiced reader might therefore appear unjust or bitter when 
, he meant to be only frank. 
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capital differently invested ought in a state of equilibrium 
to beithe same, cites some very interesting statistics.concerning 
Belgian eorporations. It appears that from 1873 to 1887 
there were founded 1,088 companies with a paid-in capital of 
1,493 millions of francs. Up to 1901 the sum of 515 millions 
had been paid back under liquidation, and the remaining 
companies were earning 56 millions a year. This is only 
5.7 per cent. on the 978 millions remaining in the original 
investment. Although the figures are only rough, it is certain 
that the return on the 1,088 enterprises could not have much 
exceeded the current rate of interest. In this connection let 
us remark that some student statistician looking for a thesis 
might consider the problem of calculating as accurately as 
possible the rate of return on capital variously invested in this 
country. 

Chapter VII is on various topics connected with-the popula- 
tion—the distribution of wealth, relations between economic 
conditions and the population, malthusianism, stability and 
selection, and so on. In the next chapter the author takes 
up capital, and treats savings, interest, exchanges, international 
commerce, bimetalism, and the like. His definition of capital 
appears to us considerably less definite than that of Irving. 
Fisher in bis Capital and Income and Rate of Interest.* 
Indeed it may be safe to hazard the guess that Pareto, who 
seems to esteem Fisher’s work very highly, might have, made 
considerable use of it if only it had appeared early enough to 
have been easily availablefor the Manuel. It goes without say- 
ing that when treating such subjects as population and capital, 
the author is merging into the realms of applied economics 
where the argument has to run somewhat differently from its 
previous course. 

In the final chapter, Le phénomène économique concret, we 
have, among many other things, & delightful essay on present 
conditions and tendencies in our economic or social life. To 
any one who is perplexed at our rapid social evolution, who is 
confused in his ideas of trusts or of labor unions, who is be- 
wildered at the way in which the rising costs of government 
are bleeding the bourgeoisie for the support of the lower classes, 
to any one who wonders where we are and whither we are 
going, no better reading can be suggested than this chapter of 
Pareto's; it is short enough to keep the attention, virile 


^ * Reviewed in this BULLETIN, vol. 15, p. 169. 
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enough to claim the admiration, of the most nonchalant 
reader. ' Much as the author's scientific economics appeals to 
us, we must' say that his sturdy visior into society and social 
evolution are even more to our liking; and there can be little 
doubt that for many of us, mathematicians or otherwise, the 
most inspired portions of Pareto's Manuel will be the socie- 


tology of Chapters II and IX. 


In closing this review it may be only proper to apologize a 
bit foritstardiness. At the same time we may perhaps point 
out that it is now while we are in the midst of modifying 
constitutions, whether actually or under various disguises such 
as preferential primaries or judicial rule of reason, while we 
are attacking or about to attack the formerly sacred institution 
of private property, under many a pretext other than the real 
one that might makes right, now while we in America are 
perhaps more than ever conscious of our present or impending 
social evolution is the time when we may derive the most 
benefit from having our attention called to Pareto's observa- 


_ tions on the ills that beset us. As for the mathematical 


economics, that is still good, and still will be good at any time 
when we may settle down to study it. 
| Epwin Dep, WiLsoN. 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 


NOTES. , 


THE programme of the Fifth international congress of 
mathematicians at Cambridge, England, begins on Wednesday 
evening, August 21, with a reception of the members in the 
Hall of St. John's College. The opening meeting will be held 
on Thursday morning and the afternoon will be devoted to 
organisation, election of officers, and two of the special lectures. 
On the following days sectional meetings will be held in the 
morning and lectures will be delivered in the afterpoon. 
The congress will divide into four sections: I. Arithmetic, 
algebra, analysis; II. Geometry; III. Mechanics, physieal 
mathematies, applications; IV. Philosophical, historical, and 
didactic questions. In connection with Section IV three 
discussions inaugurated by the International commission on 
the teaching of mathematics will be held. The sections will 
be further subdivided as the number of papers may require. 
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The following special lectures are announced: M. BécuEr: 
“Boundary problems in one dimension." E. Bore: “ Défi- 
nition et domaine d'existence des fonctions monogénes uni- 
formes." E. W. Brown: “Periodicity in the solar system." 
F. EwnriQuxs: "I problemi relativi ai principii della geo- 
metria.” B. Gaumzm: “The principles of instrumental 
seismology.” E. LANDAU: “Gelöste und ungelôste Probleme 
aus der Theorie der Primzahlverteilung und der Riemannschen 
Zeta-funktion." J. Larmor: “The dynamics of radiation." 
W. H. Warte: “The place of mathematics in engineering 
practice.” 

Members of the congress unaccompanied by ladies can be 
accommodated in the colleges at & fixed payment of 6s. per day 
for rooms, attendance, breakfast, and dinner. Luncheon will 
be provided at 1s. 6d.- Ladies will be received at Newnham 
College at 6s. per day for rooms, attendance, and meals. 
Members desiring accommodation in the Colleges are requested 
‘to notify the: general secretary, Professor E. W. Hobson, 
Christ's College, before August 1. The fee for membership 
in the congress js £1. The family of a member are entitled 
to the privileges of membership, except the receipt of a copy 
of the Proceedings, on payment of 12s. each. 


Ar the meeting of the London mathemätical society held 
on April 17 the following papers were read: By H. S. Carslaw 
* An application of the theory of integral equations to the 
equation Vu + k*w = 0"; by A. Cunningham, "On Mer- 


senne's numbers." 


Tue following university courses in mathematics are an- 
nounced for the year 1912-1913: 


UNIVERSITY or Curcago. All courses are four hours a 
week.—By Professor E. H. Moore: Integral equations in gen- 
eral analysis; General seminar on mechanical quadrature, 
continued fractions, and boundary problems (throughout the 
year).—By Professor G. W. Myers: History of mathematics 
(winter).—By Professor L. E. Dickson: Theory of invariants 
(autumn and winter); Theory of numbers (winter); Theory 
of equations and linear algebras (spring).—By Professor J. W. 
A. Young: Limits and series (winter).—By Professor H. E. 
Szaucar: Differential equations (autumn).—By Professor G. 
A. Buss: Theory of functions (autumn); Definite integrals and 


€ 
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abelian integrals (winter); Hyperelliptic functions (spring).— 
By Professor-E. J. WinezwsKr: Selected topics in geometry 
(autumn and winter); Projective differential geometry (spring). 
—By Professor A.C. Lunn: Graphical analysis and theory of 
attraction and potential (autumn); Fourier series and Bessel’s 
functions and vector analysis (spring). 


CLARK University.—By Professor W. E. STORT: Analytic 
geometry of higher plane curves, higher surfaces, and twisted 
curves, three hours; Calculus of operations and finite differ- 
ences, three hours; Theory of errors, three hours first half-year; . 
Infinitesimal geometry, three hours second half-year; Semi- 
nar.—By Professor H. Taper: Theory of functions, five 

hours; Integral equations, two hours first half-year; Hyper- 
eomplex number systems, two hours second half-year; Semi- 
nar .—By M. px PxnRorr: Theory of numbers, two hours 
first half-year; Abelian integrals, two hours second half-year. 


HARVARD Untversity.—By Professor W. E. Byeruy: Ad- ` 
vanced calculus, three hours; Dynamics of & rigid body, three 
.hours; Trigonometric series, introduction to spherical har- 
monies and the potential function, three hours, with Professor 
B. O. Peirce.—By Professor W. F. Oscoop: Advanced al- 
gebra, three hours (second half year); Theory of functions, 
second course, three hours.—By Professor M. Bäcker: Ordi- 
nary linear differential equations, three hours.—By Professor. 
C. L. BouroN: Elementary theory of differential. equations, 
three hours (first hall year); Geometrie: transformations, 
three hours.—By Professor E. V. HuwTINGTON: Fundamental 
concepts of mathematies, three hours (second half year).— 
By Professor J. L. Coouivge: Introduction to modern geom- 
etry'and modern algebra, three hours; Geometry of the circle, 
three hours.—By Professor G. D. BIRKHOFF: Theory of func- 
tions, first course, three hours; Calculus of variations, three 
hours (first half year).—By Dr. D. Jackson: Infinite series 
and products, three hours (first half year); Definite integrals, 

three hours (second half year). 

Various courses in reading and research are also offered on 
special topics, and Professors OsG00D and BIRKHOFF will 
conduct a fortnightly seminar in the theory of functions. 


UNIVERSITY oF Io De Professor E. J. TOWNSEND: 
Complex variables, three hours.—By Professor G. A. MILLER: 
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Elementary group theory, three hours.—By Professor H. L. 
Rrerz: Actuarial theory, three hours (first term).—By Pro- 
fessor C. H. Sisam: Differential geometry, three hours. —By 
Professor J. B. SHaw: Fourier series, three hours. —By Pro- 
fessor A. Emcu: Elliptic functions, three hours. —By Dr. A. R. 
CnATHORNE: Linear differential equations, three hours. —By 
Dr. R. L. Börger: Modern algebra, three hours.—By Dr. 
E. B. Lytiz: History of mathematics, three hours. 


Inprana Untiversiry.—By Professor S. C. Davisson: 
Ordinary differential equations (a, w), three hours; Fourier's 
series (s), three hours; Theory of functions (a, w, s), two 
hours.—By Professor D. A. Rorurock: Advanced calculus 
(a, w, s), three hours; Higher geometry (a, w), three hours.— 
By Professor U. S. Hanna: Theory of errors (a), three hours; 
Substitution groups and Galois theory (w, s), three hours.— 
By Professor R. D. CARMICHAEL: Functions of an infinite 
number of variables (a, w), three hours; Partial differential 
equations (a, w), three hours; Theory of numbers (s), five 
hours; Seminar in difference equations (a, w, s), two hours. 

(a, w, s autumn, winter, spring quarters.) 


Jouns Horsıns Untversity.—By Professor F. MORLEY: 
Higher geometry, two hours; Dynamies, two hours (gecond 
term); Seminar, two hours.—By Professor A. B. COBLE: 
Theory of correspondences, two hours; Theory of probabilities, 
two hours (second term).—By Professor A. Comen: Theory of 
functions, two hours; Differential equations, two hours (first 
term); Theory of numbers, two hours (second term).—By Mr. 
H. BATEMAN: Integràl equations, two hours. | 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY.—-By Professor 
H W. Tyrer: Elements of the theory of functions, two 
hours.—By Professor F. S. Woops: Partial differential equa- 
tions, two hours.—By Professor F. H. Barrzv: Fourier series, 
two hours.—By Professor E. B. Wırson: Advanced calculus 
and differential equations, three hours; Hydrodynamics, one 
hour; Theoretical mechanies, two hours; Mathematics of 
wireless telegraphy, two hours.—By Dr. H. B. Paruups: 
Thermodynamics, two hours.—By Dr. F. L. Hrrcacocx: 
Curve tracing, two hours; Elementary theory of the potential 
function, two hours. 


Princeron Unrversrry.—By Professor H. D. THOMPSON: 
Analytic geometry, three hours; Infinitesimal geometry, three 
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hours.—By Professor L. P. EISENHART: Differential geometry, 
' three hours;- Mechanics, three hours.—By Professor O. VEB- 
LEN: Algebra, three hours; Seminar, three hours.—By Pro- 
fessor J. G. Hun: Analytic projective geometry (second term), 
three hours.—By Professor E. Swirt: Calculus of variations 
(second term), three hours.—By Professor J. H. McL. Wep- 
DERBURN: Theory of functions of a complex variable, I (first 
term), three hours. , 


Tue following courses are announced for the summer 
session of 1912: ; 


UNIVERSITY or Carcaco.—All courses are four hours a week. 
—By Professor E. H. Moore: Integral equations, first term; ' 
General analysis, first term.—By Professor E. J. WILCZYNSKI: 
Synoptic course in advanced mathematics; Higher geometry. 
—By Professor A. C. Lunn: Graphical analysis; Units and 
dimensions; Vector analysis.—By Professor E. R. HEDRICK: 
Definite integrals; Theory of functions of a complex variable. 
—By Professor G. A. Miturr: Finite groups. 


Cotums1a Unrversiry.—By Professor James Macıar: 
Theory of functions of a complex variable.—By Professor M. 
W. HaskELL: Modern analytic geometry.—By Professor W. 
B. Frre: Theory of groups of finite order. 


CORNELL UNIVERSITY.—All courses are five times a week. 
— By Professor V. SNYDER: Projective geometry.—By Pro- 
fessor W. B. Carver: Teachers’ course in geometry.—By 
Dr. C. F. Ceara: Differential equations.—By Dr. F. W. 
Owens: Teachers’ course in algebra. 


Inpiana Untversiry.—By Professor S. C. Davisson: Ordi- 
nary differential equations, five hours, first half-quarter.— 
By Professor D. A. Rormrocx: Advanced calculus, five hours; 
Higher plane curves, three hours.—By Professor R. D. Can- 
MICHAEL: Linear differential equations, five hours; Infini- 
tesimal analysis, three hours; Difference equations, two hours. 


Paorzsson G. KOWALEWSKI, of the technical school at ` 
Prague, has accepted a professorship of mathematics at the 
German University of Prague. 


Dr. R. Courant has been appointed Se in mathematics 
at the University of Góttingen. 
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| Dr. Hosrınsky has been appointed docent in mathemateg 
at the Bohemian University of Prague. 


Dr. F. Prerrrer has been appointed docent in mathematics 
at the technical school at Danzig. 


Proressor P. APPELL, of the University of Paris, has been 
elected & corresponding member of the academy of sciences of 
St. Petersburg. 


Proressor E. CZUBER, of the University of Vienna, has 
been elected to membership in the academy of sciences of Halle. 


PROFESSOR A. DEMOULIN, of the University of Ghent, has 


been elected a corresponding member of the royal society of 
Liège. 


PROFESSOR G. A. MILLER, of the University of Illinois, has 
recently been elected corresponding member of the Sociedad 
matemática Española of Madrid. 


Proressor P. P. Bop, of Hanover College, Indiana, has 
accepted a professorship of mathematics at the Kentucky 
State University. 


Proressor H. B. Fine, of Princeton University, has been 
granted leave of absence during the BL year 1912-1913, 
to study and travel in Europe. 


Mr. W. W. Denton and Dr. M. W. CHITTENDEN have 
been appointed instructors: in mathematics at the University 
of Illinois. 


Mr. C. A. BARNHART, of the Uriversity' of Illinois, has 
been appointed professor of mathematics at Carthage College, 
Carthage, Illinois. S 


Dr. R. K. Morey, of the University of Illinois, has been 
appointed assistant professor of mathematics at the Worcester 
Polytechnic Institute. 


Dr. G. F. McEwen, of the University of Illinois, has 
accepted a position as hydrographer for the biological station 
of the University of California. 


Mr. A. S. GALAJIXIAN, ‚of Cornell University, has been 
appointed assistant professor of mathematics at the University 
of the Philippines. 
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. Mm. L. C. Cox, of State College, Pennsylvania, has been . 
appointed instructor in mathematics at Purdue University. - 


Dr. J. R. Conner, of the Johns Hopkins University, has 
been appointed associate in mathematics at Bryn Mawr 
College. 


Dr. J. I. Tracey has been appointed instructor in mathe- 
matics in the academic department of Yale University. 


Dr. R. M. Wiyger has been appointed instructor in mathe- 
matics at the University of Illinois. 


Mn. H. BATEMAN, of Bryn Mawr College, has &ccepted & 
teaching scholarship at the Johns Hopkins University. 


Mr. W. V. Lovrrt, of the University of Washington, has 
been appointed instructor in mathematies at Harvard Uni- 
versity; Mr. A. L. Mass has been advanced to an instructor- 
ship in mathematics. 


Pnorzsson A. E. Haynes, of the University of Minnesota, 
has retired after thirty-eight years continuous service as a 
teacher. : 


Proressor S. W. SuarrUCk, of the University of Illinois, 
will retire at the end of the present academic year. He has 
been connected with the department of mathematics since 

‚the founding of the University in 1868. 


Proressor M. C. AnzzL, of the Uniyersity of Bologna, died 
at St. Stephen di Magra, March 16, 1912, at the age of 65 
years. He was a member of the Academy dei Lincei and of 
the national Italian society of Sciences. 


"n ~ 


NEW PUBLICATIONS | 


I. HIGHER MATHEMATICS. . . 


ApufMAR (R. d’). Leçons sur Ies principes de l'analyse. Tome 1: Séries. 
Déterminants. In es, Potentiels. Equations intégrales, Equa- 
tions différentielles et fonctionelles. «Paris, Gauthier- illers, 1912. 


8vo. 6+824 pp. Fr. 10.00 
BacuELImg (L.). Calculs des probabilités. Tome 1. Paris, Gauthier- 
Villars, 1912. 4to. 7+518 pp. Fr. 25.00 


CaLvET-AzaL. Essai ‘aur la notion de quantité imaginaire. Paris 
Gauthier-Villars, 1912. Svo. 48 pp. | 
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Crrvarto (E.). Le calcul des probabilités et ses applications. Paris 
Gauthier-Villars, 1012. Svo. 9+171 pp. "Fr. 6.50 


LrgBMANN (H.). See Markorr (A. A.). 


Mancoupr (H. v.) Einführung in die höhere Mathematik. 2ter Band: 
Differentialrechnung. Leipzig, Hirzel, 1912. 8vo. M. 15.40 


Mannina (H. Pi Irrational numbers and their representation by 
sequences and series, New York, Wiley. 12mo. 6+123pp. Cloth. 
$1.25 

Marxorr (A. A.) Wahrscheinlichkeitsreehnung. Nach der 2ten Auflage 
des russischen Werkes ubersetzt von H. Liebmann. Leipzig, Teubner, 
1912. 8vo. 7--818 pp. Cloth. M. 13.00 
MzmseNER (O. Wahrscheinlichkeitsrechnung nebst Anwendungen, 
(Mathematische Bibliothek, herausgegeben von W. Lietzmann und 

A. Witting.) Leipzig, Teubner, 1012, Sen, 4--64 pp. M. 0.80 
Mtas (A). Beweis des Fermatschen Prinzips. 2te, erganzte À e. 
Berlin, Reimer, 1912. 8vo. 4 pp. M. 0.75 


IL ELEMENTARY MATHEMATICS. 
Bartow. Table of squares, cubes, square roots. New York, Spon, 1011. 
12mo. 200 pp. $1.50 


BERTRAND (G.). Trattato di algebra elementare. Prima traduzione 
italiana, con note ed aggiunte di E. Betti. Nuova edizione, per cura 
di A. Socci. 16a impressione. Firenze, Le Monnier, 1912. 16mo. 
74-581 pp. L. 3.00 
Bern (E.). See BERTRAND (G.). 


Bogcxanpr (W. G.). Junior algebra examples. London, Rivingtons, 


1912. 8vo. 198 pp. 28. 
Henere (K.) Geometrie. 3tes Heft. Leipzig, Hoffmann, 1911. 8vo. 
pp. 115-254. M. 1.60 


Hunrınaton (E. V.) Four place table of logarithms and trigonometric 
functions. Unabridged edition. London, Spon, 1912. 38. 


Lesser (O.). See Scmwan (K.). 
Limca (M.). See Scuwas (K.). 


Mune (W. Ji Key to first year algebra. New York, American Book 
Co. 1912. 12mo. 288 pp. $0.80 
Rope (C... Calculator and short-cut arithmetic. 10th edition, revised 
and enlarged. Chicago, Ropp, 1012. Ben, 192 pp. $1.25 


Satomon (A.). Leçons d’algèbre. 7e édition. Paris, Vuibert, 1912. 
16mo. 207 pp. Fr. 2.00 


SchmERu (C). Lehrbuch der Stereometrie für höhere en 
Giessen, Roth, 1912. 8vo. 64-160 pp. 2.50 


Scawas (K.) und Lasser (O.). Mathematisches ae Fur 
hohere Mädchenschulen bearbeitet von M. Linnich. Iter Teil. 


Wien, Tempsky, 1911. 8vo. 143 pp. Cloth. M.200 
——. Geometrie Bearbeitet von M. Linnich. 2ter Teil. Leipzig, 
Freytag, 1912. 8vo. 184 pp. Cloth. g M. 2.50 


Socor (A.). See BExrRAND (G.). 
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TABLES de logarithmes à cinq décimales et pour les fonctions trigono- 
métriques. Par F. I. C. Edition double: Division sexagésimale et 
division*centésimale. Paris, Gigord, 1912. 16mo. 8-+255 pp. 


Testı (G. M.). Elementi di matematica. Fascicolo II. 5a edizione 
corretta, Livorno, Giusti, 1912. 16mo. 7+78 pp. L. 0.80 


WALLENTIN (F.). Maturitätsfragen aus der Mathematik. Auflösungen. 
Die Auflage. Wien, Gerold, 1912. 8vo. 64236 pp. EN m 


II. APPLIED MATHEMATICS. 


ABRAHAM (M.). Theorie der Elektrizität. lter Band: Einfuhrung in die 
Maxwellsche Theorie der Elektrizität. Mit einem einleitenden 
Abschnitte von A. Föppl. 4te, umgearbeitete Auflage, herausgegeben 
von M. Abraham. Teipzig, Teubner, 1912. 8vo. VEU IOS 


Cloth. 
ANNUAIRE pour l'an 1912, publié par le Bureau des Longitudes. Avec des 
notices scientifiques. Paris, Gauthier-Villars. . Fr. 1.50 


Basen (G.). Théorie de la couche capillaire des corps purs. Tome II: 
La couche capillaire des corps purs et ses phases homogènes et adja- 
centes. (Collection Scientia.) Paris, Gauthier-Villars, 1912. 8vo. 
80 pp. Boards. Fr. 2.00 


BigounnarN (G.). See Derasene (J. B. J.). 
Bucuuquz (H.). See Kriwkmnruxs (W.). 


Cuapman (8.). The kinetic theory of a gas constituted of spherically 
symmetrical molecules. London, Dulau, 1912. 4to. Sewed. 
5 28. 6d. 


Camı (M.). Corso speciale di matematiche, ad uso dei chimici e dei 
naturalisti. 2a edizione, con aggiunte e modificazioni. Livorno, 


Giusti, 1912. 8vo. 124-297 pp. L. 4.00 
CnaNDALL (C. L.). Textbook on geodesy and least squares. New York, 
Wiley. 8vo. 104-329 pp. Cloth. $3.00 


Darnwrrz (W. v.). Wärmelehre in Theorie und Anwendung. Iter Band: 
Wärmetheorie und ihre Beziehungen zur Technik und Physik. Berlin, 
Volckmann, 1912. 8vo. 18--381 pp. Cloth. M. 11.25 


Deng (J. B. J.). Grandeur et figure de la terre. Ouvrage augmenté 


de notes, de cartes, et publié par les soins de G. Bigo . Paris 
Gauthier-Villars, 1912. 8vo. 84-402 pp. Fr. 15.00 
Dersoz (M. E.) Note sur le vol des oiseaux. Paris, Gauthier-Villars 
1911. 8vo. 22 pp. Fr. 1.00 
DrrTMANN (E.). Berechnung elektrischer Leitungsnetze. Strelitz, Hit- 
tenkofer, 1911. M. 5.00 


ESPITALLIER et CnassERIAUD (R.). Cours d'aviation. Livre I: Ap- 
pareils d’aviation et propulseurs. Paris, Gauthier-Villars, 1911. 4to. 
295 pp. Fr. 13.00 


FóPPL (A.). See ABRAHAM (M.). 
FRIScHAUF (J.). See SoLDNER (J.). 


Gramont (A. de). Essais d'aórodynamique. 2e série. Paris, Hachette, 
1912. 4to. 115 pp. . Fr. 3.50 


19 12.) . NEW PUBLICATIONS. 483 


Grossmann (H.). Agenda 1912 pour Vhorlogerie, la bijouterie et la petite 
mécanique. 9e année. Paris, Gauthier-Villars, 1911. 32mo. 372 
pp. . Fr. 2.00 


GUILHAUMON (J. B.). Astronomie et navigation suivies de la compen- 
sation des compas. be édition. Paris, Berger-Levrault, 1912. Zeg 
615 pp. Fr. 10 00 


Hauck (G.). Vorlesungen uber darstellende Geometrie. Herausgegeben 
von A. Hauck. iter Band. Leipzig, Teubner, 1912. Ben 124-339 


pp. Cloth. M. 12.00 
Hosmer (G.L.). Azimuth. New York, Wiley, 1909 16mo 5+ 73 pp. 
Morocco. $1.00 
Inaazzs (J. M.). Interior ballistics. 3d edition. New York, Wiley, 
1912 8vo. 221 pp Cloth. $2.50 
Jeans (J. H.). The mathematical theory of electricity and magnetism. 
2d edition London, Cambridge University Press, 1911. 15s 
Kina (W. I.). The elements of statistical method. New York, Macmillan, 
1912. 12mo. 245 pp. Cloth. $1.50 


Kumkerruss (W.). Theoretische Astronomie. Neubearbeitung von H. 
Buchholz. 3te, verbesserte und vermehrte Auflage. Braunschweig, 
Vieweg, 1912. 8vo. 384-1070--11 pp. Cloth. M. 50 00 


KomweN (M.). Grundzuge für die statische Berechnung der Beton- und 
j etonbauten. 4te, neubearbeitete Auflage. Beihn, Ernst 


1912. M. 2.00 
Keesen (C.). Einfuhrung in die energetische Baustatik. Berlin, 
Springer, 1911. M. 2.40 


Küster (F. W). Logarithmische Rechentafeln fur Chemiker, Phar- 
mazeuten, Medizine und Physiker. 12te, neuberechnete Auflage. 


Leipzig, Veit, 1912. Svo. 107 pp. Cloth. M. 2.40 
Lonny (S. L.). An elementary treatise on statics. London, Cambridge 
University Press, 1912 8vo. 402 pp. 12s 


Lucas (A.), See MAssener (G.). 


MassENET (G.) et Lucas (À.) Eléments de la théorie du navire. Paris, 
Challamel, 1912. 8vo. 6+120 pp. 


MAYER Se Die Mechanik der Warme. 2te Abhandlung Heraus- 
gegeben von A. von Oettingen. (Ostwalds Klassiker Nr. 180) 
Leipzig, Engelmann, 1911. M 1.60 


Maren (K.). Mechanics of heating and ventilation, with charts for cal- 
culation and examples. New York, McGraw-Hill, 1912  8vo. 
9+161 pp $5.00 


MxznBACH (P. A.) Studien uber die Mechanık der magnetischen Er- 
scheinungen. Hamburg, Hephaestos-Verlag, 1912. 8vo. 18 JP 
0 60 


Merrman (M.). Elements of mechanics. Forty lessons for beginners in 
mechanics. New York, Wiley. 12mo 172 pp. Cloth. $100 


— —, Theatise on hydraulics. 9th edition, revised and ıcset. New York, 
Wiley, 1912. 8vo. 10+ 505 pp. Cloth. $4.00 


— — and Jacosy (H. S. A textbook on roofs and bridges Part III: 
Bridge design. 6th edition, partly rewritten New York, Wiloy, 1912 
8vo. 84-414 pp Cloth $2.50 
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MiLLER (E. F.) and others. Problems in thermodynamics and heat 


engineering. New York, Wiley, 1011. Svo. 3+87 pp. $0.75 
MuzrzR (E.)! Technische Uebungsaufgaben fur darstellende Geometrie. 
4tes Heft. Wien, Deuticke, 1911. M. 1.25 


NxnwBT (W.) See Pozzrrzer (F.). 
Ocaaxz (M. d). See Seco pp LA Ganza (R.). 
Onrrinaen (A. von). See Marmer (R.). 


PARKER (G. W). The elements of hydrostatics. London, Longmans, 
1912. 8vo. 85. 
Perkins (H. A). An introduction to general thermodynamics. New 
York, Wiley, 1912. 12mo. 18+247 pp. Cloth. $1.50 


PrAnR (A). Die Turbinen fur Wasserkra:tbetrieb, Ihre Theorie und 
Konstruktion. 2te, teilweise umgearbe tete und vermehrte Auflage. 


2 Bande. Berlin, Springer, 1912. Cloth. M. 40.00 
PLEMELS (J.). Potentialtheoretische Untersuchungen. (Gekrönte Preis- 
schrift.) Leipzig, Teubner, 1911. M. 6.00 


POLLITZER (bi, Die Berechnung chemischer Afinitaten nach dem Nernst- 
schen Warmetheorem. Mit einem Vorwort von W. Nernst. Stutt- 
gart, Enke, 1912. 8yo. 171 pp. M. 3.00 


Rieck (E.). Lehrbuch der Physik. iter Band: Mechanik, Molekular- 
erscheinungen, Akustik und Optik. te, vermehrte und verbesserte 
Auflage. ipzig, Veit, 1912. 8vo. 164800 pp. Cloth. M. 13.00 


Rran (W. T). Des of electrical machinery. In three volumes. 
Volume 1. New York, Wiley, 1912. 870. 9+109 pp. $1.50 


SATTERLY (J.). Junior heat. London, Clive, 1912. 8vo. 192 pp. 28. 


Sxco DE LA Ganza (R.) Les nomo es de l'ingénieur. Avec une 
préface de M. d’Ocagne. Paris, Gauthiar-Villars, 1012. Svo. 12+ 
196 pp. Fr 12.00 


SELLANDER (H. Wi Lightning calculator for marine engineers, 2d 
edition, revised and enlarged. San Francisco, King’s Bookstore, 
1012. 16mo. 141 pp. Boards. $2.50 


SOLDNER (J.). Theorie der Landesvermessung. (1810.) Herausgegeben 
von J. Frischauf. (Ostwalds Klassiker Nr. 184.) Leipzig, gel- 
mann, 1911. M. 1.60 
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THE APRIL MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


Tue one hundred and fifty-eighth regular meeting of the 
Society was held in New York City on Saturday, April 27, 
1912. The attendance at the two sessions included the 
following fifty-two members: 

Mr. J. W. Alexander, Professor R. C. Archibald, Mr. H. 
Bateman, Mr. A. A. Bennett, Professor W. J. Berry, Professor 
G. D. Birkboff, Professor E. W. Brown, Professor B. H. Camp, 
Dr. Emily Coddington, Professor F. N. Cole, Dr. G. M. 
Conwell, Professor J. L. Coolidge, Professor E. S. Crawley, 
Dr. H. B. Curtis, Dr. L. S. Dederick, Dr. L. L. Dines, Mr. 
E. P. R. Duval, Professor H. B. Fine, Professor T. S. Fiske, 
Professor W. B. Fite, Professor O. E. Glenn, Mr. G. H. Graves, 
Professor C. C. Grove, Professor L. A. Howland, Mr. S. A. 
Joffe, Professor Edward Kasner, Professor C. J. Keyser, Dr. 
J. K. Lamond, Dr. N. J. Lennes, Professor W. R. Longley, 
Dr. H. F. MacNeish, Dr. Emilie N. Martin, Dr. E. J. Miles, 
' Dr. H. H. Mitchell, Professor C. L. E. Moore, Dr. R. L. 
Moore, Professor W. F. Osgood, Mr. E. S. Palmer, Dr. Anna 
J. Pell, Professor A. D. Pitcher, Dr. H. W. Reddick, Professor 
R. G. D. Richardson, Dr. J. E. Rowe, Professor L. P. Siceloff, 
Mr. C. G. Simpson, Professor D. E. Smith, Professor Sarah 
E. Smith, Dr. W. M. Smith, Professor Henry Taber, Professor 
J. H. Tanner, Professor Oswald Veblen, Miss M.. E. Wells. 

The President of the Society, Professor H. B. Fine, occupied 
the chair. "The Council announced the election of the follow- 
ing persons to membership in the Society: Miss S. R. Benedict, 
Smith College; Mr. C. E. Fisher, Rhode Island Normal School; 
Dr. T. H. Gronwall, Chicago, Ill; Mr. L. A. Hopkins, 
University of Michigan; Dr. A. J. Kempner, University of 
Illinois; Mr. V. C. Poor, University of Michigan; Mr. R. B. 
Stone, Harvard University; Mr. K. P. Williams, Princeton 
University. Seven applications for membership in the Society 
were received. 

It was decided to hold the annual meeting of the Society 
this year at Cleveland, Ohio, in affiliation with the American 
Association for the Advancement of Science. "The winter 
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meeting of. the Chicago Section will be merged in the annual 
meeting. -Owing to President Fine’s absence abroad, the 
delivery of his presidential: address will be postponed to the 
annual meeting of 1913. 


The following papers were read at the April meeting: 


(1) Dr. R. L. Moore: “Concerning Jordan curves in non- 
metrical analysis situs.” 

(2) Dr. J. K. Lamonp: “Improper multiple integrals over 
iterable fields.” 

(3) Professor L. A. HowzanD: “ Binary conditions for singu- 
lar points on a cubic.” 

(4) Professor B. H. Came: “Certain integrals containing 
parameters.” 

(5) Dr. S. Lerscterz: “On the Ve with five nodes of the 
second 1 in S4. 

(6) Dr. E. R. MansHALL: “A labor-saving device in com- 
putation." 

(7) Professor G. D. Brrxnorr: “The reducibility of maps." 

(8) Professor G. D. BigkHorr: “A determinant formula 
for the number of ways of coloring any map." 

(9) Professor OswaLp VEBLEN: “ An application of modular 
equations in analysis situs." 

(10) Dr. H. B. Parties and Professor C. L. E. Moone: “A 
geometric use of matrices.” ` 

(11) Dr. H. B. Pop and Professor C. L. E. Moons: “A 
theory of linear distance and angle.” 

(12) Professor L. P. SrceLorr: “Sylow "e in groups : 
whose orders are of certain special forms." 

(13) Professor A. D. Prrener: “Concerning the continuity 
&nd convergence of functions of & general variable." 

(14) Professor W. R. Loose: “Proof of a theorem due 
to Picard." 

(15) Mr. A. R. Schweitzer: “Remark on a functional 
equation." 

(16) Mr. A. R. ScmwzrrzER: “Theorems on functional 
equations." 

(17) Dr. DuNHAM JACKSON: "On approximation by trigo- 
nometric sums and polynomials (second paper). : 

(18) Dr. N. J. Lennes: “ ‘Concerning Van Vieck’s non- 
measurable set.” 

(19) Dr. N. J. Lennes: “Concerning infinite polygons and 
polyhedrons:? 
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The papers of Dr. Lefschetz, Professor Pitcher, Mr. 
Schweitzer, Dr. Jackson, and Dr. Lennes were read by title. Dr. 
Lefschetz’s paper appeared in the May Burer. That of 
Professor Longley is published in the present number of the 
BULLETIN. Abstracts of the other papers follow below. The 
&bstracts are numbered to correspond to the titles in the list 
above. : i 


1. In the Transactions of this Society, volume 6, pages 83- 
98, Professor Veblen has given a definition of a simple plane 
curve lying in a plane which satisfies Axioms I-VIII, XI of bis 
system of axioms for geometry. Let V denote such a plane. 
Dr. Moore wishes to show that: 

I. There is a one to one correspondence between the points 
of V and a part H of an ordinary number plane, this corre- 
spondence being (in an easily defined sense) continuous. Thus 
each point of V is represented by a pair of coordinates (x, y). 

II. A simple curve as defined by Veblen may be represented 
by a pair of equations x = fi(f), y = BO), where fi(t) and GO 
are continuous functions of the numerical parameter t. 

III. The plane V is an Ebene as defined by Hilbert in his 
article * Ueber die Grundlagen der Geometrie " (Mathematische 
Annalen, volume 56, page 383). 


2. Dr. Lytle has shown that the fundamental relation 


frs [frs fs fr 


where the integrals are proper integrals, holds for a class of 
fields which he calls iterable. Using a new definition of an 
improper multiple integral, which is due to Professor Pierpont, 
and considering unlimited functions defined, in general, over 
iterable fields, Dr. Lamond gives conditions under which 
the above fundamental inequalities hold. In some cases the 
function f may have points of infinite discontinuity at an 
everywhere dense set. 


3. The cubic plane curve has been exhaustively studied by 
use of the theory of ternary forms. Conditions necessary and 
sufficient for the existence of one or more double points, of a 
triple point, ete., have been derived in terms of ternary in- 
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variants, chiefly by Aronhold, Gordan, Clebsch, and Gundel- 
finger. : 

The theory of binary forms, however, may also be applied 
to the study of the cubic. Compare, for example, the treat- 
ment of the inflexions of a general cubie by Clebsch in his 
Theorie der binären Formen. In Professor Howland's paper 
conditions for the existence of a double point (node or cusp) 
and that of a triple point are derived, expressed in terms of 
the simultaneous invariants of two binary forms. 


4. In a recent paper (Annales de la Faculté de Toulouse, 
series 3, volume 1 (1909), pages 25-128) Lebesgue has studied 
the integrals 


Tagen n)di, [rose — &, n)dt. 


His fundamental theorems have been generalized by Professor 
Camp so as to apply to functions of m variables and k param- 
eters, defined over limited fields of very general natures. 
Moreover, corresponding theorems may be obtained for certain 
classes of functions not considered by Lebesgue. Applications 
of the results are found in the theory of the development of an 
arbitrary function in series of normal functions. 


6. In insurance computations multiplications or divisions of 
a series of numbers by a constant are of frequent occurrence, 
in which the results are taken to the nearest unit, or lst, 
2d, or 3d, etc., decimal. A new method for obtaining the 
results of such serial multiplication or division with a mini- 
mum of labor is set forth in Dr. Marshall’s paper. The 
method is based upon the following consideration: 

Let 79,1, 06,2, "rn V6 b "rn Cols 52 717; hk cot, tnn 
2,1 952 777, iky 75; *** represent the required quotients, 
where the first subscripts indicate their nearest integers, 
and let ao, 1, do,2, --- represent the corresponding variable divi- 
dend, while m is the constant divisor, so that z, x = a kom. 
Then we have u,» < 52m,» < 1.5 m, < 2.5 : 

Hence, in general, u,» < (1 + .5)m S a.u, x < G ag 1.5)m 
(where the = of the double symbol may hold only for k = 1). 
Hence all the values of a;41,% giving the integer t + 1 lie be- 
tween (i+ Bim and (i+ 1.5)m. For multiplication the 
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reciprocal of m, obtained to a certain degree of approximation, 
is used instead of the constant multiple m itself. 

The author illustrates the process by a concrete example 
from insurance practice, and proves that on the arithmometer, 
which is an especially adapted calculating machine for this 
kind of computation, the saving of labor resulting from the 
use of this method is between 75 and 90 per cent. In the 
second part of his paper the author shows how to extend his 
method to the finding of quotients and products in which 
an approximation of a number of decimals is required and 
proves by actual illustration that his method can be advan- 
tageously used in a large field of actuarial practice, comprising 
divisions with moderately large differences of results, not 
exceeding two or three figures. It should be stated that the 
method is of most advantage only in cases where the differ- 
ences of the results are smaller than those of the given series 
of multipliers or dividends. The illustrations of the second 
part of the paper are taken from Mr. George King’s con- 
version and valuation tables appended to his paper, “On 
policies with deferred participation in profits, etc.,” read 
before the Faculty of Actuaries in Scotland and printed in 
the Transactions of the Faculty, volume 5, part 9, number 83 
(1911). 

Tn conclusion the author shows how his method could also 
be used with considerable advantage in the computation of 
deferred and temporary annuities. 


7, It is well-known that the problem of coloring a given 
map in four colors is reducible to that of coloring other maps 
of fewer regions in case the given map has (1) any multiply 
connected regions; (2) more than three regions meeting at any 
point; (3) any region bounded by less than five others: these 
facts comprise nearly all that has been done toward the 
reduction of maps. 

By defining reducibility in a technical sense in which a 
principle due to Kempe is involved, Professor Birkhoff shows 
that numerous other configurations occur only in reducible 
maps; thus any ring of less than five regions and a ring of 
five regions not bounding a single region are proved to occur 
only in reducible maps. 


8. This note by Professor Birkhoff on a formula for the 
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number,of ways of coloring a map in any number of colors 
will appear-in the Annals of Mathematics. 


9. In. the note by Professor Veblen it is shown that the 
circuits and systems of circuits in a complex of lines (in the 
sense of analysis situs) may be represented by the solutions 
of a system of linear equations, modulo two. The operations 
of linearly combining these equations or their solutions are 
interpreted geometrically. A similar theory holds for com- 
plexes of n'dimensions. 'The equations may be applied in 
various problems of analysis situs, including the four color 
problem and the proof of Euler's theorem. 


10. A point A in n dimensions is determined by n + 1 
homogeneous coordinates and may be represented by the 
matrix ||a +++ all. A linear function MA + uB of two 
points is represented by the one-rowed matrix whose elements 
are Aa; + ub; A line AB is represented by a two-rowed 
matrix [AB] formed by writing the coordinates of A above 
the coordinates of B. The elements of this matrix are the 
two-rowed determinants obtained from it and not the indi- 
vidual coordinates. The sum of two such matrices is formed 
by.adding the corresponding elements. This new matrix is 
not, in general, expressible as a two-rowed matrix of n-+ 1 
columns. Similarly, planes are represented by three-rowed 
matrices [ABC], three-spaces.by four-rowed, etc. 

These quantities [AB], [ABC], ete., may be considered as 
products obeying the laws of Grassmann's outer product, and 
are called progressive. The operation consists of writing 
the coordinates of the first factor in the first row, the coordi- 
nates of the second factor in the second row, etc., to form a 
new matrix. . 

Hyperplanes &re used as coordinates in the same way and 
the products thus obtained are called regressive. If the 
number of points representing the factors of a product is 
greater than n + 1, the factors are expressed in plane coor- 
dinates and multiplied regressively. One of the chief aims 
of Dr. Phillips and Professor Moore is to express this re- 
gressive product in terms of points, thus obtaining Grass- 
mann's reduction formula. 


11. In this paper Dr. Phillips and Professor Moore define 
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the distance between two points, in three dimensions, by the 
following properties: (1) If one point is fixed and the distance 
held constant, the other describes & plane. (2) Distances 
between points on a line have the additive property. It is 
found that the distance is expressible in terms of a funda- 
mental system consisting of a plane and a linear complex. 
Distance wil then be invariant under a six-parameter 
group of collineations leaving the fundamental system fixed. 
The angle between two planes is defined as the dual of the 
distance between two points. In this case the fundamental 
system consists of a point and linear complex. In order that 
distances and angles be left invariant by the same six-param- 
eter group of collineations, the complexes are taken as 
the same and the point as the pole of the plane with respect 
to the complex. In terms of this fundamental system angle 
between lines, distance from point to line, etc., are defined. 
Formulas for the area of a triangle and volume of a tetra- 
hedron are also obtained. These results are generalized for 
n dimensions. 


12. In this paper Professor Siceloff studies restrictions 
on the structure of a group-corresponding to certain restric- 
tions on the form of its order. He proves in the first theorem 
that a group of order (kp + 1)p cannot have the full number, 
kp + 1, of subgroups of order p if p is greater than some prime- 
power factor of kp + 1. The second theorem states that in a 
group whose order has only one factor (other than unity) 
= 1(mod 7), the elements common to two Sylow subgroups of 
order p* form an invariant subgroup. The third theorem 
deals with an important special case under the hypothesis of 
theorem 2. 


13. In his Introduction to a Form of General Analysis and 
in his lectures at the University of Chicago Professor E. H. 
Moore has given a theory of developments of a general range 
and has indicated the beginning of a general theory of con- 
tinuity and convergence of functions relative to a development 
of the range of the functions. Professor Pitcher secures the 
ordinary properties of continuous and convergent functions 
by means of simple postulates on the development of the 
range of the functions. 


15. The purpose of Mr. Schweitzer’s first paper is to explain 
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. & reference to Crelle's Journal given on page 300 of his paper, 
“On a functional equation," BULLETIN, volume 18, pages 299- 
302. The relation @(x,y) = 9(y(z) — il can be written 
{oley} = dia) — ply), and the preceding reference sug- 
gests Q(zo(y) — yh(x)} = px) — p(y) as a correlative of 
the equation of Abel, Crelle, volume 2, page 389. Corre- 
sponding to Abel, I. c., page 386, one gets a particular case 
of the relation xÍé(x,y)] = x(x) — x(y) by assuming that 
Q (x) = p(z) in the preceding correlative. It is of interest 
to note here that C. Lottner, Crelle, volume 46, pages 367, 368, 
etc., has discussed a special case of lea)! = dia) vy) 
in relation to the preceding paper of Abel. 


16. In connection with his recent article in the BULLETIN, 
March, 1912, page 300, Mr. Schweitzer proves the following 
theorems: 

I. Datz, am, 2)] = ly, éis, z)] and élé(y, 2), al = y and 

elly, 2), y] = z, then there exists a function x, such that 
WA = xs xt) + xs (y)] and day) = xs? xe (2)—xs G2]. 

IL. If gly, ais, 2)] = e[z, (a, y)] and é[é(y, 2), 3] = y and 
déin, 2), y] = z, then there exists a function x, such that 
le, y) = xa! Isle) — x«()] and éis) = xp ixe Et x0) 


17. Following out further the line of investigation on which 
he reported at the February meeting, Dr. Jackson is led to the 
following conclusions: If f(x) is a function of period 2« which 
satisfies a Lipschitz condition with coefficient ^, that is, if it 
is always true that 


a) — fn) [SX] — al, 


then f(x) can be approximately represented for all values of 
x by a trigonometric sum of order n or lower with a maximum 
error not exceeding 3A/n, for all positive integral values of n. 
If f’() satisfies a Lipschitz condition with coefficient A, the 
maximum error of such an approximation for f(x) can be made 
not to exceed 20A/n?. If f(x) satisfies the same conditions, 
except as to periodicity, in a closed interval of length 1, it may 
be represented in this interval by a polynomial of the nth or 
lower degree with an error not greater than ZA/n or 10X/n? 
respectively. If f(x) satisfies the first of the conditions above, 
it differs from the partial sum of its Fourier series, to terms 
of the nth order, by not more than 64 log n/n, provided n z 5. 
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18. In this paper Dr. Lennes describes in detail the con- 
struction of a set which is non-measurable in the sense of 
Lebesgue. The general method is the same as that used by 
Van Vleck (Transactions, volume 9, page 237), but each step 
is made to depend upon explicitly formulated postulates. 


19. In two papers published in the American Journal of 
Mathematics, volume 33, Dr. Lennes formulated a certain 
body of theorems on polygons and polyhedrons. With one 
exception these were confined to figures having a finite number 
of sides or faces. In the present paper many of the results 
obtained in these papers are extended to polygons and polybe- 
drons having an infinite number of sides or faces. 

F. N. Cors, 
Secretary. 


PROOF OF A THEOREM DUE TO PICARD. 
BY PROFESSOR W. R. LONGLEY. 
(Read before the American Mathematical Society, April 27, 1912.) 


CONSIDER the ordinary differential equation of the first 
order and second degree 


(1) Ap! + 2Bp + C= 0 (p = dylde), 


in which the coefficients are power series in z and y vanishing 
when x = y= 0 


2) A=aetayt--+, B=betbhyt--, 
C=catayte::. 


Picard has proved that in the general case* every integral curve 
(real curve in the cartesian plane) of equation (1) which comes 
infinitely near the origin, actually reaches the origin with a 
determinate tangent. The prooft is based upon the existence 
of an analytic integral curve passing through the origin, a 
condition which is satisfied in the general case. But such 
a curve does not always exist, and the following proof, which 








* By the general case it is meant that there exists no particular relation 
of equality among the coefficients of (2). 
+Pi card, Comptes Rendus, vol. 120 (r989) p. 524; Math. Annalen, vol. 
46 (1895), p. 521; Traité d'Analyse, vol. 3, pp. 217- 225. 
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makes no use of its existence, gives more information concern- 
ing the form of the integral curves near the origin. 

To examine the behavior of integral curves in the neighbor- 
hood of the origin we may limit the coefficients in equation (1) 
to terms of lowest degree and we suppose that 4, B, and C 
contain only first degree terms in x and y. Solving equation 
(1) for p gives 

— B+ VA 

(3) p= A Vel, e 
where A = B? — AC. Through every point at which A does 
not vanish there are two integral curves with distinct tangents 
depending on the choice of the sign of the radical. Suppose 
this choice has been made. "Then the form of equation (8) 
shows that the slope depends only on the ratio y/x and hence 
the slope of an integral curve crossing the line y = mz is the 
same at every point of theline. From this it follows that it is 
possible to trace a continuous integral curve by making the 
radius vector from the origin turn always in the same direction, 
provided the curve does not reach a point at which A — 0 
where the sign of the radical could be changed. 

The form of the integral curves depends on the nature of 
the discriminant locus, the equation of which is A = 0, and 
there are two cases to be considered: CU) when the discriminant 
locus has a conjugate point at the origin, and (2) when the 
discriminant locus consists of two distinct branches through 
the origin. f 

In the first case A vanishes for 2 = y = 0 and is positive for 
all other values of x and y. - Hence if an integral curve does not 
pass through the origin it may be followed by making the 
radius vector rotate always in the same sense about the origin. 
It is conceivable that an integral curve might have the form 
of a spiral approaching the origin asymptotically. To do this 
the slope must change sign four times during one revolution 
of the radius vector; twice by passing through zero (at the 
highest and lowest points) and twice by passing through 
infinity (at the extreme right and left points). To see that 
this is impossible we consider equation (3). The lines 
A(ax + ay = 0), B(bx + biy = 0), and Gier + cry = 0) pass 
through the origin and by a rotation of the axes the line B 
may be taken for the X-axis. The line C is the locus of points 
where the slope of integral curves is zero. Starting at any 
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point near the origin on the positive X-axis with q definite. 
sign for the radical we may follow an integral curve by making 
the radius vector rotate always in a counterclockwise direction. 
If the slope changes sign by passing through zero when the 
curve crosses the line C above the X-axis, then p will not 
change sign when the same line is crossed below the X-axis, 
because the sign of the radical remains the same while the 
sign of the quantity B is reversed. Hence the curve can not 
meet the positive X-axis a second time and the spiral is 
impossible. ` 

In the second case the discriminant locus has two distinct 
branches passing through the origin. In one of the angles 
between the branches A is positive and there exist real integral 
curves, while in the other angle A is negative and there are no 
real integral curves. By a transformation of coordinates we 
may take the two branches of the discriminant locus for the 
coordinate axes so that A is positive in the first and third 
quadrants and negative in the second and fourth quadrants. 
Since A = B? — AC is positive in the first quadrant and 
negative in the second it is evident that the lines A and C 
must pass through the origin with positive slope, that is, they 
must lie in the first quadrant. In this case an integral curve 
can not have the form of a spiral, but it is conceivable that it 
might oscillate between the coordinate axes an infinite number 
of times approaching the origin. To see that this is impossible 
suppose that we choose a definite sign for the radical in 
equation (3) and begin to follow an integral curve from a point 
on the positive X-axis. The radius vector must rotate in & 
counterclockwise direction until the Y-axis is reached. To 
follow the curve further the sign of the radical must be changed 
at this point and the radius vector turned clockwise towards 
the X-axis. Each time the curve traverses the first quadrant 
it must cross the line 4 once and the line C once. In crossing 
the line C with one sign for the radical the slope of the curve 
will ehange sign by passing through zero, while with the 
opposite sign for the radical the slope of the curve will not 
change sign in crossing C. Similarly in crossing the line A 
with one sign for the radical the slope will change sign by 
passing through infinity, while with the opposite sign for the 
radical the slope will not change sign. Hence in starting from 
the X-axis, crossing to the Y-axis, and returning to the X-axis 
the slope of an integral curve must change sign twice and only 


M 
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twice; once by passing through zero (at a maximum or mini- 
mum point) and once by passing through infinity (at an 
extreme right or extreme left point). : 

Suppose now an integral curve T' leaves the X-axis with 
positive slope. In order to reach the Y-axis the slope must 
become negative when T' crosses A. Then in crossing C 
(either the first or second time) the slope will change to positive 
by passing through zero, and with a positive slope T can not 
return to the X-axis. | . 

Suppose T leaves the X-axis with negative slope and meets 
A first. In order to reach the Y-axis it must cross A the first 
time without changing to positive slope. After having crossed 
C twice the curve will return towards A with positive slope 
and can not again meet A because at the second point of inter- 
section the slope of T would have to be infinite. Hence T 
ean not return to the X-axis. 

Suppose T leaves the X-axis with negative slope and meets 
C first. (a) If the slope does not change sign then T, after 
crossing A twice, will return towards C with positive slope and 
can not meet C again because at a second point of intersection 
the slope would have to be zero. (b) If the slope changes to 
positive at the first intersection with C then the curve could 
not cross A twice since the slope would have to be infinite 
at one of the points of intersection. Hence T can not return 
to the X-axis. 

The preceding argument establishes the theorem as given 
by Picard. No mention has been made of the case in which 
the discriminant locus has a cusp at the origin. If the coeffi- 
clents in equation (1) are limited to terms of the first degree, a 
cusp at the origin means that A is a perfect square and the 
equation can be broken up into linear factors. In this case 
the spiral is a possible form for integral curves, but this 
conclusion does not follow when the higher degree terms are 
present unless the cusp degenerates into two coincident 
branches. 


SHRFFIELD SCIENTIFIO ScHooL, 
New Haven, CONNECTIOUT. 
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A TREATISE ON PHYSICS. 


Traité de Physique. Par O. D. Caworson. Ouvrage traduit 
sur les éditions russe et allemande par E. Davaux. Edi- 
tion revue et considérablement augmentée par l’Auteur, 
suivie de Notes sur la Physique théorique par E. et F. 

. CossERAT. Tome 1: Mécanique. Etats de la matière. 
Acoustique. vii + 1092 pp. 1908. Tome 2: L’Energie 
rayonnante. 1188 pp. 1909. Paris, A. Hermann. 


Desprre the fact, and perhaps for the very reason that 
teachers of the first general collegiate course in physics, which 
usually falls in the sophomore year, are widely and chronically 
of the opinion that there exists no text suited to their needs, 
there are upon the market a great variety of elementary general 
treatises on physics, varying from a moderate volume of three 
or four hundred pages to lengthy works of three or four times 
the size, like that old standby Ganot. When we come to more 
advanced compendia, suitable for the maturer student of 
physics, we have not many to choose from, and none, so far 
: as we recall, in the English language. Indeed it might well be 
questioned whether, with the present extended and rapidly 
growing domain of physics, it would be possible for a single 
author properly to cover the whole ground, whether it might 
not be necessary to fall back upon collaborations as in Winkel- 
mann’s Handbuch der Physik. We may remember that over 
ten years ago A. Gray printed a first volume of a Treatise on 
Physics,* which in its masterly manner gave promise of being 
` just what was needed in this line; but apparently the work has 
been abandoned, much to our disappointment. However, 
Chwolson has succeeded in carrying a similar task, monumental 
as it is, to an eminently satisfactory conclusion. 

So long as Chwolson’s work remained in the original Russian 
it could be of little use outside of Russia. But as surely as a 
first class work appears the Germans, often in the guise of the 
house of B. G. Teubner, are apt to find it out and to publish a 
translation; this time, however, it was the firm of Vieweg und 
Sohn who rendered the German and international public the 
service of printing Chwolson’s treatise in German. That 





* Reviewed in this BULLETIN, volume 8, p. 403. 
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Hermann should continue the international conquest of the 
work is testimony not only to its high value, but to his own 
courage; for the French seem none too prone to take kindly to 
foreign texts, and the undertaking of a four volume treatise 
on physies, to run into thousands of pages and to sell at about 
150 francs, is no light tax on one’s faith and one's resources. 
It is with great pleasure that we observe that the demand for 
the work has been so great as already to necessitate & second 
edition, at least of the earlier fascicules.* As the French edi; 
tion is the latest, it is also the best; for the author has been . 
able to revise and elaborate. The translator has added some 
notes, and E. and F. Cosserat have furnished additional 
contributions. 

The work commences with a general introduction which 
shows that Chwolson is somewhat of a philosopher. It is 
probably true that everybody who has large views on a wide 
range of phenomena must have some sort of philosophy which 
is interesting to him to expound and interesting to others to 
read, but which in the last analysis is rather a personal matter 
with which almost everybody else may differ. For instance 
the author states that the more limited the number of hy- 
potheses, the more advanced the state of science. This is a 
beautiful ideal that appears to have little realisation in practice. 
From the opposite point of view one might just as well hold 
that the more advanced the state of science, the greater the 
diversity of hypotheses, and the better known the limitations 
or field of application of each. The hypothesis of imponder- 
able caloric has never disappeared, and probably never will, 
from the theory of the flow of heat. To be compelled to treat 
heat as molecular motion in this case would be entirely too 
inconvenient. Some physieists now desire to abolish the hy- 
pothesis of an ether. They cannot do it; the best they can do 
is to formulate a new hypothesis to organize phenomena which 
are not satisfactorily organized under the ether-hypothesis. 
But as our philosophy cannot be as valuable to our readers 
as the author's should be to his, we should be lacking in humor 
if we persisted. 

An elaborate discussion of physical quantities or magni- 
tudes of different sorts and of units (not the theory of dimen- 

* What was tome 1, fasc. 1, of 407 ea in 1906 has now become in 


1911 tome 1, vol. 1, considerably larger. am reviewing from the earlier 
edition, which has only recently come to me for that purpose. E. B. W.) 
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sions) is a valuable contribution to the introduction. This is 
& subject which gives many students considerable, trouble, but 
should not worry readers of this work. The notion of density, 
for example, is used in very different ways in physics, and 
needs the careful treatment the author gives. We must ob- 
serve, however, that for all his care he defines ordinary density 
as it is ordinarily defined, namely, as a limit, whereas in reality 
on the molecular hypothesis no such limit can exist. This is 
hut another instance of the diversity of hypothesis; no one 

isputes the molecular view of matter, yet few take the pre- 
caution to observe that the contradictory hypothesis of a 
continuum is constantly being used. We have no objection 
to this plurality of hypotheses, but we would not slur it over. 

The exposition of the relative fields of. experimental, theo- 
retical, and mathematical physiesislucid. It is doubtful, how- 
ever, whether the mathematical method does not encroach 
more upon and is not more necessary to theoretical physics 
than seems to be implied on page 11; and indeed the work as a 
whole seems to give more space to mathematical physics* than 
one might imagine from the introductory statements. It 
should be pointed out that mathematics is used in physics 
not merely to deduce consequences from well established facts, 
but to formulate new hypotheses and enquire after their 
consequences. In this latter sense much mathematical physics 
is as truly experimental as is considerable laboratory work. 

The introduction closes with seme mathematical work on 
differentiation, curvature, and vector addition. This is 
necessarily very meager and will be sufficient only for the 
more elementary parts of the text, some portions of which 
require very considerable mathematical training and ability. 
As references to original sources are very numerous throughout 
the remainder of the work, and form a very valuable part of it, 
the author inserts here a list of the most important periodicals 
cited, with their appropriate abbreviations. 

Some elementary mechanics comes next—a little kine- 
matics, rectilinear and curvilinear, the analysis of inertia, mass, 
and force according to Newton’s laws, momentum, impulse, 
resultants, couples, center of inertia, and moment of inertia. 
The principle of the conservation of mass is not mentioned 
without adding a list of references to various recent experi- 


* Due mainly to additions by translator and editors, and unfortunately 
of the French non-physical type. 
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ments attempting to detect changes (not, of course, the very 
recent experiments in connection with moving charges and 
the principle of relativity). The author states that there is a 
very general notion that Newton's second law refers to rate of 
change of momentum, and that he cannot share that opinion, 
but regards the law as dealing with acceleration. This same 
point of view is taken by Jouguet in his searching historical 
study of mechanics.* The English attitude, however, has 
seemed to incline more to the rate of change of momentum; 
and it may be interesting to note that it was by going back 
to the definition cf force as rate of change of momentum that 
G. N. Lewis was able in studying relativity to assign a definite 
mass to a particle, instead of the varying masses from trans- 
verse to longitudinal that previous writers had used. 

The author refers for the determination of centers of inertia 
to earlier and more elementary studies of the reader; in finding 
moments of inertia he uses triple integration without apology, 
except to say that readers unacquainted with the method may 
take the results for granted. When he goes on to treat work 
and energy, he uses sums, limits of sums, and simple integrals, 
even line integrals, without hesitation. We cannot help 
wondering how necessary it is to develop the small amount 
of differential calculus above mentioned if one is to go right 
on with integral signs. It seems as though it might have been 
better either to givea considerable account of mathematical 
analysis or to have taken the whole of elementary calculus 
for granted. In studying energy, the various forms (not merely 
the kinetic and potential energies of mechanics) are taken up 
and the three principles, namely, that the energy is a deter- 
minate function of the state, that energy is conserved, and that 
it may possess a direction of transformation, are elaborated, 

The treatment of harmonic motion is detailed, including 
the composition of vibrations, damped oscillations, propaga- 
tion of a disturbance by longitudinal or transverse waves, wave 
surface and ray, Huyghens’s principle, reflexion, refraction, 
diffraction, and Doppler’s principle. As the material covers 
over 60 pages, it is readily seen to be sufficiently emphasized. 
The author next proceeds to study universal gravitation and 
the newtonian potential with the minimum amount of mathe- 
matics, parabolic end pendulum motion in the field of gravity, 


* E. Jouguet, Lectures de Mécanique, reviewed in this BULLETIN, vol. 
18, p. 32, without mentioning this particular point. 
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and the theory of dimensions as applied to mechanics., There 
seems to be no need of any other comments than-these: The 
treatment of the ordinary mechanics of particles and rigid 
bodies seems very meager and the use of mathematics extremely 
limited for a work of this size, which itself subsequently gives 
considerable development to the mechanics of continuous 
media. In this particular, the work appears unbalanced and 
inferior to Gray’s Treatise on physics. We should recommend 
the addition of some theoretical mechanics with Gray as a 
model, although it would not be necessary to carry the matter 
so far as he does. The bibliography on mechanics is extensive 
and well chosen; but in regard to this list, and most others in 
the course of the work, we have been wholly unable to see 
why the author or editor did not make the arrangement accord- 
ing to date or alphabetical according to author or title instead 
of tossing the references together apparently pell-mell or 
following the order in which they were cited in the text. 

We have said that as far as mechanics is concerned Chwol- 
son’s work is unbalanced; but we will hasten to add that this 
may not be due so much to his own doings as to his polite 
complacency in accepting the additions of others. For right 
here (pages 236-273) we come upon a long note by the Cos- 
serats upon the dynamics of & point and of a rigid body, 
which has absolutely no place in this work, and should have 
had much less space even if the author had developed his 
mechanies:to include Lagrange's equations and Hamilton's 
principle. We postpone further comment. 

The following 125 pages are given to instruments and 
methods of measurement. To one not at all an experimental 
physicist this makes clear, pleasant, and instructive reading. 
There is good general advice as to methods of measurement, 
the elements of least squares, formulas of approximation, 
numerous diagrams of instruments designed to make mechan- 
ical (as distinguished from thermal or electric) measures, and 
ample explanation. Even the experiments to determine the 
mean density of the earth are discussed. (Why Burgess is not 
mentioned in this connection we do not understand.) "There is 
a very appropriate note on the theory of integrating machines 
by the translator. 

The second fascicule of Volume I deals with the gaseous 
state. If wearenot mistaken, the author's choice of hydrogen 
(H = 1) as standard instead of oxygen (O = 16) is now some- 
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what old-fashioned. The experiments necessary for testing 
the equation pv — RT, and the results obtained, are naturally 
the first. In future editions of the book the work of P. W. 
Bridgman, who has succeeded in running pressures from 3,000 
up to 12,000 atmospheres, will have to be cited with Natterer's, 
Cailletet's, and Amagat’s on page 429.  Clapeyron's formula 
and van der Waals's equation, with some of the modifications 
that have been suggested, are merely touched at this point. 
There follows a chapter on barometers, airpumps, and similar 
apparatus. 

After some mention of the conduct of gases in the presence 
of other gases or liquids or solids (laws of Dalton, Henry, etc.), 
Chwolson takes up the kinetic theory and, while not going 
into very complicated mathematical analysis, is quite able 
to show the relations of the theory to the previously developed 
laws, and to discuss the mean velocity, mean free path, 
viscosity (Maxwell's law), and van der Waals’s equation. Suth- 
erland’s formula for the viscosity is given without going into 
his theoretical deduction. Indeed it is characteristic of the au- 
thor’s good sense and balance to run through the development 
of such an important theory as the kinetic, and then add 
without any theoretical derivation some formula which has 
been found to fit the experimental data better than the one 
derived from that theory. The irteresting chapter on the 
motion of gases (efflux, diffusion, resistance to projectiles, 
dissociation, etc.) is rendered somewhat unintelligible in our 
copy by the fact that pages 537-552 are omitted and 521-536 
repeated through an error in binding, but enough can be seen 
to show that the interesting work of Hugoniot and recent 
formulas by Boussinesq are not overlooked. 

A fascicule of over 300 pages is given to the properties of 
the liquid and solid state. For the most part the presentation 
is descriptive rather than mathematical or theoretical. Sur- 
face tension and capillarity receive considerable attention. 
The theory of electrolytic dissociation is mentioned, but the 
facts about solutions are here sketched without much attention 
to that theory, which is reserved for a later volume. In regard 
to osmotic pressure the author likewise refrains from adopting 
definitely any hypothetical explanation, contenting himself 
with emphasizing the difficulty of finding a satisfactory expla- 
nation by calling attention to several of those which have 
been suggested. Friction and viscosity are briefly discussed. 
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The treatment of the motion of liquids is partly descriptive, 
as might be found in a work on hydraulics, and partly mathe- 
matical, due perhaps to various additions by the translator. 
This makes the chapter read somewhat unevenly. Indeed 
it seems almost useless to include even the small amount of 
the theory of vortices here given unless the reader has had more 
thorough training in the composition of angular velocities than 
was suggested in the early work on mechanics. Moreover it 
is rather unfortunate, from the molecular point of view, to use 
such an expression as "the two molecules are always upon & 
vortex line" (page 711). It may be wondered whether this 
is Chwolson's own language. 

The chapter on the colloidal state has evidently been written 
or at least edited by V. Henri, which is sufficient recommenda- 
tion for it. 

In regard to the treatment of the solid state there seems 
to be no need of comment. The same unevenness between 
the extremes of mere description on the one hand and con- 
siderable difficult mathematics of elasticity on the other is 
noticeable; indeed there are parts of the latter which would 
still seem of rather doubtful utility in this work even if the 
more extended treatment which we should recommend for 
mechanics were given. 

In a great treatise on physics, like this, mechanics, hydro- 
mechanics, and elasticity should be, introduced just so far as 
they develop and illustrate fundamental physical principles 
either in themselves or in their applications. The ideas of 
momentum, moment of momentum, and energy cannot be too 
highly emphasized, especially in view of Maxwell's theory of 
electromagnetics and modern theories on radiant energy. 
We should introduce the gyroscope (not here mentioned, so 
far as we observe*) because there is a lot of physics in it that 
can hardly be so well found elsewhere. We should discuss 
Lagrange's coordinates and Hamilton’s principle because 
without these it is difficult to get the idea of a general dynam- 
ical system and of the most important single principle in 
mathematical (may we say theoretical?) physics. We should 
study hydrodynamics and elasticity for the physical principles 
involved, for the conceptions connected with dynamics in a 
medium, to emphasize the analogies and points of difference 
between liquid and solid media, the ether, and discrete systems. 


* Except in connection with the gyrostatic theory of light! 
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‘We should bring to light and use general principles of reci- 
procity, and the like. But we should be rather wary of 
introducing mathematical developments which are devoid of 
general physical significance even though they lead to formulas 
of engineering or laboratory practice— unless we are frankly 
intent on including a good account of mathematical (as dis- 
tinguished from theoretical) physics. It would not do to say 
that in the present edition of Chwolson's Physics there is too 
much mathematical work; but it is true that the physical 
side of a question seems almost immediately lost forever as 
soon as the analysis begins. This is a difficulty that is almost 
always in evidence in a French, as contrasted with an English, 
text; and if we rightly detect the uniformly physical spirit in 
which Chwolson himself writes, we cannot help feeling that the 
unevenness and mathematicity are not his. 

These remarks apply also to & number of sections in the 
final fascicule (Acoustics) of the volume. "What propriety is 
there in the sectional heading “Le problème général de l'acous- 
tique. Conditions aux limites" in a work whose author in his 
introduction states that it is theoretical, not mathematical, 
physics that is important? It is hard to believe that boundary 
value problems really interest him. Still, although we do not 
feel that the translator and editors have made the best selection 
of additional mathematical material or have incorporated it 
in the smoothest fashion, we do not wish to give the impression 
that there may not be many readers of the work who will find 
these additions helpful and some who may find them the most 
helpful part of the treatise. There will be all sorts of readers 
with every diversity of requirement; and the editors probably 
had some particular class of readers in mind. Moreover, we 
have a feeling, and perhaps the translator had it, that purely 
mathematical physics is so widespread that some concession 
to it should be made. The average density of mathematics in 
the treatment of sound appears greater than in previous 
fascicules. 

Although the usual topics are taken up, the author has 
space for & number of things not ordinarily mentioned, the 
propagation of finite displacements, explosive waves, where 
the velocities exceed the canonical. On the other hand, al- 
though diffraction of sound and the question of hearing are 
both treated, we do not find any mention of the way in which 
we perceive the direction from which the sound comes. It is 
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interesting to note that in the section on longitudinal vibra- 
tions of strings the references are to the recent (1906) work 
of H. N. Davis. It is sometimes surprising how thoroughly 
the author has covered the literature up to the date of printing; 
it is by no means infrequent to see references dated within two 
years of the issue of the fascicule in which they are quoted. 
Apparently, however, the ten year old work of E. W. Scripture,* 
which would interest some students of sound, is not cited. 

e Volume I ends without an index; so does the next volume. 
If the complete work carries no index, or even if it carries 
only a poor one, a large amount of the usefulness of the treatise 
will be lost. 

The second volume has the title Radiant Energy—a brave 
title. And the first fascicule displays a subheading Emission 
and absorption of radiant energy—a stalwart start. The com- 
plete adoption of the Maxwell theory, the firm belief in the 
reality of the ether and in its importance in the explanation of 
nature, the relentless grounding of the student in the use of a 
medium are characteristics of Chwolson’s work which are 
more in evidence than in most other books and which rank 
his as a distinctly modern treatise. 

And yet we of 1912 must admit that we cannot use the 
titles Radiant energy and Emission and absorption of radiant 
energy with the whole hearted confidence that we could wish, 
or that we could fairly assume five, or at any rate ten, years 
ago. Weare in the unfortunate transitional stage of knowing 
too much and yet too little about radiant energy, its absorp- 
tion, arid its emission. We know too much to make the facts 
fit the Maxwell theory as we today understand it; we know too 
little or have too little genius as yet to found a new theory. 
There is a vast array of evidence that radiant energy appears 
usually, if not always, in discrete particles; there is a tendency 
to abandon the ether. 

Chwolson should not be blamed for not taking toward the 
ether that attitude which has not yet ripened thoroughly and 
which was scarcely budding when the translation of his book 
began; rather should he be blamed if he had adopted it in place 

.of the straight Maxwell theory, which even yet is none too 
clearly appreciated by the students to whom the author is 
talking. We cannot, however, withhold an adverse comment 

* Yale Psychological Studies (1899), and his elaborate volume in the 
Yale Bicentennial Series (1901). 
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from the attempt to determine the density of the ether as about 
107; there are arguments (in England) just as valid for a 
density greater than the reciprocal of this; the whole subject 
is too far from settled to be given an apparently final con- 
clusion in a text like this. 

Much as we might desire to carry our review of this second 
volume along with the detail granted to the first, a detail which 
the work fully merits, we must refrain on account of the lengths 
to which it would lead. Moreover, the author has not been se 
often nor so vitally interrupted in his exposition by mathe- 
matical additions of the editors, and the text therefore appears 
so much more natural and homogeneous that comment is 
notso necessary. Finally, this volume on radiant energy and 
optics cannot readily and safely be judged apart from the sub- 
sequent presentation of electromagnetic theory in the fourth 
volume which we have not yet seen in completed form. We 
shall therefore run on rather rapidly, stopping merely to point 
out the general course of the development. 

The start is strictly physical, with its description of the 
ether, of electric discharges and waves, of luminescence, and of 
radiation from hot bodies. Stefan's law, coefficients of ab- 
sorption and emission, Kirchoff's law, Wien's law, Planck’s 
formula, and the pressure of light are then treated. In dealing 
with the velocity of light the difference between wave velocity 
and group velocity is mentioned, as it should be. There is 
then a transition to:topies in geometrical optics, reflexion, 
refraction, and the theory of mirrors and lenses. The facts 
about the index of refraction, including the case of metals, are 
presented with reference to various formulas which are stated 
without derivation. The subject is logically continued into 
dispersion and a lengthy discussion of spectrum analysis. 
There is a note by de Gramont on modern methods of spectrum 
observation. 

After treating the transformation of radiant energy (fluores- 
cence, phosphorescence, photography) and the measure of 
rediant energy (photometry, actinometry), the author goes 
over to optical instruments (microscope, telescope, and the 
like), the elements of physiological optics, and atmospheric 
opties. Not until then does he come to interference, and 
later to diffraction. "These subjects, however, are covered in 
detail in some 120 pages. There is nothing of mathematical 
theory except & short note by the translator on retarded 
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potentials and their application to problems in diffraction. In 
setting forth the phenomena connected with polarization the 
usual rather numerous trigonometric formulas are given with- 
out any complicated mathematical analysis. The translator, 
however, adds a note on Green's theory of reflexion and refrac- 
tion based on the notion of an elastic medium and following 
Lord Kelvin's presentation in his Baltimore lectures. In this 
connection there is a short section on the gyrostatic theory of 
light. 

The various sorts of elastic solid theory of light which have 
been developed from Green to Kelvin, have undoubtedly had 
very eminent adherents, have still & prominent place in 
optical theories of the more mathematical kind, and have 
certainly exercised a great influence over the development of 
optics. "Their historical prominence is therefore such that 
they cannot be ignored. But it is difficult to repress the 
feeling that they have little place in the present work. And 
this for at least two reasons. First they were pretty thoroughly 
demolished by Gibbs's comparison of Kelvin's work with the 
electromagnetie theory. Second they do not accord with the 
strictly modern, maxwellian, point of view of the author. It 
may be that this discord will be remedied in the fourth volume. 
We should not have mentioned the matter were it not for the 
rather elaborate extension of old fashioned theories in the 
following treatment of crystalline opties. It may not be amiss 

‘further to state that from an elementary, though rather ab- 
stract, point of view it would have been better at this point 
to have founded the theory of light upon Gibbs's almost 
kinematic discussion of a wave motion in a fine grained 
medium. This too would have been somewhat nearer to the 
method of Boussinesq who, though generally ranked among 
the elastic solid theorists, is really very careful to indicate 
the ways in which the ether fails to act as a solid and to avail 
himself of general physical reasoning more or less independent 
of elastic theories. 

The author's final three chapters on double refraction, inter- 
ference of polarized light, and rotation of the plane of polariza- 
tion, eovering &bout 200 pages, are like most of the volume 
chiefly descriptive. Such subjects as accidental anisotropy 
and liquid crystals are not forgotten or slighted. The wonder 
is how Chwolson could so thoroughly and acceptably have 
collected and arranged and set forth such a vast variety of 
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physical.phenomena and theories as appear in the first half 
of his work: We must reserve the second half for notice at 
another time. 

The volume should close here, but does not. For there is 
a note of 225 pages of the most mathematiéal character by the 
two Cosserats on the theory of deformable bodies. Even 
more than their note in the first volume is this wholly out of 
place, a worse than vermiform appendix. If the substance of 
these notes were unimportant, we could ignore them; but 
as they contain material which forms a distinct contribution 
to theoretical analytic mechanics, we shall try to give our 
readers an idea of their content at an early date. . 

From the numerous adverse comments which we have 
passed upon Chwolson’s two volumes it might appear that we 
were not pleased with them. This is not so. We have found 
all the fault we could (a great deal of it with the editors’ addi- 
tions) in the hope that in future editions our criticisms might 
perhaps be productive of improvements. But without any 
changes the work is a masterpiece, and one that we should be 
glad to see not only in physical libraries but upon the shelves 
of our mathematical seminar rooms, to the end that our 
students of mathematics might readily avail themselves of 
its interesting and readable and broadening contents. 

Epwin B. Wisor. 


MASSACHUSETTS INSTITUTE op TECHNOLOGY, 
Boston, Mass. 


ARITHMETIQUE GENERALE. 


Je trouve dans le Botten (Mars, 1912) un compte-rendu 
de mon livre Arithmétique générale. 

Je crois nécessaire et de mon droit de rectifier une grave 
erreur du critique. Mon arithmétique n’est pas du tout un 
corollaire de la physique. J’ai dit au contraire que la 
mathématique pure doit étre à mon avis une préface de la 
physique. Cela veut-il dire que la mathématique doive étre 
une science expérimentale? Nullement. Orle critique donne 
à entendre que ce soit là ma façon de penser. Il dit que je 
démontre mes théorémes fondamentaux en me servant de 
"remarques faites expérimentalement sur la nature des 
grandeurs” et le lecteur de ce compte-rendu doit s'imaginer 
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que ces grandeurs sont des grandeurs physiques, c ou naturelles, 
Cela est absolument faux. 

Le critique & lu ma préface, mais il n'a pas lu le livre. 
Sans quoi il n'aurait pas traité ma théorie de “naïveté.” Je 
suis aussi rigoristé que n'importe qui, et je serais le premier a 
traiter, non de naif, mais de farceur, celui qui prétendrait 
baser la mathématique, science de raison, directement sur la 
physique, science expérimentale. 

e En réalité j'ai pris pour base de mon Arithmétique générale, 
le rapport de deux grandeurs géométriques de même espèce: 
deux segments de droite, deux angles, deux fuseaux d'une 
méme sphére, deux parallelépipédes rectangles de méme base, 
etc. (voir à ce sujet, ce que j'ai dit au No. 3, page 2). 

J'ai reconnu, depuis la publieation de mon livre, que je 
n'ai fait que reprendre d'une facon plus compléte la base 
posée par Duhamel.* Celui-ci appelle rapport de deux gran- 
deurs, leur manière d’être relative. C’est exactement la 

. méme idée que celle que j'ai développée. Mon arithmétique 
est donc basée sur la géométrie euclidienne, et non sur la 
physique. Il est vraiment étonnant que ce qu'on appelle 
"Tadmirable théorie des proportions d'Euclide, la précision 
et la netteté remarquables de Duhamel, et l'admirable théorie 
des quaternions de Hamilton, deviennent des naivetés quand 
elles sont exposées par Dumont. (Voir à ce sujet, l'Encyclo- 
pédie des sciences mathématiques, tome I, volume I, fascicule 
1, pages 134 et 135). 

M. Lennes n’a pas lu mon livre. Il est resté hypnotisé 
devant une réflexion que j'ai émise dans ma préface à propos 
de la définition d'une somme géométrique de vecteurs. J'ai 
dit que cette définition n'a pas été choisie au hasard, ni afin 
de satisfaire au principe de permanence de Hankel, mais 
bien afin de pouvoir étre utilisée en mécanique pour la com- 
position des forces, des vitesses, etc. 

Cette réflexion m'avait paru utile à dire, parce que j'avais lu 
peu auparavant un ouvrage de M. Dassen: “Des quantités 
mathématiques” où cet auteur explique que si l'on a choisi la 
définition de la somme géométrique des vecteurs telle que 
chacun la connait, c'est afin de pouvoir intervertir les termes, 
comme dans toute somme: AB t CD = CD + AB. Eh 
bien, en voilà une de naïveté! Car si l’on veut jeter un coup 


* Des méthodes dans les sciences de raisonnement, pp. 02-75. 
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d'oeil sur, la théorie des quaternions, on y rencontrera une 
somme géométrique d'angles (ou d’arcs de grand cercle sur 
une sphére), somme qui n'est pas commutative, et qui est 
l'angle d'un produit de quaternions. 

Et c'est cette malheureuse réflexion oü j'ai parlé de forces, 
qui a faussé toute la compréhension que M. Lennes s'est faite 
de ma théorie. 

Il n'a pas vu que j'ai tout simplement adapté à tous les 
nombres, nombres absolus, nombres qualifiés et nombres com 
plexes, les définitions qu'Hamilton avait créées pour les 
quaternions. 

Lorsque j'ai parlé d'expérience, j'ai également été mal 
compris. Il ne s'agit d'expériences à faire sur des grandeurs 
physiques, il s'agit de l'expérience, de la connaissance que le 
penseur a du monde qui l'environne. Or la géométrie est 
précisément l'image idéale de ce monde. L'homme l’a créée 
afin de pouvoir plus facilement étudier l'univers. Et c'est 
donc la géométrie, science rigoureuse, que j'ai prise comme 
base essentielle de mon Arithmétique, afin que l'arithmétique 
concours immédiatement, comme la géométrie, à l'étude de 
l'univers. 

Les théories arithmétiques des logiciens ne peuvent satisfaire 
un esprit hanté par le probléme de la rotation de la terre dans 
le champ magnétique du soleil. Ces théories elles-mémes 
qui se piquent d'étre pures de tout compromis avec les notions 
expérimentales (physiques) poursuivent une utopie et se ber- 
cent d'ilusion. Voici en quoi. Elles se bercent d'illusion 
en ce sens que toutes ces théories reposent sur la notion 
d'ordre. La premiére définition, pierre fondamentale de tout 
Védifice, est la suivante: On appelle nombres entiers, une 
suite de mots ou de signes se succ&dant dans un ordre carac- 
téristique, arbitrairement choisi une fois pour toutes. Ces 
signes n'ont aucune signification par eux-mêmes. Ainsi 5 est 
le signe qui suit 4 et qui précéde 6. Rien de plus. La suite 
commence au caractere 1: ' 


1. 2. 3. 4. 5. 6. 7. -... 


Eh bien, dire que 5 vient aprés 4, ou suit 4, ou succède à 4, 
ou est à droite de 4, c'est faire appel àla notion temps! ou à 
la position des organes dans le corps humain (la droite et la 
gauche). : 

Les autres définitions, fraction, nombre irrationnel, nombre 
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qualifié, nombre complexe, c'est-à-dire, tous groupes de deux 
nombres écrits dans un ordre caractéristique, font également 
appel à cette notion d'ordre, c’est à dire, de temps. C’est, je 
pense, ce qui avait fait dire à Gauss que l'arithmétique est la 
Science du pur temps. 

C'est enfin une utopie que de prétendre émettre des pensées 
débarrassées des concepts fondamentaux que le monde oü 
nous vivons a mis dans notre conscience; pensées qui n'en 
sont, que le produit, synthétisé grâce à notre mémoire con- 
sciente ou non. 

Pour en revenir à ma méthode, je dirai que je suis aussi 
désireux que n'importe qui, de découvrir oà se cachent des 
trous dans mes démonstrations, et le cas échéant, comment il 
faudrait les combler. Malheureusement les critiques n'ont 
pas le temps de lire consciencieusement les livres qu’ils doivent 
analyser. Il en est en mathématique comme dans les salons 
bien fréquentés: Chacun ne s'intéresse à la conversation que 
pour la part qu'il y prend. 

J'espére que vous voudrez bien insérer cette réponse à votre 
compte-rendu, et que M. Lennes reconnaftra de bonne foi 
qu'il c'est trompé quant à la valeur scientifique de mon point 
de départ. 

E. Dumont. 


I do not deem it necessary to refer in detail to the strictures 
which Professor Dumont has made on my recent review of his 
Arithmétique générale. I need only to repeat that there are 
no explicitly stated postulates in the book, that what are usu- 
ally regarded as such in arithmetic are proved as theorems by 
general reference to statements about magnitudes in general. 
"These statements about magnitudes in general are obtained 
quasi-inductively from geometric considerations. In this 
sense the book is truly naive, and in this sense Hamilton's 
treatment may well be regarded as naive. ' 

N. J. LENNES. 
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SHORTER NOTICES. 


The Theory of Determinants in the Historical Order of Develop- 
ment. Volume II: The period 1841 to 1860. By Tomas 
Mère, Superintendent-General of Education in Cape Colony. 
London, Macmillan and Company, 1911. xvi + 475 DP. , 


Tue general arrangement of the present volume is similar 
to that of volume I, which appeared in 1906 and was reviewed 
in the BULLETIN, volume 13 (1907), page 244. It is composed, 
mainly, of a list of books and articles which appeared during 
the twenty years from 1841 to 1860, and of brief remarks on 
their contents. A chapter is assigned to each of the following 
thirteen special forms: axisymmetric determinants, alternants, 
compound determinants, recurrents, Wronskians, Jacobians, 
skew determinants, orthogonants, persymmetric determinants, 
bigradients, Hessians, circulants, and continuants. The last 
chapter deals with less common forms,—including perma- 
nents, determinants with complex elements, determinants 
connected with anharmonic ratios, and Sylvester's unisignant. 

The first two chapters of the book are devoted to deter- 
minants in general and cover 108 pages. In the chapter on 
continuants the author has gone beyond the limits to which 
he confined himself in the other parts, by pursuing this sub- 
ject up to 1870. Articles and books which relate to different 
forms are considered under each of the forms with which they 
have direct contact, and hence the same work is often listed 
and considered in a number of different chapters. The book 
closes with a list of the 87 different authors "whose writings 
are reported on," but there is no subject index. Such an 
index would have been especially useful in view of the large 
number of different terms employed by the various authors 
whose writings are considered. 

It was more than thirty years ago that Muir began the 
collection of the material which has served as a basis for the 
present work, and his extensive lists of writings on deter- 
minants, which have appeared in the Quarterly Journal of 
Mathematics, volumes 18, 21, and 36, are well known. Hence 
one does not expect to find many omissions in a work relating 
to the comparatively short period considered in the present 
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volume. It seems, however, that a history of determinants 
during this period should not fail to mention Weierstrass— 
especially his article which appeared in 1858 in the Berliner 
Berichte.* In the history of Hermitian determinants (page 
449) reference should also have been made to the articles by 
Hermite which appeared in volume 47, page 345, and in 
volume 53, page 183, of Crelle. : 

What appears to the reviewer as the most serious defect 
4n the present work results from the fact that the chronological 
arrangement of the articles is frequently based solely on the 
dates printed at the end of the articles, without any reference 
tothedateof publication. Forinstance, Spottiswoode's mem- 
oir entitled “Elementary theorems relating to determinants, 
second edition," which appeared in Crelle in 1856, is classed 
with the papers which appeared in 1858. The unreliability of 
the dates at the end of articles was discussed by Eneström in 
the Bibliotheca Mathematica, volume 5 (1904), page 196; and, 
in this instance, Enestróm seems to agree with Cantor's dictum, 
“da die Geschichte unwiderruflich die Veröffentlichungszeit 
als allein massgebend betrachten muss, wo Erstlingsrechte zu 
vergeben sind . . ."f Itseems to the reviewer that there is a 
growing tendency to omit dates at the end of articles and he 
believes that this 15 desirable. 

Among the few minor errors which the reviewer has noticed 
is one on page 206 relating to the date of an article by Bazin, 
entitled “Sur une question relative aux déterminants," which 
appeared in Liowville, volume 16 (1851). This article is classed 
in the present volume with those of 1854 and the date 
assigned to it is April, 1854. .The number of minor errors 
seems, however, small; and, while the reviewer does not con- 
sider the present volume to beas complete and useful as volume 
I, yet it must be regarded as an important addition to the 
literature on determinants, and it involves a large amount of 
interesting information in a fairly convenient form. The fact 
that its author is continuing his mathematical work notwith- 
standing his administrative duties is an element of inspiration. 


G. A. MILLER. 
* Cf. Pascal's Repertorium, vol. 1 (1910), p. 68. 


1 Cantor, Vorlesungen über Geschichte der Mathematik, second edition, 
vol. 2 (1900), p. 811. 
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An Introduction to the Lie Theory of One-Parameter Groups with 
Applications to the Solution of Differential Equations. By 
Dr. AsnagaM Comen. D.C. Heath and Company, 1911. 
vii + 248 pp. 

Tue theory of continuous groups has become a subject of 
such general importance, and constitutes a method of such 
great power, that every attempt to render it more easily 
accessible should be received gratefully. One of the advan- 
tages of the Lie theory is its elementary character, in so far 
as a large portion of it may be developed with very modest 
prerequisites. So much the more must we welcome a book 
which enables us to present this subject to undergraduate 
classes in our own language. It is always a serious thing to 
complicate matters for the younger students by adding lin- 
guistic to their inevitable mathematical difficulties. The 
large works of Engel and Scheffers on Lie’s theory are written 
with admirable pedagogic insight, so that there would be 
little need of such a book as this in German. But the only 
larger English book on the subject, that by Campbell, is far 
from being a paragon of lucid exposition. The little book by 
Page is hardly extensive enough to serve the purpose of more 
than a mere introduction. 

There is then a real field for such a book as Dr. Cohen’s. 
We feel, however, as though the author had overemphasized 
the differential equation part of the theory. Still, that is a 
matter of taste. 

The book is divided into seven chapters and an appendix. 
The first chapter naturally begins with the definition of a group 
of transformations, infinitesimal transformations, invariants, 
path curves, canonical variables, etc. In Chapter II these 
notions are applied to differential equations of the first order 
in connection with the theory of the integrating factor. The 
third chapter has the heading Miscellaneous theorems and 
geometrical applications, and deals among other things with 
isothermal curves. Chapter IV is on differential equations 
of the second and higher orders, and introduces the notion ' 
of n-times extended group. Chapter V is devoted to linear 
partial differential equations of the first order, while Chapter VI 
returns to ordinary differential equations of the second order. 
Chapter VII finally is on contact transformations. In the 
appendix are developed a number of the more difficult parts 
of the general theory, these matters being referred to in the 


\ 
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proper place in the main body of the text. Besides, the ap- 
pendix contains two tables to serve as an aid: in properly 
classifying and integrating differential equations. 

The book is well written and is well adapted as a general 
introduction to Lie's theory. As already indicated, the too 
systematic treatment of differential equations from this 
point of view appears to the reviewer to be a defect. It is 
one thing to recognize that Lie's theory is capable of bringing 
«some order into the haphazard methods of the elementary 
theory of differential equations; but is is quite another to use 
Lie's theory as a strait Jacket which every differential equation 
must be made to fit. 

And now for a few points of detail. "The author's definition 
of a one-parameter group is rather clumsy, as & result of the 
unfortunately so common desire to put it all into one sentence. 
The two parts of remark 1 on page 7 are not obviously con- 
nected. The true reason for the validity of remark 1 is to 
be found in the latter part of remark 2. Although the author 
speaks everywhere of one-parameter groups, he really means 
such groups as are generated by an infinitesimal transformation. 
At least, & number of his theorems are not true for mixed 
groups. On page 176 in deriving the condition for a “union 
of lineal elements" he neglects the case where the union con- 
sists of the elements of a fixed point. The printing is well 
done. 'The reviewer has noticed only & few misprints. On 
page 45 last line read — An instead of + An. Page 177 in 
Ex. 5 read — cotí instead of — cost. Page 188 just above 
equation (130^) read characteristic instead of charactertisic. 

À rather confusing feature is the use of two different scarcely 
distinguishable fonts for the same letters, as on page 24. There 
is no necessity for this. It seems a pity that the publishers 
have not seen fit to give the book a wider margin. The binding 
also is none too good. 

E. J. WILCZYNSKI. 


Abriss der Algebra der Logik. Bearbeitet im Auftrag der 
Deutschen Mathematiker-Vereinigung von Dr. EUGEN 
Mier, Professor an der Oberrealschule zu Konstanz. In 
drei Teilen. Erster und Zweiter Teil. Leipzig und Berlin, 
B. G. Teubner, 1909-1910, 159 pp. 8 marks. 

ALMOST from the days of Boole an ever-increasing need has 
been felt for an elementary introduction to the growing subject 


H 
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of the algebra of logic. "There have been numerous extended 
and more or-less exhaustive treatises on the subject, notably 
that of Dr. Ernst Schróder, but few of an elementary char- 
acter.* 'The present work has the name of Dr. Schróder at 
the top of title page and was inspired by the references in 
several places in Schróder's Vorlesung to a proposed “ Abriss.” 
The first part, which serves as an introduction, was partly 
prepared from an outline and manuscript fragments left by 
Schröder. The first twenty pages are given up to the ele» 
mentary introduction to the ideas, terms, and symbols used. 
The standpoint used here is that of the algebra of propositions 
or implications. This part of the book is rather diffuse and 
the entire work contains much that is obvious, and could be 
condensed with advantage. This is probably intended to 
appeal to the non-mathematical or'philosophical reader. The 
Seven axioms on which the subject is based are given on pages 
twenty and twenty-one. This part is interpreted from the 
standpoint of the algebra of inclusion or classes or of incident 
regions, and the. two phases are treated from this point on 
in parallel. 
The axioms are as follows: 


I. a Æ a, Identitäts- oder Tautologieaxiom. 

II. (a Æ b)(b Æ e) Æ (a Æ o), Subsumtionsschluss. 

III. (a Æ b)(b Æ a) = (a = b), Gleichheitsdefinition. 

IVX. 0 # a, Nullpostulat. IV+. a = 1, Einspostulat. 

V. 1 € 0 Existenzpostulat. 

VIX. (x € a)(x Æ b) = (x Æ ab), Produktdefinition. 

VI+. (a € y)(b Æ y) = (a+b € y), Summendefinition. 

VII X +. (a-d-2)(à4- 3) = z = az + az, Negations- oder 
Distributionsprinzip. 


These axioms are explained and some alternate axioms are 
given in the next five pages. "The rest of part one (to page 50) 
is taken up with the deduction of theorems which are the 
immediate conséquences of these axioms. Most of the rela- 
tions in part one are expressed in terms of the asymetrical 
sign of implication or inclusion uncer the general term of 
“subsumption” (Æ), and the sign of equality is defined by 
` Axiom III in terms of the sign of subsumption. There is a 
logical fallacy involved' here in using the equality sign in its 





* Except the work by Couturat I know of no other.of a general character. 
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own definition.* A better definition would be composed of 
the two partst . 


(a — b) € (a € b)(b € a), and (a €b)(b € a) € (a = b). 


The equality sign is used however before Axiom III is given. 
In part two, Aussagentheorie, Funktionen, Gleichen und Ung- 
leichen, the author derives and discusses at length the general 
formulas for the symbolic sum and product, and the methods 
vf substitutions and reduction of symbolical functions with the 
methods of elimination and solution of the general symbolical 
equation. This part is quite extensive and there is much that 
1s obvious. 

One good feature of the work, at least from the standpoint 
of the mathematician, is the numerical or algebraical examples, 
illustrative of the general theory, used throughout the book. 
The Abriss on the whole is & very creditable piece of work 
and cannot but help arouse interest in the algebra of logic. 
No serious errors occur, but there are some obvious misprints 
of the type found in line three, page thirteen, where a in the 
last parenthesis should be o. 

L. I. Nemme, 


Cours d’Astronomie. Premiére partie: Astronomie théorique. 
Par H. Anpoyer. Deuxième édition entièrement refondue. 
Paris, Librairie scientifique A. Hermann. 383 pp. 


T first edition of this work in hectographed form has been 
reviewed in volume 13, number 10, of the Burzerin.t The 
second edition is much enlarged, almost doubled in size. The 
number of chapters is increased from fifteen to nineteen. The 
work in its present form is subdivided into four large sections, 
or books, of which the first is of & more analytical character. 
The transformation of coordinates with common origin— 
spherical trigonometry—is given with considerable complete- 
ness; to it is added the transformation for different origins 
and parallel systems of axes—the analytical basis for parallax 
and aberration. The second book defines the adopted systems 
of coordinates in astronomy, the concepts of sidereal and solar 

*A similar fallacy is evident in axiom VIX. It would be difficult to 
avoid this in a simple way. 

TA combination of his IH’, III" and III". 


tSee also the review of the second part, by Professor Longley, Bur- 
LETIN, vol. 15, pp. 467-468. 
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time, and.gives, as an application of the theories of the first 
book, the theories of parallax and aberration themselves. This 
book contains likewise some fundamental notions about 
geodesy, which is in proper bearing with the greater extent 
with which the theory of spherical trigonometry has been 
given in this work. That the theory of refraction is likewise 
included in this second section is of course due to the fact that 
the correction for refraction comes, in the order of application, 
even before those for parallax anc aberration. The third. 
book opens with a rather complete study of certain fundamental 
notions of celestial mechanies whick are made use of in the 
theory of precession and nutation and of time, all of which 
theories are set forth in this section. "The geocentric motions 
of planets and satellites, including the moon, complete the 
third book; their inclusion, in the text before us, is much to be 
commended, since the older textbooks on this subject give 
almost no attention to them. Inasmuch as observations of 
eclipses of moon and sun and occultations of stars define 
certain directions in space, to which the usual corrections are 
to be applied, the last section of the work is devoted to their 
theories. .Moreover the theory of transformation of co- 
ordinates finds 3n the prediction of the times of eclipses an 
extensive field of application. 
The name of the author and the reputation of the publish- 

' ing house are from the start sufficient guarantees for the 
excellent character of the book. As far as has been possible 
to ascertain, typographical errors of any importance seem to be 
happily avoided; that the types for the fractional lines have 
not always been. perfect is perhaps the only criticism one can 
make of the typographical appearance of the book. The 
introduction of a general index and copious references at 
the end of chapters would have been a distinctive improve- 
ment; as it stands, the beginner is likely to miss the historical 
setting, and permit himself to be carried too much by the “ipse 
dixit" of the author. It is believed that the mathematician, 
interested in the subject, will find Professor Andoyer’s book ex- 
` tremely attractive, since everywhere the underlying mathemat- 
ical principles are strongly brought into the foregound. His 
attention is especially called to the chapter on refraction, in 
which Radau's presentation is given in preference to those 
of Laplace, Bessel, or Ivory. A simple reference to Bruhns's 
Atmosphärische Strahlenbrechung would have supplied the 
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reader with a pretty complete literature of this highly inter- 
esting subject. : . 

The reviewer would have liked to see a chapter on inter- 
polation and related subjects form part of the book, since 
an intelligent use of the Ephemerides is not to be thought of 
without a mastery of this topic. The astrophysicist will 
be somewhat disappointed by not seeing the transformation 
of velocities included in the third chapter of the book. The 
student interested in the photometric measurements of the 
satellites of Jupiter after Pickering and Sampson might well 
claim that the theory of the photometric eclipses is surely as 
important as the passages of Mercury and Venus over the 
disc of the sun, to which the author has devoted 8 pages. 
Finally in the subject of differential refraction a recogni- 
tion of the peculiar formulas for measurement of photographic 
plates might not have been entirely out of place. 

Kurt Laves. 


NOTES. 


AT the meeting of the Edinburgh mathematical society on 
May 10 the following papers were read: By W. P. Milne, 
"Investigations on circular cubics and bicircular quartics”; 
by G. Teixeira, “Notice sur les recherches de Maclaurin con- 
cernant les cubiques circulaires”; by H. T. Pioggio, “Note on 
linear differential equations with constant coefficients." 


Tue annual meeting of the Deutsche Mathematiker- 
Vereinigung will be held in affiliation with the eighty-fourth 
convention of German naturalists and physicians at Münster 
in Westphalia September 15-21 under the presidency of 
Professor W. v. Dycx. While papers in other subjects will 
be welcome, particular emphasis will be put upon reports and 
‘new contributions to, the theory of differential geometry. 
Information regarding the meeting can be obtained from the 
secretary, Professor A. Krazer, Karlsruhe, Westendstrasse 57. 


Tue Macmillan Company announce the publication during 
the summer of a work on the calculus by Professors E. W. 
Davis and W. C. BRENKE, of the University of Nebraska. 


THE second volume of Professor J. Prerponr’s Theory of 
functions of a real variable is in press and will be published by 
Ginn and Company in July. 
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Henry. Holt and Company announce as in preparation a 
work on analytic geometry of space by Professors Virgil 
SNYDER and C. H. Sısam. 


University OF Micæi@an. The following advanced 
courses in mathematics are announced for the academic year 
1912-1913: By Professor W. W. Beman: Advanced calculus, 
two hours; Higher plane curves, two hours, second half-year; 
Linear differential equations, two hours, second half-year.— 
By Professor ALEXANDER ZrwET: Theory of potential, three 
hours, first half-year; Hydrodynamics, two hours; Vector 
analysis, three hours, second half-year; Integral equations, 
two hours, second half-year.—By Professor J. L. MARKLEY: 
Theory of functions I, three hours; Theory of functions II, 
two hours.—By Professor J. W. GLovER: Seminary in prob- 
abilities, two hours.—By Professor W. B. Forp: Harmonic 
analysis, two hours; Infinite series and products I, two hours; 
Infinite series and products IL, two hours. —By Professor 
PETER FreD: Theory of twisted curves and surfaces, two 
hours; Advanced mechanics, three hours. 


Proressor J. Hapamarp has been appointed professor of 
mathematical analysis at the Ecole polytechnique of Paris, as 
successor to Professor CAMILLE JORDAN, retired. 


THE Göttingen academy has awarded M5,000 from the 
Wolfskehl foundation to Professor E. ZERMELO, of the Uni- 
versity of Zurich, for his researches in the theory of sets. 


Dr. L. SCHRUTKA, of the technical school of Vienna, has 
been appointed associate professor of mathematies at the 
German technical school at Brünn. 


Tue University of Colorado has conferred the honorary 
degree of doctor of laws on Professor FLORIAN CAJORI, of 
Colorado College. 


PROFESSOR VIRGIL SNYDER, of Cornell University, has been 
granted leave of absence during the first half of the academic 
year 1912-1913, which he will spend in travel abroad. 


AT the University of Minnesota, Professor H. T. Eppy, 
head of the department of mathematics and mechanics of the 
college of engineering and dean of the graduate school, has 
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retired from active service. Professor W. E. Brooxr has 
been appointed to succeed Professor Eddy. 'Dr. W. F. 
Horman has been appointed to a professorship of engineering 
mathematics, to succeed Professor A. E. Haynes, retired. 


CATALOGUES of second-hand books: Henry Sotheran and 
Co., 140 Strand, London, catalogue 725, mathematics and 
allied subjects, about 2,000 titles.—G. E. Stechert and Co., 
491 West 25th Street, New York, scientific journals and 
proceedings, about 700 titles.—Emile Blanchard, 10 rue de la 
Sorbonne, Paris, catalogue 65, 1,167 titles in pure and applied 
mathematics. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 
Bzaanorz (O. A.). Die Losung des Fermatschen Problems z^ + y^ = 2°. 
Dessau, Art’l, 1912. 8vo. 19 pp. M. 1.00 


BLencx (G.). Untersuchungen über das Amiotsche Theorem bei den 
Flachen zweiter Ordnung und uber Erzeugungsarten des elliptischen 
Kegels. (Diss.) Rostock, 1911. 8vo. 91pp. 


Brumm (B.). Ueber konjugierte Kurven und Flächen. (Diss) Konigs- 
berg, 1911. 8vo. 89 pp. 


Béaur (R.). S etrische Involutionen und fokal getrennte Geraden. 
(Progr.) amburg, 1912. 8vo. 56 pp. 


Brcar (R.). See DuPoncq (E.). 
Burawi-Fortr (C.). Corso di geometria analitico-proiettiva. Torino 


Gallizio, 1912. Svo. 7+268 pp. Cloth. L. 8.00 
Carstaw (H. Hi An introduction to the infinitesimal calculus. 2nd 
edition. London, Longmans. 8vo. 4s, 


Cumuntrzer (B.). Die kürzesten Linien auf der Kreisringflache. Iter 
Teil. (Progr.) Chemnitz, 1912. 4to. 19 pp. 


Crurcozur (A. J. M.) Cours d'analyse infinitésimale. 3e partie: 
Calcul des probabilités ou théorie analytique du hasard. 2e édition 
revue et augmentée. Liège, Béranger, 1911. Svo. 253pp. F. 7.00 

DzpmkmD (R.). Stetigkeit und irrationale Zahlen. Are, unveränderte 
Auflage. Braunschweig, Vieweg, 1912. 8vo. 74-24 pp. M. 1.00 


———. Was sind und was sollen die Zahlen? 3te, unveranderte Auflage. 


Braunschweig, Vieweg, 1012. 8vo. 21-58 pp. M. 1.80 

Duroncq (E.). Premiers principes de métrie moderne. 2e édition, 
revue et a entée par R. Brin . Paris, Gauthier-Villars, 1912. 
8vo. 7+175 pp. 


Eczeraanpr (F.). Differential- und Integralrechnung. Wien, Pichler, 
. 1912, M. 0.85 
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.EwcYoLoP$prs des sciences mathématiques pures et appliquées. Edition 
frangaise., Tome I. 2e volume: Algèbre. Fascicule 4: Théorie 
des tormes et des invariants, par F. W. Meyer et J. Drach. Teipzig 
Teubner, 1912. 8vo. Pp. 425-520. 60 


. Heinrich Weber zu seinem 70. Geburtstag am 5. done 
1912. Gewidmet von Freunden und Schülern. Mit einem Bildnis 
von H. Weber. Leipzig, Teubner, 1912. M. 24.00 


Funk (P.). Ueber Flächen mit lauter geschlossenen geodätischen Linien. 
(Diss.) Gottingen, 1911. 8vo. 22 pp. 

GYR (w. X). Die Polaren der Lemniskaze. (Diss. Bern, 1911. 8vo. 
59 pp. 

HxrrrER (L.). Ueber eine vierdimensionale Welt. (Öffentliche Antritts- 
rede.) Freiburg, Speyer und Kaerner, 1012. 8vo. 26 pp. M. 0.90 


Harte (C.). Oeuvres, publiées sous les auspices de l'Académie des 
sciences, par E. Picard. Tome III. Paris, Gauthier-Villars, 1912. 
8vo. 528 pp Fr. 18.00 


KwxsxR (A.). EET und Natur. (Rektoratsrede.) Breslau, 
Trewendt und Granier, 1912. 8vo. 14 pp. M. 0.50 


LeMessurrae (T. A) Key to W. W. Johnson's Differential Equations. 
New York, Wiley, 1912. 8vo. 64-125 pp. $1.75 


MacNmmnH (H. Di Linear polars of the k-hedron in n-space. Bi 
Chicago, University of Chicago, 1012. 8vo. 32 pp. 


. NEUMANN (R.). Die Entwickl wilkürlieher Funktionen nach den 
Hermi en und Lague en Orthogonalfunktionen auf Grund 
der Theorie der Integralgleichungen. (Diss) Breslau, 1012. 8vo. 
111 pp. 

NOTARBARTOLO (G.). Metodo rapido con semplici addizioni per la co- 

: struzione di tavole delle potenze di numeri della serie naturale. Acqui, 
Tirelli, 1012. 8vo. 14 pp. 


—. Valore costante delle differenze dell’ n? ordine, eco. Torino, 
Unione tipografico-editrice, 1912. 4to. 10 pp. 

Prcanp (E.). See Here (C.). 

Ramer (R.) Polynomische Entwicklungen von Funktionen einer kom- 
plexen Variabeln. (Diss.) Basel, 1911. 8vo.. 85 pp. 


Ross (M.). Einleitung in die Funktionentheorie (Theorie der komplexen 
Zahlenreihen). (Sammlung Göschen, Nr. 581. ) Leipzig, Göschen 
1912. 8vo. 139 pp. Cloth. M. 0.86 


Sansona (G.). Sulle divisioni regolari dello spazio iperbolico in poliedri 
ponolari o 10 teiraedr, (Tesi di laurea.) Pisa, Nistri, 1911. 8vo. 
PP 
BSrEINHAUS (H.). Neue Anwendungen des Dirichlet’schen Prinzips. 
(Diss. Göttingen, 1911. 8vo. 45 po. 


Vengront (E.). Sui sistemi di fasci di reste che costituiscono complessi 
cubici. Pavia, Bruni, 1912. 8vo. 1€ pp. 


Wennn (H.) See FESTSCHRIFT. 


Wisner (F. W.). Elementare Beiträge zur neueren Funktionentheorie. 
(Diss.) Göttingen, 1911. 8vo. 40 pp. 
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Wıson (E. Di Advanced calculus. A text upon select parts of dif- 
ferential calculus, differential SE integral celeulds, theory of 
functions. Complete edition. Boston, Ginn, 1912! 8vo. 9+566 
PP. $5 00 

ZacasTEIN (P. G.). Die Regel des S ythagords und die Behauptung des 
Fermat. Berlin, Buschhardt, 1912. 8vo. 4 pp. M. 2.00 


I. ELEMENTARY MATHEMATICS. 


Bares (E. L.) and CmannEswonTH (F.). Practical mathematics and 
geometry. Part 2: Advanced course. New York, Van Nostrand, 
e 1912. 12mo. 776 pp. $1.50 


Bôcaer (M.). Graduate work in mathematics in universities and in other 
institutions of like grade in the United States. (International com- 
mission on the teaching of mathematics.) Washington, 1911. 


“Bourtet (C.). Algèbre. lre, 2e et 3e années. Paris, Hachette, 1912. 
16mo. 228 pp. Cartonné. Fr. 2.00 


BURKLEN (O. T). Aufgabensammlung zur analytischen Geometrie der 
Ebene. 2te, verbesserte Auflage. (Sammlung Goschen, Nr. 256.) 
Leipzig, Göschen, 1912. 8vo. 175pp. Cloth. M. 0.80 


CHARLESWORTH (F.). See Bares (E. L.). 


Comwissamms (H.). Leçons d’algèbre. Classes de 2e C et D. Paris, 
Masson, 1912. 8vo. 8-+270 pp. Fr. 3.00 


Crosara (L.). "Trattato di geometria piana. 2a edizione. Torino, 
Paravia, 1911. 8vo. 74-155 pp. L. 2.00 


Darw (A.). 2000 théor&mes et problèmes de géométrie avec solutions. 
Namur, Wesmael-Charlier, 1912. 8vo. 8-4825 pp. Fr. 15.00 


et Ds Wang (C.) Cours de géométrie. Geometrie plane. 3e 
édition. Namur, Wesmael-Charlier, 1912. 8vo. 328 pp. Fr. 2.75 


FarrorER (A.). Elementi di geometria. 17a edizione. Venezia, Sorteni 





e Vidotti, 1911. 8vo. 533 pp. L. 4.00 
— D libro di geometria. 4a edizione. Venezia, Sorteni e Keck: 
1911. Svo. 153 pp. L. 1.50 
Francais (M. Dg). Complementi di geometria. Palermo, Sandron, 1911. 
8vo. 215 pp. L. 3.00 


Fos (F. G.). See Hau (A. G.). 


HALL (A. G.) and Pa (F. G.). Trigonometric and logarithmic tables. 
New York, Holt, 1911. 8vo. 384-97 pp. $0.75 
Bann 8). A a algebra. Parts2and3. With answers. Eee 
——. A school ae Part 3. With or without answers. London, 
Macmillan, 8vo. 6d. 


Hocevar (F.). Lehr- und Uebungsbuch der Geometrie. 7te rs 
Wien, Tempsky, 1912. 8vo. 170 pp. Cloth. M. 2.80 


KosScHEMANN (O.) und Orren (K). Lehr- und Ueb buch fur den 
mathematischen Unterricht an Mittelschulen. 3ter Teil: Geometrie. 
Frankfurt, Diesterweg, 1012. 8vo. 262pp. Cloth. M. 2.40 


KUTNEWSEY (M.). See Mürrxzm (H.). 
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Lrg&TZMANN (W.) und ScHimmacx (R.). Berichte, St durch die 
Internationale Unterrichtskommission. Heft 7: Der Kongress in 
Mailand vom 18. bis 20. September, 1911, Si .làetzmann. Ueber 
die Verschmelzung verschiedener Zweige "dea mathematischen Unter- 
richts. Leipzig, Teubner, 1912, M. 1.60 


Menzer (F. G.) Elementarmathematik. Bearbeitet von A. Schulte- 
Tigges. Ausgabe B. Iter Teil: Syntketische Geometrie der Kegel- 
Schnitte. 2te, unveründerte Auflage. Berlin, Reimer, 1912.  8vo. 
94-72 pp. M. 1.50 

———. Elementarmathematik. Ausgabe B. 2ter Teil: Arithmetik, 
niedere Analysis, Trigonometrie and Stereometrie. 2te, unveränderte, 
Auflage. Berlin, Reimer, 1912. 8vo. 8-169 pp. M. 1.50" 


Moss (C. E.) and WxrrroN (W. Bi Mathematics and science. (Uni- 
versity Tutorial Series.) London, Clive. 8vo. 144 pp. Mes 


Mtzzer (H.) Die Mathematik auf den nase und eh 
Iter Teil 7te Auflage. Ausgabe B. Leipzig, Teubner, 1012. 8vo. 
84-208 pp. Cloth. M. 2.20 


——— und KurwEwsky (M.). Aufgaben aus der Arithmetik, dap 
metrie und Stereometrie. 2ter Teil. AusgabeB. 4te Auflage 
zig, Teubner, 1912. 8vo. 12+320 pp. Cloth. 3.00 
Orren (K.). See KoscuEMaNN (O.). 


PLETSCHINGER (Ll). Rechenlösungen auf der Grundlage des logischen 
und funktionalen Denkens. iberach, Dorn, 1912. 8vo. 8+232 


pp. Cloth. : M. 3.50 
Roser (H. A). Schnellrechentafeln, enthalsend die Produkte von 2 X 1 
bis 9 x 9999. Hamburg, 1912. 8vo. 85 pp. M. 1.60 


Scumnrack (R.). See LrgyzuANN (W.). 


ScHhmenL (C.). Lehrbuch der Stereometrie. Giessen, Roth, 1012. 8vo. 
11 pp. M. 0.60 


SCHUBERT (H.). Arithmetik und Algebra. 2te, durchgesehene Auflage. 
öter Neudruck. (Sammlung Göschen, Nr. 47.) Leipzig, Góschen, 1012. 


8vo. 171pp. Cloth. M. 800. 
SERRAZANETTI (G.). Elementi di algebra. Bologna, Zanichelli, 1912. 
16mo. 100 pp. L. 1.25 


Smoux und HELLER. Raumlehre und darstellende Geometrie. Bear- 
beitet von K. Hahndel. 4te Auflage. Wien, Tempsky, 1912. 8vo. 
211 pp. Cloth. M. 3.60 


SUPPANTSCHITSCH ). Lehrbuch der Geometrie, Trigonometrie und 


analytisoh en metrie. Wien, Tempsky, 1912.  8vo. Sog p 
Cloth. l , 440 


Swawwick (F. T.). Elementary trigonometry. Cambridge, ne 
. Press, 1911. 8vo. 259 pp. Cloth. $1.25 


Switzer (S. A). Practical geometry for schools. London, Methuen. 
8vo. 170 pp. ' 2n. 


War (C. Dg). See Date (A.). 
Warrton (W. Di See Moss (C. Ri 


WENZEL (G.). Lehrbuch der Arithmetik. Wien, Tempsky, Fe savo. 
302 pp. Cloth. 4.00 
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—. Lehrbuch der Geometrie. Wien, Tempsky, 1912. 8vo. 242 Pp. 
Cloth. ^ M. 3.50 


II. APPLIED MATHEMATICS. 
ADAMS (H.). The mechanics of building construction. New York, as 
mans, 1912. 8vo. 114-240 pp. 


——. Theory and practice in designing. New York, Longmans, 1911. 
8vo. 257 pp. Cloth. $2.50 


Barserot CR). Traité des constructions civiles. Paris, Béranger, 1912. 
8vo. 194-1158 pp. 


Banronznut (A.). See Van Laar (J. J.). 
Banus (C.). The production of elliptic interferences in relation to inter- 


ferometry. ashington, Carnegie Institution, 1911. 8vo. 64-77 
pP. 


Bówxs (H.). Zur mathematischen Theorie der Polarlicht-Erscheinungen. 
(Diss) Berlin, 1912. 8vo. 70 pp. 


BovwzraanD (G.). Sur les équations des petits mouvements de surface d'un 
fluide parfait. (Thése.) Paris, Gauthier-Villars, 1912. 8vo. 37 pp. 


Briaas (H.). The effects of errors in surveying. London, Griffin, 1912. 
8vo. 58. 


BucHANAN (E. E,). Table of squares for engineers and calculators. 11th 
edition. London, Spon, 1912. 12mo. 4s. 6d. 


BuonmaxsrER (L.) Konstruktionen der Beschleunigungen bei zusammen- 
gesetzten Mechanismen. München, 1911. 8vo. 26 pp. 


CHARLIER (C. V. LA. Die analytische Losung des Bahnbestimmungs- 
problems. III. Berlin, 1911. 8vo. 31 pp. 


CHERBULIEZ (E.) See Ever (L.). 


CORREALE (E.). Intorno alla discesa di un grave su particolari curve. 
Napoli, Accademia, 1911. 8vo. 25 pp. 


Dose (F.). Astigmatismus bei der astronomischen Strahlenbrechung. 
(Diss. Rostock, 1911. 8vo. 44 pp. 


Ennis (W. D.) Vapors for heat engines. New York, Van Nostrand, 
1912. 8vo. 44-78 pp. $1. 00 


Ever (L.). Opera omnia. Series III. Volume IV: Dioptriea, edited 
by E. Cherbuliez. Volume 2. Leipzig, Teubner, 1912. 8vo. ar 


Feunstein (K.). Elastischer Zustand und Spannungsverteilung im 
Erdinneren. (Diss.) Freiburg, 1912. 8vo. 70 pp. 


Dan (P.). See Zrwer (A). 
Fiotow (A. v.. Einleitung in die Astronomie: Leipzig, Goschen, E 


Gravss (O. M.). Orthographie projection, with applications to technical 
drawing. Easton, Pa., Eschenbach, 1912. Geo, 3+9+89 Pr 
1.6 


Grisin (T. G.). The 50 centimeter sliderule as BEE to tacheometry 
and curve-ranging. With tables. New York, Longmans, 1012. ET 
16 pp. A 
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Haas (A. E). Ueber Gleichgewichtslagen von Elektronen uppen in 
einer aguivalenten Kugel von homogener positiver Elektrizität. 
Wien, 1911+ 8vo. 61 pp. 


HävssLer (A). Wegweiser fur die Gravitationsforschung. Berlin, 
Friedländer, 1912. M. 2.00 


Heck (R. C. H). The steam engine ard turbine. New York, Van 
Nostrand, 1911. 8vo. 642 pp. Cloth $5.00 


JorsTEN (A.). Einfluss der thermischen Behandl auf die Korngrósse 
ie oe Festigkeitseigenschaften des Eisens. Keren Aachen, 1911. 
vo. 26 pp. 


Kenney (A. E.) Application of hyperbolic functions to electrical 
Sap Cerne, problems. London, University of London, 1912. 8vo. 
273 pp. 8s. 

Kock (F.. Aufnahme von Resonanzkurven unter Anwendung eines 
Kurvenzeichners. (Diss.) Berlin, 1912. 8vo. 33 pp. 


Lamera (A.). ‘Theorie der Drehfelderscheinungen im einfachen elektro- 
statischen Wechselfeld. Wien, 1911. 8vo. 12 pp. 


LEHMANN (J.). Ueber die systematische Bewegung der Sterne. (Diss.) 
Gottingen, 1911. 8vo. 33 pp. 
LfoNARD DE Vinci. Bee VENTURI (J. Bi. 


Lüscaner (H.). Theorie zweier Heliochronometer des Museums Carolino- 
Augusteum in Salzburg. Wien, 1911. 8vo. 12 pp. 


Macar (G. A.). Dinamica fisica. Con un’ appendice sul calcolo del 
movimento, il calcolo vettoriale e la tinematica. Pisa, Spoerri, 1012. 
Svo. 230 pp. L. 8.00 


Manrus (H. C. E.). Astronomische Erdkunde. Ein Lehrbuch ange- 
wandter Mathematik. Kleine Ausgabe. 3te Auflage. Dresden 


Koch, 1912. 8vc. 167 pp. Cloth. M. 3.40 
Pantineton (J. R.). Higher mathematics for chemical students. New 
York, Van Nostrand, 1911. 12mo. 272 pp. $2.00 


Porxcaré (H.). See Porıer (A.). 


Porsrer (H.) Kinematik. (Sammlung Göschen, Nr. 584.) Leipzig, 
Goschen, 1912. 8vo. 151 pp. Cloth M. 0.80 


Poren (A.). Mémoire sur l'électricité e l'optique. Avec une préface 
de H. Poincaré. Paris, Gauthier-Villarg, 1912. — 8vo. ens 


Scauzze (F.). Ueber die Oberfláchenspannung nichtleitender Lósungen 
in ihrer Abhangigkeit von der Konzentration, (Diss.) Rostock, 
1011. 8vo. 41 pp. ` 


SrEINMAN (D. B.). Suspension bridges and cantilevers. Their economic 
proportions and limiting spans. London, Spon. 12mo. DARE 
8. 


BraRNBERG (W.). Die Entwicklung willkurlicher Funktionen in der 
mathematischen Physik mittels der Methode der Integralgleichungen. 
(Diss.) Breslau, 1912. 8vo. 88 pp. 


Tazrquisr (H. I.). Grunderna af teorin for sferiska funktioner jämte 
anvandingar inom fysiken. Helsingfors, Helios, 1905. 
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Vırente (Q.). Intorno alla trasformazione reciproca dei movimenti. 
Bologna, Mareggiani, 1912, 8vo. 31 pp. 


VAN Laar (J. J.). Sei conferenze sul En termo-dinamico. Tra- 
‚dotte dal tedesco da A. Barto Parma, Vannini, 1012. 8vo. 
184-192 pp. L. 5.00 


Vaenrurt (J. B.) Essai sur les ouvrages physico-mathématiques de 
Léonard de Vinci, avec “les fragmens tirés de ses manuscrits apportés 
de l'Italie. Milano, Nagoli, 1911. 4to. 36 pp. L. 5.00 


Zrıwer (A.) and Fmrp (P.). Introduction to analytical mechanics. New 
York, Macmillan, 1912. 12mo. 10 + 378 pp. $1.60 
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READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
TO THE PLACES OF THEIR PUBLICATION. 


Bennett, E. R. Primitive Groups with a Determination of the Primi- e 
tive Groups of Degree 20. (Southwestern Section) Nov. 26, 
mie ournal of Mathematics, vol. 34, No. 1, pp. 1-20; 

an., . 


BzmnNeTEIN, B. A. See LEUBOHNXZR, A. O. 


Bur, E. G. An Existence Theorem for a Problem of the Calculus of Vari- 
ations in Space. Read Dee. 30, 1908. Transactions of the American 
Mathematical Society, vol. 13, No. 1, pp. 50-58; Jan., 1912. 


Birgxorr, G. D. On the Solutions of Ordinary Linear Homogeneous 
Differential Equations of the Third Order. Read Feb. 26, 1910. 
Annals of Mathematics, ser. 2, vol. 12, No. 3, pp. 103-127; April, 1911. 


Buss, G. A. A Generalization of Weierstrass’s Preparation Theorem 
for a Power Series in Several Variables. Read Sept. 18, 1911. 
Transactions of the American Mathematica! Society, vol. 13, No. 2, pp. 
133-145; April, 1912. 


—— A New Proof of the Existence Theorem for Implicit Functions. 
Read Oct. 28, 1911. Bulletin of the American M ical Society, 
vol. 18, No. 4, pp. 175-179; Jan., 1912. 


Bôcxer, M. The Published and Unpublished Work of Charles Sturm 
on Algebraic and Differential uations. Read April 28, 1911. 
Bulletin of the American Mathematical Society, vol. 18, No. 1, pp. 
1-18; Oct., 1911. 


Bowpen, J. The Rusian Peasant Method of Multiplication. Read 
Feb. 25, 1911. New York, The Macmillan Company, 1912. 5pp. 


Brenxe, W. C. Transformation of Series bv Means of Functions Ad- 

mitting a Recurrent Relation. Read (Southwestern Section) Nov. 

38, 1908. Annals of Mathematics, ser. 2, vol. 13, No. 1, pp. 40-51; 
ept., 1911. 


Brown, E. W. On the Sum of a Certain Triple Series. Read Dec. 21, 
1907, and Oct. 28, 1911. Annals of Mathematics, ser. 2, vol. 13, No’ 
3, pp. 129-136; March, 1912. à 


Bunaxss, H. T. The Circular Numbers for a Plane Curve. Read (Chi- 
cago) Dee. 29, 1910. Annals of Mathematics, ser. 2, vol. 13, No. 3, 
pp. 123-128; March, 1912. 


Casort, F. On Michel Rolle’s Book “Méthode pour Résoudre les Egal- 
itez" and the History of Rolle's Theorem. Read Sept. 12, 1911. 
Bibliotheca Mathematica, ser. 3, vol. 11, No. 4, pp. 300-313; Nov., 
1911. 


—. On the Spanish Symbol U for Thousands. Read (Chicago) April 


6, 1912. Bibliotheca Mathematica, ger. 3, vol. 12, No. 2, pp. 133- 34; 
May, 1912. 
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Camp, B. H. Series of Laplace’s Functions. Read Oct. 28, 1911. Bul- 
letin of the American Mathematical Society, vol. 18, No. 5 pp. 236-243; 
eb., 1912. S 


CARMICHAEL, R. D. The General Theory of Linear g-Difference Equa- 
tions. April 28, 1911. American Journal of Mathematics, vol. 
84, No. 2, pp. 147-168; April, 1912. 


—— A Generalization of Cauchy’s Functional Equations. Read Oct. 
28, 1911. American Mathematical Monthly, vol. 18, No. 11, pp. 198- 
208; Nov., 1911. 


On Composite Numbers P which Satisfy the Fermat Congruence 
a’ =1 mod P. Read Oct. 28, 1911. American Mathematical 
Monthly, vol. 19, No. 2, pp: 22-27; Feb., 1912. 


CuaPMAN, B. A Note on the Theory of Summable Integrals. Read 
Dec. 28, 1910. Bulletin of the American Mathematical Society, vol. 
18, No. 3, pp. 111-117; Dec., 1911. 


CLemense, G. R. Implicit Functions Defined by Equations with Van- 
ishing Jacobian. Read April 29, 1911. Bulletin of the American 
Mathematical Society, vol. 18, No. 9, pp. 451-456; June, 1912. 


Costa, A. B. An Application of Moore's Cross-Ratio Group to the ' 
Solution of the Sextic Equation. Read Dec. 29, 1910. Transactions 
Du American Mathematical Soctety, vol. 12, No. 8, pp. 311-325; 

y, 1911. 


Connur, J. R. Multiple Correspondences Determined by the Rational 
Plane Quintic Curve. Read Dec. 29, 1910. Transactions of the 
an Mathematical Society, vol. 18, No. 2, pp. 265-278; April, 
1912. 

Dioxson, L. E. Linear Algebras. Read (Chicago) Dec. 29, 1910, and 
Dec. 29, 1911. Transactions of the American Mathematical Society, 
vol. 13, No. 1, pp. 59-73; Jan., 1912. 


Dopp, E. L. On Ordinary Plane and Skew Curves. Read (Chicago) 
April 6, 1912. Bulletin of the Unwersity of Texas, Scientific Series, 
o. 21, pp. 1-86; March, 1912. 


Drespen, A. On the Reduction of a System of Linear Differential Forms 
of Any Order. Read (Chicago) Dec. 29, 1911. Annals of Mathe- 
matics, ser. 2, vol. 13, No. 3, pp. 149-153; March, 1912. 


ErEsLanD, J. On Minimal Lines and Congruences in Four-Dimensional 
Space Read Sept. 7, 1910. Transactions of the American Malhemal- 
1cal Society, vol. 12, No. 4, pp. 403-428; Oct., 1911. 


EuseNHaRT, L. P. A Fundamental Parametric Representation of Space 
Curves. Read April 28, 1911. Annals of Mathematics, ser. 2, vol. 
18, No. 1, pp. 17-35; Sept., 1011. 


Emon, A. The Differential Equation of Curves of Normal Stresses in a 
Plane. Read April 28, 1011. Archiv der Mathemahk und Physik, 
ger. 3, vol. 18, No. 4, pp. 316—322; Nov. 1911. 


Evans, G. C. Volterra’s Integral Equation of the Second Kind, with 
Discontinuous Kernel (Second Paper). Read Sept. 13, 1909. Trans- 
actions of the American Mathematical Society, vol. 12, No. 4, pp. 429- 
472; Oct., 1911. 

Frang, J. C. A Method of Proving Certain Theorems Relating to Ra- 
tional Functions Which are Adjoint to an Algebraic Equation for a 
Given Value of the Independent Variable. Read Dec. 28, 1910. 
Transactıons of the American Mathematical Soctety, vol. 13, No. 2, pp. 
164-174; April, 1912. 
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Fire, W. B. Irreducible Homogeneous Linear Groups of Order om and 
Degree p'or p. Read Feb. 25, 1911. Bullen of the American 
Mathematical Society, vol. 18, No. 3, pp. 117-121; Dec., 1911. 


Forp, W. B. Conditions Suffisantes pour qu'une Fonction Admette un 
Développement Asymptotique. Head April 29, 1011. Bullelsn de la 
Société Mathématique de France, vol. 39, No. 4, pp. 347-852; 1911. 


Grnueserg, D. C. Definite Integrals Containing a Parameter. Read 
Feb. 25, 1911. Bulletin of the American Mathematical Society, vol. 18, 
No. 8, pp. 379-384; May, 1912. 


Grenn, O. E. On Semi-Discriminants of Ternary Forms. Read Dec. 
29,1910. Transactions of the American Mathematical Soctety, vol. 12, 
No. 3, pp. 867-374; July, 1911. 


Hepnicx, E. H On Properties of a Domain for Which Any Derived Set 
is Closed. Read (Southwestern Section) Nov. 27, 1909. Transachons 
SE American Mathemalhcal Society, vol. 12, No. 3, pp. 285-294; 

, 1911. 


Hopason, J. E. Orthocentric Properties of the Plane Directed n-Line. 
Read Feb. 24, 1912. Transactions of the American Mathematical 
Society, vol. 18, No. 2, pp. 199-231; April, 1912. 


Hvuntinaron, E.V. A New Approach to the Theory at Relativity. Read 
Oct. 28,-1911. Festschrift Heinrich Weber, Teubner, Leipzig, pp. 
147-109; March, 1912. Also Philosophical Magazine, ser. 0, vol. 28, 
No. 4, pp. 494-513; April, 1912. 


Hurwitz, W. A. Note on Mixed Linear Integral Equations. Read Sept. 
12, 1911. Bulletin of the American Mathematical Society, vol. 18, 
No. 6, pp. 291-294; March, 1912. 


Karrmsxi, L. C. An Italian Algebra of the Fifteenth COH Read 
April 29, 1911. Bibliotheca Mathematica, ser. 3, vol. 11, No. 3, pp. 
209-219; Aug., 1911. 


—— The Algebra of Abu Kamil Shoja ben Aslam. Read Sept. 12, 1911.. 
Bibliotheca Mathematica, ger. 3, vol. 12, No. 1, pp. 40-55; Jan., 1912. 


Kenrocc, O. D. Harmonic Functions and Green's Integral. Read 
Chicago) Dec. 28, 1906, and (Southwestern Seotion) Nov. 26, 1910. 
ransactions of the American Mathematical Society, vol. 18, No. 1, 

pp. 109-132; Jan., 1012. 


Kurser, C. J. A Sensuous Representation of Paths that Lead from the 
Inside to the Outside of an Ordinary Sphere in Point Space of Four 
Dimensions without Penetrating the Surface of the Sphere. 

April 28, 1911. Bulletin of the American Mathematical Society, vol. 18, 
o. 1, pp. 18-22; Oct., 1011. 


Lanpau, E. Ueber eine idealtheoretische Funktion. Read Sept. 12, 
1011. Transactions of the American Mathematical Society, vol. 13, 
No. 1, pp. 1-21; Jan., 1912. 


LzurscHET2, B. On Remarkable Points of Curves. Read Feb. 24, 1912. 
American Mathematical Monthly, vol. 19, No. 2, pp. 27-28; Feb., 1912. 


—— On the V;* with Five Nodes of the Second Species in S4. Read April 
27, 1912. Bulletin of the American Mathematical Society, vol. 18, 
No. 8, pp. 384-386; May, 1912. 


LEHMER, D. N. On the Arithmetical Theory of Pencils of Bi Quad- 
ratio Forms. Read (San Francisco) Sept. 25, 1909. American 
Journal of Mathematics, vol. 34, No. 1, pp. 21-80; Jan., 1912. 


ry 
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Lannes, N. J. Curves in Non-Metrical Analysis Situs with an Application 
in the Calculus of Variations. Read (Chicago) Dec. 29, 1905. Amer- 
tcan Journal of Mathematics, vol. 33, No. 3, pp. 287-326; July, 1911. 


—— Duality in Projective Geometry. Read Feb. 25,1911 Annals of 
- Mathematics, ser. 2, vol. 13, No. 1, pp. 11-16; Sept., 1911. In part 
also under the title: A Set of Independent Assumptions for Pıojective 
Geometry. American Malhemahcal Monthly, vol. 18, No. 10, pp. 
174-182; Oct., 1911. 


— — A Direct Proof of the Theorem that the Number of Terms in the 

Expansion of an Infinite Determinant is of the Same Potency as the 

. Continuum. Read Feb. 25, 1911. Bullet of the American Mathe- 
mahcal Society, vol. 18, No. 1, pp. 22-24; Oct., 1911. 


— — A Necessary and Sufficient Condition for the Uniform Convergence 
of a Certain Class of Infinite Series. Read Feb. 25, 1011. Bulletin 
of the American Mathematical Society, vol. 18, No. 2, pp. 66-70; Nov., 
1911, and No. 4, pp. 200-201; Jan., 1912. 


Leuscaner, A. O., and Buanstem, B. A. Note on the Graphical Solu- 
tions of the Fundamental Equations in the Short Methods of Deter- 
mining Orbits. Read (San cisco) Oct. 28, 1911. Bulletin of the 
American Mathematical Society, vol. 18, No. 6, pp. 294-298; March, 
1912. 


a 
Lossen, J. Natural Families of Curves in a General Curved Space of n 
Dimensions. Read Sept. 18, 1909, and Dec. 29, 1910. Transactions 
of the American Mathematical Society, vol. 13, No. 1, pp. 77-95; Jan., 
1912. ` 


Loes", W. R. Points of Indeterminate Slope on the Discriminant 
Locus of an Ordinary Differential Equation. Read Dec. 28, 1910, 
Annals of Mathematics, ser. 2, vol. 13, No. 2, pp. 55-70; Deo., 1911 


—— Proof of a Theorem Due to Picard. Read April 27, 1912. Bulletin 
LA American Mathematical Society, vol. 18, No. 10, pp. 493-496; 
y, 1912. 


Loverr, E. O. Generalizations of the Problem of Several Bodies, its 
Inversion, and an Introductory Account of Recent Progress in the 
Solution. Read Sept. 1, 1003; Sept. 5, 1907; Dec. 27, 1907; Dec. 
80,1908. Quarterly J'ournal of Pure and Apphed Mathematies, vol. 42, 
Nos. 3-4, pp. 252-315; April-July, 1911. 


McKarvey, J. V. The Groups of Birational Transformations of Algebraic 
Curves of Genus 5. Read Dec. 29, 1909. American Journal of 
Mathematics, vol. 34, No. 2, pp. 116-146; April, 1912. 


MacMiırLan, W. D. An Existence Theorem for Periodic Solutions. 
Read April 29, 1011. Transactions of the American Mathematical 
o- Society, vol. 13, No. 2, pp. 146-158; April, 1912. 


Mawnina, W. A. On the Limit of the Degree of Primitive Groups. 
Read (San Francisco) Feb. 23, 1907, and (Chicago) Dec. 31, 1909. 
Transactions of the American Mathematical Socrely, vol. 12, No. 4, 
pp. 375-386; Oct., 1911. 


Mines, E. J. The Absolute Minimum of a Definite Integral in a Special 
Field. Read Dec. 28, 1910. Transactions of the American Mathe- 
matical Socety, vol. 18, No. 1, pp. 35-49; Jan., 1912. 


Mmes, G. A. Abstract Definitions of all the Substitution Groups Whose’ 
Degrees do not Exceed Seven. Read (Southwestern Section) Nov. 26, 
DD American Journal of Mathematics, vol. 33, No. 4, pp. 363-372; 

ct., 1911. 
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—— On the Use of the Co-Seta of a RU Read (Chicago) Dee. 29, 
1910. Transactions of the American Mathematical Society, vol. 12, 
No. 3, pp. 326-334; July, 1911. 


—— Number of the Abelian Subgroups in the Possible Groups of Order 
2”. Read Feb. 25, 1911. Messenger of Mathematics, vol. 41, No. 2, 
pp. 28-31; June, 1911. 


——— Isomorphisms of a Group Whose Order is a Power of a Prime. Read 
April 28, 1911. Transactions of the American Mathematical Society, 
vol. 12, No. 4, pp. 387-402; Oci., 1911. 


—— Note on the Maximal Cyelic Subgroups of a Group of Order p*. 
Read (San Francisco) Oct. 28, 1911. Bulletin of the American Mathe- 
matical Society, vol. 18, No. 4, pp. 189-191; Jan., 1912. 


—— A Third Generalization of the Groups of the Regular Polyhedrons. 
Read Sept. 12, 1911. Annals of Mathematics, ser. 2, vol. 18, No. 3, 
pp. 103-113; March, 1912. 


MrrceggnLL,, U. G. ccu and Collineation Groups of the Finite 
Projective Plane PG (2, 2). Read April 28, 1911. Lawrence, 
Kan., 1912. 


Moore, C. L. E. Conjugate Directions on a Hypersurface in a Space of 
Four Dimensions and Some Allied Curves. Read Dec. 29, 1910. 
Annals'of Mathematics, ser. 2, vol. 13, No. 2, pp. 89-102; Dec., 1911. 


— Surfaces in Hyperspace Which Have e Tangent Line with Three- 
Point Contact Passing thro Each Point. Read Dec. 27, 1911. 
Bulletin of the American. Mathematical Society, vol. 18, No. 6, pp. 
284-290; March, 1912. | 


See Doss, H. B. 


Moone, E. H On the Foundations of the Theory of Linear Integral 
Equations. Read Sept. 5-8, 1906. Bulletin of the American Math- 
ematical Society, vol. 18, No. 7, pp. 384-862; April, 1912. 


Moore, R. L. A Note Concerning Veblen’s Axioms for Geometry. 
Read Oct. 20, 1907. Transactions of the American Mathematical 
Society, vol. 13, No. 1, pp. 74-76; Jan., 1912. \ 


Morz, R. E. On the Cubes of Determinants of the Second, Third, and 
Higher Orders. Read (San Francisco) April 8, 1011. Bulletin of the 
American Mathematical Society, vol. 18, No. 4, pp. 182-189; Jan., 1912. 


Mouton, F. R. The Problem of the Spherical Pendulum from the 
Standpoint of Periodie Solutions. Read (Chicago) April 9, 1910. 
Rendicontw del Circolo Matematico di Pale-mo, vol. 32, No. 3, pp. 338- 
364; Nov.-Dec., 1911. 


——— A Class of Periodie Orbits of Superior Planets. Read April 29, 1911, 
Transactions of the American Mathematiccl Society, vol. 18, No. 1, pp. 
96-108; Jan., 1912. 


—— On Certain Expansions of Elliptie, Hyperelliptic, and Related 
Periodic Functions. Read April 20, 1011. American Journal of 
Mathematics, vol. 34, No. 2, pp. 177-202; April, 1912. 


NEIKIRK, L. I. A Theorem on (m, n) Correspondences. Read (Chicago) 
Apri 8, 1910. Annals of Mathematics, ser. 2, vol. 13, No. 1, pp. 52-54; 
ept., 1911. 


Nose, C. A. Characteristics of Two Partial Differential Equations of 
Order One. Read (San Francisco) Feb. 26, 1910. Annals of Mathe- 
males, ser. 2, vol. 12, No. 4, pp. 179-184: July, 1911. 
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Osaoon, W. F. A Condition that a Function in a Projective Space be 
Rational. Read Feb. 24, 1912. Transactions of the American Mathe- 
matical Society, vol. 18, No. 2, pp. 159-168; April, 1912. 


Pris, H. B., and Moons, C. L. E. An Algebra of Plane Projective 
Geometry. Read Dec. 27, 1911. Proceedings of ihe American 
ou of Arts and Sciences, vol. 47, No. 20, pp. 737-790; March, 


Ponzer, E. W. The Calculus in Technical Literature. Read (San 
Francisco) April 8, 1011. Science, New Ser., vol. 34, No. 869, pp. 
226-234; Aug. 25, 1911. 


"Powzns, R. E. The Tenth Perfect Number. Read Oct. 28, 1911. 
America n Mathematical Monthly, vol. 18, No. 11, pp. 195-197; Nov., 
11. 


Ranum, A. On the made of Duality in the Geometry of the Sphere. 
Read Feb. 26, 1910. American Journal of Mathematics, vol. 34, No. 1, 
pp. 31-46; Jan., 1912. 


TucuanpsoN, R. G. D. Das Jacobische Kriterium der Variationsrechnung 
und die Oszillationseigenschaften linearer Differentialgleichungen 2. 
Ordnung. Read Dec. 29, 1909. Mathematische Annalen, vol. 71, 
No. 2, pp. 214-232; Sept., 1911. A 


—— Theorems of Oscillation for Two Linear Differential Equations of the 
Second Order with Two Parameters. Read Dec. 28, 1910, and April 
28, 1911. Transactions of the American Mathematical Society, vol. 18, 
No. 1, pp. 22-34; Jan., 1912. 


Ron, E. D. Jn. A New.Invariantive Function. Read Sept. 7, 1910. 
Jahresbericht der Deutschen. Mathematiker-Verewagung, vol. 20, Nos. 
9-10, pp. 343-353; Sept.-Oct., 1911. 


Rorver, W. H. The Southerly Deviation of Falling Bodies. Read 
(Southwestern Section) Nov. 27, 1909, and Nov. 26, 1910; April 29, 
1911. Transachons of the American Mathematical Society, vol. 12, 
No. 3, pp. 335-353; July, 1911. 


Rows, J. E. Important Covariant Curves and a Complete System of 
Invariants of the Rational Quartio Curve. Read Sept. 6, 1910 
Transactions of the American Mathematical Society, vol. 12, No. 3, 
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